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PEEFAOE. 



Thb Author's Comflbtb School Alqebiia was written to meet the wants 
of our Common and High Schools and Academies, and to afford adequate prepara- 
tion for entering our best Colleges, Schools of Science, and Universities. 

The present volume is designed for use in these advanced courses of training. 
Thus, while it is thought that the former affords as extended a course in Algebra 
^« as is expedient for the preparatory schools, it is believed that this will be fouud 
to contain all that these higher schools require. 

It was deemed necessary to make the work a complete treatise, including the 

f^ Elements, for purposes of reference, and for reviews, and also in consideration 

* of the fact that our higher institutions have various standards of requirement 

^^j^ for admission. In fact, there are few students of Higher Algebra who do not 

fj^ find it necessary to have the Elements at hand for occasional consultation. 

^ This Elementary portion is embraced in the first 150 pages, and contains all 
the definitions, principles, rules, and demonstrations of the Comflbtb School 
Algebra, with an abundant collection of Neu) Examples; but from it all ele- 
mentary illustrations, explanations, solutions, and suggestions, are omitted. 
The whole is so arranged as to secure readiness of reference and convenience 
of review by somewhat mature students. 

The subjects treated in Part III., which constitutes the Advanced Courts 
proper, will be best seen by turning to the Table of Contents. In this place 
the author wishes merely to call attention to a few of the distinguishing fea- 
tures of this Part. 

1. The conception of FuTietum and Variable is introduced at once, and is 
made familiar by such use of it as mathematicians are constantly making. No 
one needs to be told that this conception lies at the foundation of all higher 
algebraic discussion ; yet, strangely enough, the very teruiii are scarcely to be 
found in our common text-books, and the practical use of the conception is 
totally wanting. 
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3. The first chapter in the Advanced Courfle is given to an elementary and 
practical exposition of the InflnUesimcd Analysis. The author iLnows from his 
own experience, and from that of many others, that this subject presents no 
peculiar difficulties to ordinary minds ; and everybody knows that it is only by 
this analysis that the development of functions/ as in the Binomial Formula, 
Logarithmic 8eries, etc., the general relation of function and Tariable, the 
evolution of many of the principles requisite in solving the Higher Equations, 
and many other subjects, are ever treated by mathematicians, except when tliey 
attempt to make Algebras. No mathematician thinks of using the clumsy 
and antiquated processes by which we have been accustomed to teach our pupils 
in algebra to demonstrate the Binomial Formula, produce the Logarithmic Series, 
deduce the law of derived polynomials, examine the relative rate of change of a 
function and its variable, etc., except when he is teaching the tyro. Why not, 
then, dismiss forever these processes, and let the pupil enter at once upon those 
elegant and productive methods of thinking which he will ever after use ? 

3. By the introduction of a short chapter on Loci of Equations, which any 
one can read even without a knowledge of Elementary Geometry, and which 
in itself is always interesting to the pupil, and of fundamental use iu the sub- 
sequent course, aU ike more abstruse principles of tJiC Theory of Equations are 
illustrated, and the student is thus enabled to see the truth, as well as to demon- 
strate it abstractly. How great an advantage this is, no experienced teacher 
needs to be told. 

4. In the treatment of the Higher Equations, while some things have been 
discarded which everybody knows to be worthless, but which have in some 
"way found a place in our text-books, a far more full and clear discussion of 
practical principles and methods is given, than is found in any of the trea- 
tises in common use. 

5. The important but difficult subject of the Discussion of Equations has 
been reserved till late in the course, for several reasons. Thus, when the pupil 
reaches this topic, he has become familiar with most of the principles to l)o 
applied, and has become sufficiently imbued with the spirit of the algebraic 
analysis to be enabled to grasp it. To discuss an equation independently and 
well, is a high mathematical accomplishment, and should not be expected of the 
tyro. It is nothing else than to think in mathematical formulsB, and hence is 
one of the later products of mathematical study. It is hof>ed that the position 
assigned to this subject in the course, and the manner of treating it, will insure 
better results tlian we have hitherto been able to obtain. 

6. In the selection of Suljects to he Presented, constant regard lias been had 
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to tbe demandB of the Babseqnent mathematical oourae. This has led to the 
omission of a number of theorems and methods, which, though well enough 
in themselves as mere matter of theory, find no practical application in a sub- 
sequent course, however extended; and has, at the same time, led to the 
introduction of not a few things which the advanced student always finds occa- 
sion to use, but for which he searches his Algebra in vain, if he has at hand 
nothing but our common American text-books. 

7. In Method of TretUment the following principles have been kept constantly 
in mind : 1. That the view presented be in line with the mathematical thinking 
of to-day. 2. That everything be rigidly demonstrated and amply and clearly 
illustrated. 3. When long experience has shown that the majority of good 
students have difiSculty in comprehending a subject, special pains should be 
taken to elucidate it. 4. No principle is thoroughly learned by a pupil until he 
can apply it ; and nothing bo fixes principles in the mind as the use of them. 
Hence an unusually large number of examples has been introduced. 5. It is 
often necessary to multiply examples in order to meet the requirements of the 
class-room. 

8. Answers. — The answers to examples are not generally annexed to them in 
the text. There are, however, two editions of the volume, one with the answers 
at the end, and the other without any answers, except an occasional one in the 
body of the book. 

- 9. Finally, the Order of Topics is such that a student requiring a less extended 
course than the entire volume presents, can stop at any point, and feel assured 
that what he has studied is of more elementary importance than what follows. 
Thus students who do not desire to study the Higher Equations can conclude 
their course with the first chapter of Part III.; and a course which includes the 
first three chapters of this part will be found as extended as most of our 
Academies, and perhaps many of our Colleges, will find expedient. 

Such works as those of Serrbt, Cikodde, Cohberoussb, Wood, Hymers, 
Hind, Todhdnter, Young, and most of our American treatises, have been at 
hand during the preparation of the entire volume. To Whit worth's charming 
little treatise on Choice and Chance, the author is indebted for a number of 
examples in the last section. 

The quick eye and cultivated taste of my friend, Mr. W. W. Beman, A.M., 
Instructor of Mathematics in the University, have done me excellent service in 
reading the proof-sheets, and have, I trust, given the work a degree of typo- 
graphical accuracy not usually found in first issues of such treatises. 
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With these words of explanation as to wliat I liave attempted to do, I commit 
the volume to the hands of my fellow •lalx>rer8 in the work of teaching, assured 
from the generous and appreciative reception which thej have given my previous 
efforts, that this will not fail of a candid consideration. 

EDWARD OLNEY. 

Univbrsity of Michigan, 
Ann Arbor, July, 1873. 
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SECTION I. 

GENERAL DEFINITIONS, AND THE ALGEBRAIC NOTATION. 



BRANCHES OF PURE MATHEMATICS. 

1. Pure Mathematica is a general term applied to several 
branches of science, which have for their object the investigation of 
the propei^ties and relations of quantity— comprehending number, 
and magnitude as the result of extension — and of form. 

2. The Several Sranchea of Pure Mathematics are Arith- 
metic, Algebra, Calculus, and Geometry. 

3. Arithmetic, Algebra, and Calculus treat of number, and Geo- 
metry treats of magnitude as the result of extension. 

4. Quantity is the amount or extent of that which may be 
measured; it comprehends number and magnitude. 

The term quantity is also conventionally applied to symbols used 
to represent quantity. Thus 25, m, xi, etc., are called quantities, 
although, strictly speaking, they are only representatives of quantities. 

&• NuvfiJber is quantity conceived as made up of parts, and 
answers to the question, " How many ? " 

G. Number is of two kinds, Discontinuous and Continue 
Otis* 

y. Discontinuous Number is number conceived as made 
up of finite parts; or it is number which passes from one state of 
value to another by the successive additions or subtractions of finite 
units ; *. e., units of appreciable magnitude. 

8. Continuous Number is number which is conceived as 
composed of infinitesimal parts ; or it is number which passes from 

1 
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one state of value to another by passing through all intermediate 
values, or states. 

9. Arithmetic treats of Discontintious JVumber,—of 

its nature and properties, of the various methods of combining and 
resolving it, and of its application to practical affair& 

10m Algebra treats of the Equation, and is chiefly occupied in 
explaining its nature and the methods of transforming and reducing 
it, and in exhibiting the manner of using it as an instrument for 
mathematical investigation** 

!!• Calculus treats of Continuous Number, and is chiefly 
occupied in deducing the relations of the infinitesimal elements of 
such number from given relations between finite values, and the con- 
verse process, and also in pointing out the nature of such infinites- 
imals and the method of using them in mathematical investigation. 

12. Gepinetry treats oi magnitude and form as the result of 
extension and position. 



LOeiCO-MATHEMATICAL TERMS. 

IS. A Proposition is a statement of something to be con- 
sidered or done. 

14:. Propositions are distinguished as AxiomSy Tlieorems, LemmaSy 
Corollaries, Postulates, and ProUems. 

15. An Axiom is a proposition which states a principle that 
is so simple, elementary, and evident as to require no proof. 

16. A Tfieorem is a proposition which states a real or supposed 
fact, whose truth or falsity we are to determine by reasoning. 

17. A Deinonstration is the course of reasoning by means 
of which the truth or falsity of a theorem is made to appear. The 
terra is also applied to a logical statement of the reasons for the 
processes of a rule. A solution tells Jiow a thing is done ; a demon- 
stration tells 7ohy it is so done. A demonstration is often called proof. 



* The common definition of Algebra, which m^kes its distinijaishing features to bo the literal 
notation, and the use of the signs, ig entirely at fault. When Algebra first appeared- in Europe, it 
po$>ses8od neither of these features 1 What was it then? On- the other hand, the signs are 
common to all branches of mathematics, and the literal notation is as prominent in the Calculus 
as in Algebra, and is used, more or less, in cumuton Arithmetic and Geometry. 



I 
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18^ A Itemma is a theorem demonstrated for the purpose of 
using it in the demonstration of another theorem. 

19m A Corollary is a subordinate theorem which is sug- 
gestedy or the truth of which is made evident, in the course of the 
demonstration of a more general theorem^ or which is a direct 
inference from a proposition. 

20* A Postulate is a proposition which states that something 
can be done, and which is so evidently true as to require no process 
of reasoning to show that it is possible to be done. We maj or may 
not know how to perform the operation. 

21* A Problem is a proposition to do some specified thing, 
and is stated with reference to developing the method of doing it 

22* A MtUe is a formal statement of the method of solving a 
general problem, and is designed for practical application in solving 
special examples of the same class. Of course a rule requires a 
demonstration. 

23* A Solution is the process of performing a problem or an 
example. It should usually be accompanied by a demonstration of 
the process. 

24. A Scholium is a remark made at the close of a discussion^ 
and designed to call attention to some particular feature or features 
of it. 
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NOTATION. 

25* A System of Notation is a system of symbols by means 
of which quantities, the relations between them, and the operations 
to be performed upon them, can be more concisely expressed than 
by the use of words. 

Symbols of Quantity. 

26. In Arithmetic, as usually studied, numbers are represented 
by the characters, 1, 2, 3, 4, 5, 6, 7, 8, 9, 0, called Arabic figures, or, 
simply, figures. 

27* In other departments of mathematics than Arithmetic, num- 
bers or quantities are more frequently represented by the common 
letters of the alphabet, a,b,c,. . . m, n, , . , x, y, z. These letters 
may, however, be used in Arithmetic ; and the Arabic figures are 
used in all departments of mathematics. This method of represent- 

* Pabts I. and n. are a compend of the elements of the ecience, designed as a review for 
pupils who have studied some elementary treatise, or for the use of snch teachers and classes as 
desire a text-book which contains a condensed treatment of the subject, to be filled out by thcm- 
felyes. In the author's Complxtb School Alokbra, the topics here presented will be found 
fully amplified, illustrated, and applied. All the elementary principles are here stated, and are 
usually demonstrated. There are also numerous examples under every topic. The Ket to the 
OoirPLKTE School Algebra will Aimish additional examples for use in connection with this part 
t Part I. treats of the familiar operations of Addition, Subtraction, Multiplication, Division, 
Involution and Evolution, and the theory of Fractious. The only difference between the pro- 
oesMs here developed and the corresponding ones in common Arithmetic grows out of the 
notation. 
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ing qnantities by letters is often called the Algebraic method, and 
the method by the Arabic chanicters the Arithmetical It would be 
better to call the former the Literal method, and the latter the 
Decimal. 

28. The Literal Notation has some very great advantages 
over the decimal for purposes of mathematical reasoning. 1st, The 
symbols are more general in their signification ; and 2d, We are 
enabled to detect the same quantity anywhere in the process, and 
even in the result. Thus it happens that the processes become 
general /ori7iwZfl3, or rules, instead of special solutions. 

29. In using the decimal notation certain laws are established, in 
accordance with which all numbers can be represented by the ten 
figures. Thus, it is agreed that when several figures stand together 
without any other maVk, as 435, the right-hand figure shall signify 
units, the second to the left, tens, the third, hundreds, etc. ; also that 
the sum of the several values shall be taken. This number is, there- 
fore, 4 hundreds + 3 tens + 5 (units). 

In like manner, certain laws are observed in representing numbers 
by letters. 

First Law. 

30. Known Qtuintities^ that is such as are given in a prob- 
lem, are represented by letters taken from the first part of the 
alphabet; while Unknoivn Quantities, or quantities whose 
values are to be found, are represented by letters taken from the 
latter part of the alphabet. 

Accented letters, as a', a", a"\ a"'^, etc., (read ** a prime,^' " a sec- 
ond,'' " a third," etc.,) and letters with subscripts, as a^, «,, a^, a^y 
etc., (read "a sub 1," "a sub 2,'' etc.,) are sometimes used. This 
form of notation is used when there are several like quantities in the 
same problem, but which have different numerical values. Thus, in 
a problem in which several walls of different heights, breadths, and 
lengths are considered, we may represent the several heights by a', 
a", a'", etc., or a^, «„, a^ etc. ; the thicknesses by b', b", b"\ etc., or S^, 
J„ b^ etc., and the lengths by l\ V'y l"\ etc., or Z,, Z„ ?„ etc. 

The Greek letters are also often used both for known and unknown 

quantities. 

Second Law. 

31.. When letters are written in connection, without any sign 
between them, their product is signified. Thus abc signifies that the 
three numbers represented by a, 5, and c are to be multiplied together. 
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32. A character like a figure 8 placed horizontally, oo , is used to 
represent what is called Infinityy or a quantity larger than any 
assignable quantity. 

Symbols of Opebatiok. 

S3. The Symibols of Operation used in Algebra are the 
same as those used in Arithmetic, or in any other branch of mathe- 
matics, and need not be recapitulated here. 

EXP0KEOT?S. 

34:. An Mxponent is a small figure, letter, or other symbol 
of number, written at the right and a little above another figure, 
letter, or symbol of number,* 

35. A Positive Integral Exponent signifies that the 
number affected by it is to be taken as a factor as many times as 
there are units in the exponent. It is a kind of symbol of multipli- 
cation. 

36. A Positive Fractional Exponent indicates a power 
of a root, or a root of a power. The denominator specifies the root, 
and the numerator the power of the number to which the exponent 
is attached. 

37. The Hadictil Signf V, is also used to indicate the 
square root of a quantity. When any other than the square root is 
to be designated by this, a small figure specifying the root is placed 
in the sign. 

38. A Negative Exponent, i. «., one with the — sign before 
it, either integral or fractional, signifies the reciprocal of what the 
expression would be if the exponent were positive, t. e., had the 
+ sign, or no sign at all before it 

Symbols of RELATioiar. 

39. The Sign of Geometrical Ratio is two dots in the 
form of a colon, : . 

40. The Siifn of Arithmetical JRatio is two dots placed 

horizontally, •• . 

41. The Sign of Equality is two parallel horizontal lines, 
= . The double colon, : : , is the sign of equality between ratios. 

* Tn giyiog this definition, be careftil and not add, '* and indicates the power to which the 
Bamber is to be raised.*' This is false : an exponent does not necessarily indicate a power. 
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4:2f. The Sign of Variation is somewhat like a figare 8 
open at one end and placed horizontally, a . 

43. The Sign of Inequality is a character somewhat like 
a capital V placed on its side, < , the opening being towards the 
greater quantity. 

Symbols of Aggbegation^. 

44. A Vinculum is a horizontal line placed over several 
terms, and indicates that they are to be taken together. The paren- 
thesis, ( ), the brackets, [ ], and the brace, i I , have the same 
signification. 

45. A vertical line after a column of quantities, each having its 
own sign, signifies that the aggregate of the column is to be taken 



as one quantity* Thus, + a 

-J 
+ c 



X is the same as (a — 5 -H c)x. 



Symbols op Continuation. 

46. A series of dots, , or of short dashes, -, 

written after a series of expressions, signifies " etc." Thus, a : ar 
: ar^ : ar^ ...••. ar" means that the series is to be extended 
from ar' to ar*, whatever may be the value of 7u 

Symbols op Deduction. 

47. Three dots, two being placed horizontally and the third 
above and between, .•. , signify therefore, or some analogous expres- 
sion. If the third dot is below the first two, •.* , the symbol is read 
"since," "because," or by some equivalent expression. 

Positive and Negative Quantities. 

48. Positive and Negative are terms primarily applied to 
concrete quantities which are, by the conditions of a problem, 
opposed in character. 

III. — ^A man's property may be called positive, and his dd)U negative. Dis- 
tance up may be called positive, and distance dowUt negative. Time- before 
a given period may be called positive, and after, negative. Degrees above on 
the thermometer scale are called positive, and below, negative. 

49. The signs + and — are used to indicate the character of 
quantities as positive or negative, as well as for the purpose of indi- 
cating addition and subtraction. 
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50. In problems in which the distinction of positive and negative 
is made^ each quantity in the formulm is to be considered as having 
a sign of character expressed or understood besides the plus or 
minus sign, which latter indicates that it is to be added or sub- 
tracted. The positive sign need not be written to indicate character, 
as it is customary to consider quantities whose character is not 
specified as positive. 

III. 1. — In the expression ab -k- m — cx, let the problem out of which it arose 
be such, that a, m, and x tend to a positive resnlt^and b and c to an opposite, or 
a negative result. Giving these quantities their signs of character, we have 
( + a) X (— &) + ( + »*) — (—<?) X i+x), which may be read, "positive a multi- 
plied by negative b, plus positive m, minus negative e multiplied by positive x." 
Suppressing the positive sign, this maybe written, a(- 6) + m — (— c)ic, by also 
omitting the unnecessary sign of multiplication. 

III. 2. — As this subject is one of fundamental importance, let careful atten- 
tion be given to some further illustrations. We are to distinguish between dis- 
cussions of the relations between mere abstract quantities, and problems in which 
the quantities have some concrete signification. Thus, if it is desired to ascer- 
tain the sum or difference of 468, or m, and 327, or n, as mere numbers, the 
question is one concerning the relation of abstract numbers, or quantities. No 
other idea is attached to the expressions than that each represents a certain num- 
ber of units. But, if we ask how far a man is from his starting point, who has 
gone, first, 468, or m miles directly east, and then 327, or n miles directly west ; 
or if we ask what is the difference in time between 468, or m years B. C, and 
327, or n years A. D., the numbers 468, or m, and 327, or n, take on, besides their 
primary signification as quantities, the additional thought of opposition in direc- 
tion. They therefore become, in this sense, concrete. 

Again, a company of 5 boys are trying to move a wagon. Three of the boys 
can pull 75, 85, and 100 pounds each ; and they exeri their strength to move the 
wagon east. The other two boys can pull 90 and 110 pounds each ; and they 
exert their strength to move the wagon west. It is evident that the 75, 85, and 
100 are quantities of an opposite character, in their relation to the problem, 
from 90 and 110. Again, suppose a party rowing a boat up a river. Their 
united strength would propel the boat 8 miles per hour if there were no cur- 
rent ; but the force of the current is sufficient to carry the boat 2 miles per hour. 
The 8 and 2 are quantities of opposite charatter in their relation to the problem. 
Once more, in examining into a man's business, it is found that he has a farm 
worth m dollars, personal property worth n dollars, and accounts due him worth 
e dollars. There is a mortgage on his farm of b dollars, and he owes on account 
a dollars. The m, n, and c are quantities opposite in their nature to b and a. 
TTiis opposition in clux/racter is indicated by cdUing those quantities which con- 
tribute to one resrdt positive, and tlioee which contribute to the opposite result 
negative, 

51. Purely abstract quantities have, properly, no distinction as 
positive and negative; but, since in such problems the plus or 
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additive, and tbe minus or snbtractiye terfns etand in the same 
relation to each other as positive and negative quantities, it is cus^ 
ternary to call them such. 

III. — ^In the expression Sac — Sed + 8a^ — 2ad, though the quantities, a, c, d, 
X and y be merely abstract, and have no proper signs of character of their own, 
the terms do stand in the same relation to each other and to the result, as do 
positive and negative quantities. Thus, Sac and Sxy tend, as we may saj, to 
iTierease the result, while — 3cd, and — 2ad tend to diminish it. Therefore the 
former may be called positive terms, and the latter negative. 

S2* ScH. — Less than eero. Negative quantities are frequently spoken of 
as *'less than zero.^' Though this language is not philosophically correct, 
it is in such common use, and the thmg signified fs so sharply defined and easily 
comprehended, that its use may possibly be allowed as a conventionalism. 
To illustrate its meaning, suppose, in speaking of a man's pecuniary affairs, 
it is said that he is worth '4ess than nothing; '' it is simply meant that his 
debts exceed his assets. If this excess were $1000, it might be called nega- 
tive (1000, or —$1000. So, again, if a man were attempting to row a boat 
up a stream, but with all his effort the current bore him down, his progress 
might be said to be less than nothing, or negative. In short, in any case 
where quantities are reckoned both ways from zero, if we call those 
reckoned one way greater than zero, or positive, we may call those reckoned 
the other way **less than zero," or negative. 

53. The value of a Negative Quantity is conceived to increase as 
its numerical value decreases. 

III. — Thus —3 > —5, as a man who is in debt $3 is better off than one who is 
in debt $5, other things being equal. If a man is striving to row up stream, 
and at first is borne down 5 miles an hour, but by practice comes to row so well 
as only to be borne down 3 miles an hour, he is evidently gaining ; i. e,, —3 is an 
increase upon —5. Finally, consider the thermometer scale. If the mercury 
stands at ^"^ below (marked —20'') at one hour, and at — lO** the next hour, the 
temperature is increasing ; and, if it increase sufficiently, will become 0, passing 
which it will reach + V, +2**, etc. In this illustration, the quantity passes from 
negative to positive by passing through 0. 

It appears in geometry, that a quantity may also change its sign in passing 
through infinity. Thus the tangent of an arc less than 90° is positive ; but if 
the arc continually increases, the tangent becomes infinity at 90°, passing which 
it becomes negative. 

Now, as we know of no other way in which a varying quantity can change its 
sign, it is assumed as a fundamental principle in mathematics that, if a vary- 
ing QUANTITY CHANGES ITS SIGN, IT PASSES THBOUGH ZBBO, OR INFINITY. 



NAMES OF DIFFERENT FOBMS OF EXPRESSION. 
Sd* A JPolynomiaZ is an expression composed of two or more 
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parts connected by the signs plus and minus, each of which parts is 
called a term. 

55. A Monomial is an expression consisting of one term ; a 
Sifuymial has two terms; a Trinofni€il has three terms^ etc. 

56. A Coefficient of a term is that factor which is considered 
as denoting the number of times the remainder of the term is taken. 
The nnmericid factor, or the product of the known factors in a term, 
is most commonly called the coefficient, though any factor, or the 
product of any number of factors in a term may be considered as 
coefficient to the other part of the term. 

S7m Similar Terms are such as consist of the same letters 
affected with the same exponents. 



SECTION II. 

ADDITION. 



58. Addition is the process of combining several quantities, so 
that the result shall express the aggregate value in the fewest terms 
consistent with the notation. 

59. The Sum or Amount is the aggregate value of several 
quantities, expressed in the fewest terms consistent with the nota- 
tion. 

60. Prop. 1. Similar terms are united hy Addition into 07ie. 

Deh. — ^Let it be required to add Aae, 6ac, — 2<ie, and — Sae, Now 4ae is 4 
times ae, and 5ac is 5 times the same quantity {(tc). But 4 times and 5 times the 
same quantity make 9 times that quantity. Hence, 4ac added to 6€tc make 9a6. 
To add — 2ac to 9ac we have to consider that the negative quantity, — 2ae, is so 
opposed in its character to the positive, 9ac, as to tend to destroy it when com- 
bined (added) with it. Therefore, — 2ac destroys 2 of the 9 t'mes ae^ and gives, 
when added to it, 7(i6. In like manner, — Sac added to 7a<;, gives 4ae. Thus the 
four similar terms, 4ae, 6(zc, — 200^ and — Sae, have been combined (added) into 
one term, iae ; and it is evident that any other group of similar terms can be 
treated in the same manner. Q. s. D. 

61. OoR. 1. — In adding similar termSf if the terms are allposi- 
tivey the sum is positive; if all negative^ the sum is negcUive; if 
some are positive and some negative, the sum takes the sign of that 
kind (positive or negative) which is in excess. 

ScH. — ^The operation of adding positive and negative quantities may look 
to the pupil like Subtraction, For example, we say +5 and —3 addedmake 



. 
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-i'2. This looks Hke SabtracUon, and, in one view, it is Subtraction. Bat 
why call it Addition ? The reason is, because it is simply putting ike quawU' 
ties together — aggregating them — ^not finding their difference. Thus, if one 
boy pulls on his sleigh 5 pounds in one direction, while another boy pulls 8 
pounds in the opposite direction, the combined (added) effect is 2 pounds in 
the direction in which the first pulls. If we call the direction in which the 
first pulls positive, and the opposite direction negative, we have +5 and —8 
to add. This gives, as illustrated, + 2. Hence we see, that the sum of + 5 
and — Sis +2. 

But the difference of + 5 and — 8 is 8, as will appear from the following 
illustration: Suppose one boy is trying to draw a sleigh in a certain direction, 
and another is holding back 3 lbs. If it takes 10 lbs. to move the sleigh, the 
first boy will have to pull 13 lbs. to get it on. But if, instead of hMinglach 
3 lbs., the second boy piuihes 5 lbs., the first boy will have to pull only 5 lbs* 
Thus it appears, that the difference between pushing 5 lbs. (or + 5) and hoildr 
ing back 8 lbs. (—8) is 8 lbs. 

In like manner the sum of $25 of property and $15 of debt, that is the 
aggregate value when they are combined, is $10. +25 and —15 are +10. 
But the difference between having $25 in pocket, and being $15 in debt, is 
$40. The difference between +25 and —15 is 40. 

62. Cor. 2. — The sum of two quantities, the 07te positive and the 
other negative, is the numerical difference, with the sign of the greater 
prefixed. 

63. Gob. 3. — It appeal's that addition ifi mathematics does not at" 
ways imply increase. Whether a quantity is increased or diminished 
by adding another to it, depends upon the relative nature of the two 
quantities. If they both tend to the same end, the result is an increase 
in that direction. If they tend to opposite ends, the result is a dimi- 
nution of the greater by the less. 



64. Prop. 2. Dissimilar terms are not united into one by addi' 
tion, but the operation of adding is expressed by writing them in 
succession, with the positive terms preceded by the + sig7i, and the 
negative by the — sign. 

Dem.— Let it be required to add + 4cy*, + Sab, — 2xy, and — mn. 4cy • is 4 
times cy*, and 8db is 8 times ab, a different quantity from cy^ ; the sum will, 
therefore, not be 7 times, nor, so far as we can tell, any number of times ey* or 
ab, or any other quantity, and we can only express the addition thus : 4<jy * + 3ab, 
In like manner, to add to this sum — 2xy we can only express the addition, as 
icy* + Sab + (— 2ay). But since 2ity is negative, it tends to destroy the positive 
quantities and will take out of them 2xy, Hence the result will be 4cy* + Sab 
— %xy. The effect of — mn will be the same in kind as that of — 2a^, and 
hence the total sum will be icy* + Sab — %xy — mn. As a similar course 
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of reasoning can be applied to any case, the truth of the proposition ap- 
pears. 

ScH. — ^In such an expression as 45y* + 8a& — 2xy — wn, the — sign before the 
nrn does not signify that it is to be taken from the immediately preceding 
quantity ; nor is this the signification of any of the signs. But the quan- 
tities having the — sign are considered as operating to destroy any which 
may have the + sign, and iyice versa. 

65. Cor. — Adding a negative qtiantity is the sanie as subtracting 
a numerically equal positive quantity ; that is,m ^ {— n) is m — n, 
shmon as above. 

Dbm. — Since a negative quantity is one which tends to destroy a positive 
quantity, — n when added to m (t. e. + m) destroys n of the units in m, and 
hence gives as a result m — n. 



66. Prob.—.To add polynomials. 

RULE. — Combine each set of similar terms into one 

TERM, AND CONNECT THE RESULTS WITH THEIR OWN SIGNS. ThB 
POLYNOMIAL THUS FOUND IS THE SUM SOUGHT.* 

Dem. — The purpose of addition being to combine the quantities so as to 
express the aggregate (sum) in the fewest terms consistent with the notation, 
the correctness of the rule is evident, as only similar terms can be united into 
one (60, 64). 



67. Prop. 3. Literal terms, which are similar only with respect 
to part of their factors, may be united into one term with a polynomial 
coefficient. 

Dem. — Let it be required to add ^aa, — %cx, and 2mx, These terms are 
similar, only with respect to x, and we may say 5a times x and — 2« times x 
make (5a — 2c) times x, or (5a — 2c)x. And then, 5a — 2c times x and >2m times 
X make (5a — 2c + 2m) times x, or (5a — 2c + 2«i)a;. Q. B. d. 



68. JPvop. 4. Compound t^rms which have a comm^on compound, 
ar polynomial factor, mxiy be rharded as similar and added with 
fespect to that factor. \ 

Dem. 6(aj* — y*), 2(x* — y*) and 4 S(x* — y*) make, when added with re- 
spect to (x* — y*), 4(x* — y*), for they are 5 + 2 — 3, or 4 times the same quan. 
tity {x* — y*). In a similar manner we may reason on other cases. Q. E. D. 

* ThiB is tho proficient's rale, as exhibited on P9ge 45 of the Complitk School Algsbba, 
SCH. 8. 
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ScH. — ^The object and process of addition, as now explained, will be 
seen to be identical with the same as the pupil has learned them in Arith- 
metic, except what grows out of the notation, and the consideration of 
positive and negative quantities. For example, in the decimal notation let 
it be required to add 248, 10506, 5003, 81, and 106. The units in the several 
numbers are similar terms, and hence are combined into one : so also of the 
tens, and of the hundreds. The process of carrying has no analogy in the 
literal notation, since the relative values of the terms are not supposed to be 
known. Again, there is nothing usually found in the decimal addition like 
positive and negative quantities. With these two exceptions the processes 
are essentially the same. The same may be said of addition of compound 
numbers. 



Examples. 

L Find the sum of 2a — 3a;«, 6x* — 7fl, — 3a + a?*, and a — 3a;*. 

2. Find the sum of a« - J« + 3a« J - 5a5», 3a« - 4a«& + 35» 

- 3aJ», a» + 5» + 3a«5, 2a» - 46» -- 6aJS 6a«5 + lOaJ*, and - 6a^ 

- 7a«ft + 4aJ« + 2*». 

3. Find the sum of 6ca^x^ + 4:ba*x* -f mx^y*y and lOca'a:' 

- 2Sa«a;« 4- Qmx^y*. 

4. Add 2x* — 4a;» + «•, 6x^y — aJ + «* 4«* — a?', and 2x^ — 3 

+ 2x^. 

5. Add ^{x 4- y) and ^{x — y). 

6. Add ax+2by+cz, Vx + Vy + Vz, 3y*— 2a?' + 9z% ^z ~ Sax 
•— 2Jy,.and 2aa; — 4Vy — 2 A 

■ 

7. Add cz — 2ay, 2az — 3ay, my — az, with respect to z and y. 

8. Add {a+b)y/x-{2-^m)y/y,^y^+{a+c)x^,dny/y'-{2d-e)x^y 
— 2» y/x + 12a \/y, and {m + n)y* + (i + 2c) y/x. 

9. Add a;* + a;y -f- y*, ax* — axy + ay*, and — by* + bxy + &c«. 

10. Add a{x + y) + J(a; — y), w(a: + y).— w(a: — y). 

11. Add 3mA/a; — y + 6?i"\/a; — y — QVx — y — 3w\/a; — y. 

12. Add 3aa;"it + 5y~* — 2c, — = h 8c, and — 6ax'i — my^ 

Vx y 

-3c. 

13. Add \^/a* - a;«, -|v^a« - a;«, and .^a« - a;«. 
\ 
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14. Add ±±^, u-b + e ^^ _ 2^^, _ jj. J 

Vx* - 1 {x* - 1)* 

15. Add l(^ - y-i + z-«), and i(xi + ^- - ^V 

16. Add (a - * + c)Vx» - y«, (a + J — c) (x« - y«)*, and 

17. Condenae the polynomial 4axt — 3^' + 2cz — 4ihV^ +Smy* 
—2ax^ + eez, into 2(a — 2m) V^ +3(m — l)y« + 8€& 



^•^ 



SECTION III. 

SUBTRACTION. 

&9« Ac&froef ion is, primarily, the prooeBS of taking a less 
quantity from a greater. In an enlarged sense, it comes to mean 
taking one quantity firom another, irrespective of their magnitudes. 
It also comprehends all processes of finding the difference between 
quantities. In all cases the result is to be expressed in the fewest 
terms consistent with the notation used. 

70, The Difference between two quantities is, in its primary 
signification, the number of units which lie between them ; or, it is 
what must be added to one in order to produce tJie otiier. When it is 
required to take one quantity from another, the difference is what 
must be added to the Subtrahend in order to produce the MinuefuL 

71* JPrabm — To perform Subtraction. 

RULE. — Chahge the siairs of each term in the subtra- 
hend FROM + TO — , OR FROM — TO +, OR CONCBIVB THEM TO 
BE CHANGED, AND ADD THE RESULT TO THE MINUEND. 

Dem. — Saee the difference sought is what must be added to the subtrahend 
to produce the minuend, we may oonmder this difference as made up of two 
parts, one the subtrahend with its signs changed, and the other the minuend. 
When the sum of these two parts is added to the subtrahend, it id evident tliat 
the first part will destroy the subtrahend, and the other part, or minuend, will 
be the sum. 
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Thus, to perf onn the example : 
From 6a« — 6& — 8(2 — 4i» 

Take 2aaj + 26 - M + 8i»1 if these three 



SnbtTshend with signs changed, — 2ax ^2b -k- 6d — Sin 
Minuend* 6ax — 9b — 3d — 4m 



quantities are 
added together, 
the sum will 

IMfferenoe, Sao; — 86 + 2d— 13m evidentlj be the 

minuend. If, therefore, we add the second and third of them (that is, the sub- 
trahend, with its signs changed, and the minuend) together, the sum will be 
what is necessary to be added to the subtrahend to produce the minuend, and 
hoice is the difference sought. (^ b. d. 

72» Cor. 1. — When a parenthesiSyOr any symbol of like siffnifica- 
fion (44), occurs in a polynomialy preceded by a -- sign^ and the 
parenthesis or equivalent symbol is removedy the signs of all the terms 
which were within must be changed, since the — 9ign indicates that 
the quantity within the parenthesis is a subtrahend. 

73. Cob. 2. — Any quantity can be placed within a parenthesis, 
preceded by the — sign, by changing all the signs. Tlie reason of 
this is evident, since by removing the parenthesis according to the 
preceding corollary, the repression would return to its original form. 



Examples. 

1. How mnch must be added to 8 to produce 12 ? What is the 
difference between 8 and 12 ? How much must be added to Sax* 
— 5y* (the subtrahend) to produce Sax* + 2y* ? 

Answer. — ^To Sax* we must add 6ax* ; and to — 6y' wo must 
add + 7y*. Hence in all we must add 6ax* + 7y'- 

r 

2. Erom 3z* - 2a;« -. « - 7 take 2x* - 3a:« + a; + 1. 

3. Prom a* — x* take a« + 2ax + x*. 

4. From 1 + 3a:* + 3a; + a:* take 1 - 3a:* + 3a; - x^. 
6. From x^ + 2x^y^ + y » take x^ — 2x^y^ + y\ 

6. Prom T'V^l + a:« -3ay*take — 3{/l + a;« + 3ay^. 

7. Prom ay* + lOVoFtake ay + x^ab. . 

8. From bx* — dVmn + 1 take b*x + (mw)* — 1. 

9. From a + b + Va — b take 6 + a — (a — J) » + Vab. 



16 LTTEBAL ABTTHMETIO. 

10. Remove the parentheses from the following : 

a - {(ft - c) - d} ; 7a- {3a - [4a - (5a - 8a)]} ; 
2{a - b) - c -h d - {a - b—2 (c — d)} ; 
3(2a-ft-c)-5 {a-i^b + c)} +2 {5-(c-a)}. 

11. Include within brackets the 3d, 4th, and 5th terms of Sab 
"X^ + ax- lOby + 50. Also the 4th and 5th. Also the 2d and 3d. 

Theobt of Subtraction. — Subtraction is finding the difference between 
quantities, that is, finding what must be added to one quantity to produce the 
other. This difi!erence may always be considered as consisting of two parts, <me 
of which destroys the subtrahend, and the other part is the minuend itself. 
Hence, to perform subtraction, we change the signs of the subtrahend to get 
that part of the difference which deetroys the subtrahend, and add this result to 
the minuend, which Is the other part of the difference. 



SECTION IV. 

MULTIPLICATION. 

74. Multiplication is the process of finding the simplest ex- 
pression consistent with the notation nsed, for a quantity which 
shall be as many times a specified quantity, or such a part of that 
quantity, as is represented by a specified nmmber. 

75. CoR. 1. — TJie multiplier must always be conceived as an ab- 
stract number^ since it shows 'elow many times the multiplicand is 
to be taken, 

76. CoR. 2. — Tlie product is always of the same hind as the mul- 
tiplicand, 

77. Prop. 1. — The product of several factors is the same in 
whatever order they are taken, 

Dbm. — 1st. ax &, is a taken h times, or a + a + a + a + a to& terms. 

Now, if we take 1 unit from each term (each a), we shall get h units ; and this 
process can be repeated a times, giving a times &, or & x a. .'. a x & = & x a. 

2d. When there are more than two factors, as abc. We have shown that db 
= ha. Now call this product m, whence abc = me. But by part 1st, mc = cm. 
/. abc = 6flkJ = cab = cba. In like manner we may show that the product of any 
number of factors is the same in whatever order they are taken. Q. B. D. 



78. JProp. 2. — When two factors have the same sign' their prod- 
uct is positive : when they have diff credit signs their product is neg- 
ative. 



/ A 
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Dem. — ^Ist. Let the factors be + a and + b, ConBidering a as the multiplier 
we are to take ■¥ b,a times, whicli gives -h ab,a being considered as abstract in 
the operation, and the product, + ob, being of the same kind as the multipli- 
cand ; that is, positive. Now, when the product, + ab, is taken in connection 
with other quantities, the sign + of the multiplier, a, shows that it is to be 
added; that is, written with its sign unchanged. .'.(+() x (+ a) = + a&. 

2d. Let the factors be — a and — b. Considering a as th^ multiplier, we are 
to take — 5, a times, which gives — ab,a being considered as abstract in the 
<^eration, and the product, — a&, being of the same kind as the multiplicand ; 
that is, negative. Now, when this product, — db, is taken in connection with 
other quantities, the sign — of the multiplier shows that it is to be subtracted ; 
that is, written with its sign changed. .*.(—&) x (— a) =: + ab, 

8d. Let the factors be — a and + b. Considering a as the multiplier, we are 
to take + &, a times, which gives ■\- ab,d being considered as abstract in the 
operation, and the product, + ab, being of the same kind as the multiplicand; 
that is, positive. Now, when this product, + ab, is taken in connection with 
other quantities, the sign — of the multiplier shows that it is to be subtracted ; 
that is, written with its sign changed. .*. ( 4- &) x (— o) = — a&. 

4th. Let tlie factors be -f a and — b. Considering a as the multiplier, we are 
to take — b,a times, which gives — ab,a being considered as abstract in the 
operation, and the product, — ab, being of the same kind as the multiplicand ; 
that is, negative. Now, when this product, — ab, is taken in connection with 
other quantities, the sign + of the multiplier shows that it is to be added ; that 
is, vTritten with its own sign. .*. (— &) x (+ a) = — a*. Q. B. D. 

79. Cor. 1. — Tlie product of any number of positive factors is 
positive, 

80. Cor 8. — Tlie product of an even number of ^negative factors is 
positive. 

81. Cor. 3. — Tlie product of an odd number of negative factors is 
negative. 



82. JProp. 3. — Tlie product of two or more factors consisting of 
the same quantity affected with exponents^ is the common quantity 
ioith an exponent eqtial to the sum of the exponents of the factors. 
That is a*" X a" = a"^" ; or a"*, a"- a* = «"*+"+', etc., whether the expo- 
nents are integral or fractional, positive or negative. 

Dem. — ^Ist. When the exponents are positive integers. Let it be required to 

multiply a"* by a" and a\ a^ = aaaa — r to m factors, a" = a>aaaa to n 

factors, and a' = aaaaa to s factors. Hence the product, being composed 

of all the factors in the quantities to be multiplied together, contains ?» + n + » 
factors each a, and hence is expressed «*+»+•. Since it is evident that this rea- 
soning san be extended to any number of factors, as a"» x a* x a* x a*", etc., 
etc., the proposition in this case is proved. 
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3cL When the exp&nents are posiHf>e fraetionM, Let it be required to multiply 

Me M 

a" by a* . Now a** means m of tlie n equal factors into wliich a is conceived to 

be resolved. If each of these n factors be resolved into h factors, a will be re- 
in 

solved into hn factors. Then, since a^ contains m of the n equal factors of a, 

and each of these is resolved into h factors, m factors will contain hm of the hn 

equal factors of. a. Hence a** = a^ . In like manner a^ may be shown equal to 

CM me inu ch 

a** ; and a* x a* = a**^ x a^. This now signifies that a is to be resolved into 

m e b« 

hn factors, and &m -f 6» of them taken to form the product. .*. a* x a^ r= a^ 

xa** = a *",ora** ^ which proves the proposition for positive fractional 
exponents, since the same reasoning can be extended to any number of factors, 

m e e 

asa** X a^ x a''^,etc. 

3d. When the eaqxments are negative. Let it be required to multiply a~"* by 
«-*, m and n being either integral or fractional. By definition ar*^ x a-" = 

-^ X -^. Now, as fractions are multiplied by multiplying numerators together 

and denominators together, we have — x — = ^ , by part 1st of the demon- 
Btration. But this is the same as a-<"»+") or «-"»-*. .*. <r"* x or** = a~"*"-». 



Examples. 

1. Prove as aboye that 81* X 81^ = 81^ and that 81^^^ = sA 

2. Prove that m" X m^ = m"+\ 

3. Prove that 16"* x 16"* = 16"* 

4. Prove that 25"* X 25* is 1. 

5. Prove that ar^ X a^ is a, 

ScH. — ^t^e student must be careful to notice the difEerence between the 
signification of a fraction ttsed as an exponent, and its common signification. 
Thus i need cte an eooponent signifies that a number is resolved into 3 equal 
facstore, and the product of 2 of them taken ; whereas J used as a common 
fraction signifies that a quantity is to be separated into 3 equal pc^rts, and 
the sum of two of them taken. 

83. Prob. — To multiply monomials. 

RULE. — Multiply the numerical coefficients as in the 

DECIMAL NOTATION, AND TO THIS PRODUCT AFFIX THE LETTERS OF 
ALL THE FACTORS, AFFECTING BACH WITH AN EXPONENT EQUAL TO 
THE SUM OP ALL THE EXPONENTS OF THAT LETTER IN ALL THE 
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FACTORS, The siok of the PEODucrr will be + except when 

THERE IS AK ODD NUHBEB OP KEQATIVE FACTORS ; IK WHICH CASE 
IT WILL BE — . 

Dem. — ^This rale is but an application of the pieoeding prindples. Since the 
product is composed of all the factors of the given factors, and the order of ar- 
rangement of the factors in the product does not affect its value, we can write 
the product, putting the continued product of the numerical factors first, and 
then grouping the literal factors, so that like letters shall come together. 
Finally, x>^rforming the operations indicated, by multiplying the numerical 
factors as in the decimal notation, and the like literal factors by adding the ex- 
ponents, the product is completed. 



84, JProbm — To multiply two factors together when one or both 
are polynomials. 

R ULE. — Multiply each term of the multiplicand by bach 

TERM op the multiplier, AND ADD THE PRODUCTS. 

Dem. — Thus, if any quantity is to be multiplied by a + & — e, if we take it a 
times (i. e. multiply by a), then h times, and add the results, we have taken it 
a + & times. But this is taking it c too many times, as the multiplier required 
it to be taken a + h mintu e times. Hence we must multiply by e, and subtract 
this product from the sum of the other two. Now to subtract this product is 
simply to add it with its signs dianged {71)* But, regarding the — sign of e 
as we multiply, will change the signs of the product, and we can add the partial 
products as they stand, even without first adding the products by a and b. 
<^e.d. 



85. Theo. — 27l6 sqitare of the sum of two quantities is equal to 
the square of ths firsts plus twice the product of the two, plus the 
square of the second. 

86. Theo. — The square of the difference of two quantities is 
equal to the square of the first, minus twice the product of the two^ 
phts the square of the second. 

87. Theo. — The product of the sum and difference of two qtcan^ 
tities is equal to the difference of their squares. 

The demonstration of these three theorems consists in multiplying 
ar + y by a; + y, Of — y by » — y, and a: + y by a? — y. 
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Examples. 

1. Multiply together 3aa:, — da^x*, ^by, — y^, and 2a;*y«. 

# 

2. Multiply together' 3a;', — maf", 2m% x'% — 2, and 2ic~. 

3. Multiply together 40a;*, x^y and fx^'y*; also 3a* J', and 
- 3a*ji 

1-4 -11 

4. Multiply m' by m *, a"* by a", a' J"* by a'^, m " by w", 

^a by Jj;/a, J^7^ by ^^. 

5. Multiply 3a - 2J by a + 4&. 

6. Multiply a;» + a;y + y* by a;* — a;y + y». 

7. Multiply w* + M* + 0* — m^n* — m»o* — n*o* by m^ + w* 
+ o». 

8. Multiply a"* — a" + a« by a" — a. 

9. Multiply together z '- a, z ^ b, z-^ c, z — d, 

10. Multiply together a; + y, a? — y, a;' + a;y + y* and a;* — a;y 

SuG. — ^Try the factors in difierent orders, and compare the labor required. 

m t tn t ml 

11. Multiply arb"'- a^^b" '^ + 1 by a'-J"*- + 1. 

12. Multiply 2a^-''Ji-" + 3a— **"* by 10a^-^+^*"+i - 6a''-<'*-« 

13. Square the following by the theorems {83^ 86) : 

1 + a, a;-2, df + 3g, a~*-a"*J», af' + x, f=fc-, a;-* + y-', 

fa^-^a"^* bx'^y'n ^ay-^xi, 2a*b''^^-''^ + ixy^. 

14. Write the following products by (87) : 

(3m» + 6w«) X (3m» - 5?i«), (V^y* + \/3z^) X (v^y"^ - ^3;?^), 
(1 + |a) X (1 - fa), (99aa; + 9 VoS) X (99aa; — 9aM). 

16. Expand (a + J 4- c) (a + J — c) (a — J + c) (— a + J + c). 
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Multiplication by Detached Coefficients. 

88. In eases in which the terms of both multiplicand and multi- 
plier contain the same letters, and can be so arranged that the ex- 
ponents of the same letters shall vary in the successive terms of 
each according to the same law, a similar law will hold good in the 
product, and the multiplication can be effected by using the co- 
efficients alone, in the first instance, and then writing the literal 
factors in the product according to the observed law. A 'few 
examples will make this clear : 

1. Multiply 2a» — da^x + 6ax* — x^ by 2af — aa; + 7xK 

operation. 

2-3+ 5- 1, 

2-1+7 



4-6 + 10-2 
-2+ 3- 5+ 1 

+ 14-21 + 35-7 

4-8 + 27-28 + 36-7 



Prod., 4a« - Sa^x + 27a»a;« - 2Sa*x^ + 36ax* - 7x^ 
2. Multiply a;« + 2a; — 4 by a;« — 1. 

Bug. — ^By writing tliese polynomials thas, x^ + Oaj* + 2aj — 4, aj* +(te — 1, 
the law of the exponents in each case becomes evident. Hence we have, 

1+0+2-4 
1+0-1 



1 +0+2-4 

-.l_0-2 +4 

1 +0+1-4-2+4 
Prod., JB* + Oaj* + 25' — 4a;* — 2a? + 4, or a?* + aj' — 4aj* — 2aj + 4. 

3. Multiply 3a« + 4aaj — ox^ by 2a« — 6ax + 4.r«. 

4. Multiply 2a3 - 3a J« + 6b^ by 2a« - 6*«. 

Bug.— The detached coefficients are 2 + — 8 + 5, and 2 + — 5. 

5. Multiply a^ + a^x + ax^ + x^ hj a -- x, 

6. Multiply x^ - 3a;8 + 3a; - 1 by x^ -- 2x + 1. 



22 LITEBAIi ABTTHMBXIC. 



SECTION V. 

DIVISION. 

89* Division is the process of finding how many times one 
quantity is contained in another. 

90. The problem of division maybe stated: Given the produd 
of two factors and one of the fa^^tors^ to find the other ; and the suffi- 
cient reason for any quotient is^ thoit multiplied by tJie divisor it 
gives the dividend. 

91. CoR. 1. — Dividend and divisor may both be multiplied or 
both be divided by the same number withoxvt affecting the quotient, 

92. CoR. 2. — If the dividend be multiplied or divided by any 
nunibeTy while the divisor remains the savM^ the quotient is multiplied 
or divided by the same. 

93. CoR. 3. — If the divisor be multiplied by any number while t?ie 
dividend remains the same^ the quotient is divided by that number ; 
but if the divisor be divided^ the quotient is multiplied. 

94:. CoR. 4. — The sum of the quotients of two or more quantities 
divided by a common divisor ^ is the same as the quotient of the sum 
of the qua7itities divided by the same divisor. 

95. CoR. 5. — ITie difference of the quotients of two qiuintitieA 
divided by a common divisor'^ is the same as the quotient of the dif- 
ference divided by the same divisor. 

These corollaries are direct conseqaences of the definition, and need no 
demonstration ; but they should be amply illustrated. 

96. DBF. — Cancellation is the striking out of a factor common to both 
dividend and divisor, and does not aftect the quotient^ as appears from (91). 



97. Lemma 1. — When the dividend is positive^ the quotient has 
the same sign as the divisor ; but when the dividend is negativCy the 
quotient has an opposite sign to the divisor. 

98. Lemma 2. — When the dividend and divisor consist of the 
same quantity affected by eoepone7itSj the quotient is the common 
quantity with an exponent equal to the eoipofient in the dividend^ 
minics that in the divisor. 
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These leiimias are immediate conseqaences of the law of the signs and 
exponents in multiplication. 

99« Cor. 1. — Any quantity with an ea^onent is 1, sinee it may 
be considered as arising from dividing a quantity by itself. 

Thus, X representing any quantity, and m any exponent, af^ ^ of* = a;* = 1. 

100, Con. 2. — Negative exponents arise from division when 
there are more factors of any number in the divisor than in the divi-^ 
dend. 

101. Cor. 3. — A factor mxiy be transferred from dividend to 
divisor {or from numerator to denominator of a fraction^ which is 
the same thing) j and vice versa^ by changing the signofitsea^onent. 



102 m Prob. 1. — To divide one monomial by another. 

RULE. — ^Divide the numerical coefficient of the divi- 
dend BY THAT OF THE DIVISOR AND TO THE QUOTIENT ANNEX THE 
literal FACTORS, AFFECTIIf G EACH WITH AN EXPONENT EQUAL TO 
ITS EXPONENT IN THE DIVIDEND MINUS THAT IN THE DIVISOR, AND 
SUPPRESSING ALL FACTORS WHOSE EXPONENTS ARE 0. ThE SIGN 
OF THE QUOTIENT WILL BE + WHEN DIVIDEND AND DIVISOR HAVE 
LIKE SIGNS, AND -- WHEN THEY HAVE UNLIKE SIGNS. 

DiSM. — ^The dividend being the prodnct of divisor and quotient, contains all 
the factors of both ;. hence the quotient consists of all the factors which are 
found in the dividend and not in the divisor. 



103. Pvob. 2. — To divide a polynomial by a monomial. 

JR ULE, — Divide each term of the polynomial dividend by 

THE MONOMIAL DIVISOR, AND WRITE THE RESULTS IN CONNECTION 
WITH THEIR OWN SIGNS. 

DsM. — ^This rule is simply an application of the corollaries {94 f 9S). 



lOd. Dbf. — A polynomial is said to be arranged with reference to a certain 
letter when the term coutaiuing the highest exponent of that letter is placed first 
at the left or right, the term containing the next highest exponent next, etc., etc. 



i 
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lOS. JProb. 3. — 2'o perform division when both dividend and 
divisor are polynomials. 

RULE. — Having arranged dividend and divisor with 

REFERENCE TO THE SAME LETTER, DIVIDE THE FIRST TERM OF THE 
DIVIDEND BY THE FIRST TERM OF THE DIVISOR FOR THE , FIRST 
TERM OF THE QUOTIENT. ThEN SUBTRACT FROM THE DIVIDEND 
THE PRODUCT OF THE DIVISOR INTO THIS TERM OF THE QUOTIENT, 
AND BRING DOWN AS MANY TERMS TO THE REMAINDER AS MAY 
BE NECESSARY TO FORM A NEW DIVIDEND. DiVIDE AS BEFORE, 
AND CONTINUE THE PROCESS TILL THE WORK IS COMPLETE. 

Dem. — The arrangement of dividend and divisor according to the same letter 
enables us to find the term in the quotient containing the highest (or lowest if 
we put the lowest power of the letter first in our arrangement) power of the 
same letter, and so on for each succeeding term. 

The other steps of the process are founded on the principle, that the product 
of the divisor into the several parts of the quotient is equal to the dividend. 
Now by the operation, the product of the divisor into the first term of the 
quotient is subtracted from the dividend ; then the product of the divisor into the 
second term of the quotient ; and so on, till the product of the divisor into each 
term of the quotient, that is, the product of the divisor into the tcJiole quotient, 
is taken from the dividend. If there is no remainder, it is evident that this 
product is eqtial to the dividend. If there is a remainder, the product of the 
divisor and quotient is equal to the whole of the dividend exc^t the remainder. 
And this remainder is not included in the parts subtracted from the dividend, by 
operating according to the rule. 

ScH. — This process of division is Strictly analogous to ** Long Division" 
in common arithmetic. The arrangement of the terms corresponds to the 
regular order of succession of tlie thousands, hundreds, tens, units, etc., 
while the other processes are precisely the ^ame in both. 

Examples. 

1. Divide m* by m^, n" by m"*, (aJ)*"* by (aJ)" , a^ bya*^, a~^ 
by fl*, ic 3 by x~^, x^L^J a?"* 

^ - a-H^ ^a'^x'^y ^ 6cd-^bx-^ ^ 

nents, and explain the process. 

3. Divide 15ay« by 3ay, Sa^b^c^d by AaH^c^, Sah^ by aH^, 
—d6a^bx^hY7aHx,-'20ahh by -40a5*c, y* by y^, ~y« by y'\ 
12fl''5''-V by ''7a"b''-P(/-% -4.ah-^c^ by - 12a~hc^'% o^-'+iJ'— c^ 
by a^'^+iJ^'+V*, and x^y'^ by x^^y~^. 
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4. Divide 9a3*« - 12a^k^-hSa*k* by 3a*, Ux^y^aH + 121a;«y» 

— 44r«^ad* by lla;^y*, 15aa;' — loa^z + Sew; by — 5(W?, 4«*"w* 

— 12a-i0w» + 5280 by - 12a-^\ 209i;^y" - 247a:y*+* by 19xy^ 
y* + da*y^ - 2y^ by y*, J'+- - **+»• - y+*-- i»+*- by V%az* 

— 2aa; • + 3aa; by aaf+*. 

6. Divide 4a;« - %^xy + 49y» by 2x - 7y. 

6. Divide 6a:* - ISaa:^ + 13a«a;«-13a5a;-5a* by 2a;«~3«a;-a«. 

7. Divide a;' + y* + 3a:y — 1 by a; + y — 1. 

8. Divide a«Ji» - 64 by ah^ - 2, a; - 4a^ by a;* - 2A 

9. Divide xy-ahj x^y^ - a^, 243a « + 1024 by 4 + 3a. 

10. Divide y» - |^y4 + |^y3 ^ jy* « i^y + |by y« -| + 5. 

11. Divide 1 + 2a;« - 7a;* - 16a;» by 1 +.2a; + 3a;» + 4a;». 

12. Divide {x* - y«)^ by.(a; - y)^ a^ + J-a by a + J'l. 

13. Divide y* 7 by y -^ — . 

^ y^ ^ ^ y 

14. Divide 1 by 1 — a;*, also by 1 + a;*, 1 + Xy and by 1 — a:; 
V 15. Divide a*+* + a"* + a^ + 5*t» by a" + ft". 

16. Divide a*^-'«y^c — a'^^+'-'J^-V + a'^'h-^cT' + a* "*-*• *•'*+ V* 

— a«'-+»*-*JV-* + ji'+»c'"+»-» by a-"*""-* 4- Jc*""'. 

17. Divide m**+* + amTi*"* + titti** h- a^i*""^* by ??i + w. 

18. Divide mn{x^ +l) + (w* + m«) (a;* + a;) + (?i*+2wm) (a;*+a;«) 
by wa;* + wia; + n. 

19. Divide Aia;* + 2(A - *)a;8 - (7i« + 4 - i'2)a;8 + 2 (7^ + *)a? 
^ Ilk by i-a;* — 7* + 2a;. 

20. Divide x + y •{■ z^ Z^/xyz by a;"^ 4- y » + 2;*. 



Division b^y Detached Coefficients. 

tOfi. Division by detached coej05cients can be effected in the same 
cases as multiplication {88)» The student will be able to trace the 
process and see the reason from an example. 



26 LITERAL AmTHMEnO. 

1. Divide 10a* - 27a^x + 34a«a;« - ISax^ - 8a;* by 2a» - ^ax 



OPERATION. 



2-3 + 4)10-27 + 34-18-8 
10 -15 + 20 



5 -6-2 



-12 


+ 


14- 


18 




-12 


+ 


18- 


24 






— 


4 + 


6- 


-8 




— 


4 + 


6- 


-8 



2. Divide a;* - 3aa;» - %a^x^ + 18a»a; — 8a* by «» + 2aa; — 2a», 

3. Divide 6a* - 96 by 3a - 6. 

Bug.— The detached coefficients are 6 + + 0+0 — 96 and 8 — 6. 

4. Divide 3^^ + 3a;y« — ^^y — 4a;3 by a; 4- y. 

5. Divide a;'' + y"* by a; + y ; also a;* - y* by «« — y«. 



Synthetic Division. 

107. When division by detached coefficients is practicable, as in 
the examples in the last article, the operation may be very much 
condensed by an arrangement of terms first proposed by W. G. Hor- 
ner, Esq., of Bath, Eng., which is hence called Horner's method of 
synthetic division. A careful inspection of the op^RATroK under 
Ex. 1, in the last article, wjU acquaint the student with the process. 



2 
+ 3 

-4 



OPERATION. Explanation of Operation. — Arrange the 

10 — 27 + 34 — 18 — 8 coefficients of the divisor in a vertical column 

+ 15 — 20 + 24 + 8 <Lt the left of the dividend, changing the signs of 

— 18 — 6 ^ after the first. Draw a line underneath the 

5 Z^ II2 " whole under wliich to write the coefficients of 



Sa'-aax-aajS Quot. the quotient. 

The first coefficient of the quotient is found 
evidently by dividing the first of the dividend by the first of the divisor, 
and in this case is 5. As the first term of the dividend is Always destroyed by 
this operation, we need give it (10) no farther consideration. Now, multiplying 
the other coefficients after the first (i. e. + 3 and — 4) wUh their dgns changed, 
by 5, we have + 15 and — 20, which are to be added (?) to — 27 and + 84, Hence 
we write the former under the latter. The first term* of the second partial divi- 
dend can bo formed mentally by adding (?) + 15 to — 27, and the next term of 
the quotient by dividing this sum (— 12) by 2. Hence — 6 is the second term of 

* Strictly, the " coefficient of; " but this form is used for brevity. 
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the quotient. (We did not add (?) — 20 to + 34, because tliere is more to be 
taken in before tlie first term of the next partial dividend is formed.) 

Having found the second term of the quotient (— 6), we multiply the terms 
of the divisor, except the first, (with their signs changed) by — 6, and write the 
results, — 18 and + 24, under the third and fourth of the dividend, to which 
they are to be added (?). Now we have all that is to be added* to + 34 (viz., 

— 20 and — 18) in order to obtain the first term of the next partial dividend. 
Hence, adding, we get — 4. which divided by 2 gives — 2 as the next term of 
the quotient. Multiplying all the terms of the divisor except the first, as before, 
we have — 6 and + 8, which fall under — 18 and — 8. Now adding + 24 and 

— 6 to — 18, nothing remains. So also + 8 — 8 = 0, and the work is complete, 
as far as the coefficients of the quotient are concerned. 

2. Divide a;« - 6a;» + 15a;* - Ux^ 4- 27a;» - 13a; + 6 by «* - 2a;» 
+ 4a;« - 2a; + 1. 

OPERATION. 



1 


1-5 + 15 -34 + 27 -18 + 5 


+ 2 


+ 2- 4+ 2- 1+ 3-5 


-4 


- 6 + 12- 6 + 10 


+ 2 


+ 10-20 


-1 






l_g+ 6 



Qtujt., a;' — 8a; + 5 



J. Divide 4y« - 24y« + 60y* - 80y« + 60y« — 24y + 4 by 2y« 
- 4y + 2. 

4. Divide Jfc'* -^ y** by a; — y ; also 1 by 1 — a;. 

5. Will a; + 2 divide a;* + 2a;' — 7»' - 20a; + 12 without a re- 
mainder? Willa;-3? 

6. Will a; + 3, 05 a; — 3, divide a;* - 6a;' — 16a; + 21 without a re- 
mainder ? Will a; + 7, or a; — 7 ? 

* The student will not fiiil to cec that this addition is equivalent to the ordinary snbtnictioa 
since the signs of the terms have been changed. 
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OHAPTEB n. 

FACTORING. 



SECTION I. 

FUNDAMENTAL PROPOSITIONS. 

108. ITite Factors of a number are those numbers which mul- 
tiplied together produce it. A Factor is, therefore, a Divisor. A 
Factor is also frequently called a measure, a term arising in Geome- 
try. 

109. A Comtnon Divisor is a common integral ftictor of 
two or more numbers. The Greatest Common Dioisor of two or 
more numbers is the greatest common integral factor, or the product 
of all the common integral factors. Common Measure and Com- 
mon Divisor are equivalent terms. 

^ 110. A Common Mtdtiple of two or more n.umbers is an 
integral number which contains each of them as a factor, or which 
is divisible by each of them. The Least Common Multiple of two 
or more numbers is the least integi-al number which is divisible by 
each of them. 

111. A Composite Number is one which is composed of 
integral factors different from itself and unity. 

112. A Prime Ntiniber is one which has no integral factor 
other than itself and unity. 

113. Numbers are said to be Prime to each other when they have 
no common integral factor other than unity. 

. ScH. 1. — The above definitions and distinctions have come into use from 
considering Decimal Numbers. They are applicable to literal numbers only 
in an accommodated sense. Thus, in the general view which the literal no- 
tation requires, all numbers are composite in the sense tliat they can be fac- 
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tored ; but as to whether the factors are greater or less than unity, integral 
or fractional, we cannot affirm. 



114. Pvopm i. — A monomial may be resolved into literal fac- 
tors by separating its letters into any number of groups^ so that the 
sum of all the exponents of each letter shall make the exponent of 
that letter in the given monomiaU 



1 15. Prop. 2. — Any factor which occurs in every term of a 
polynomial can be removed by dividing each term of the polynomial 
by it. 

116. Prop. 3. — If two terms of a trinomial are positive and 
the third term is twice the product of the square roots of these two^ 
and POSITIVE, the trinomial is the square of the SUM oft/^ese square 
roots. If the third term, is negative, the trinomial is the square of 
the DIFFERENCE of the two roots. 



117. Prop. 4. — The difference between two quantities is equal 
to the product of the sum and difference of their square roots. 



1 18. Prop. S. — W/ien 07ie of the factors of a quantity is given, 
to find tJie other^ divide the given quantity by the given factory and 
tlve quotient will be the other. 



119. Prop. 6. — The difference between any two quantities is a 
divisor of tJic difference between the same powers of the quan- 
tities. 

T/ie SUM of two quantities is a divisor of the difference of the 
same even /H)wer«, and the SUM of the same ODD powers oftlie quan- 
tities. 

Bem. — ^Let X and y be any two quantities and n any positive integer. Mrst, 
x — y divides a?* — y". Second, if n is eoen, x + y divides aj» — y". Third, if n is 
odd, X + y divides ixf^ + y*. 
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FIRST. 

Taking the first case, we proceed -in form with the division, till four 
of the 

terms of the x — yjag* — y» (g— '-t-g— »y-t-g;*-*y» -f g"-^y3 + etc 

quotient (enough to g* — g*"V 

determine the law) are g"~ V — y" 

found We find that each a?»-'y — ar-«y« 

remainder consists of two terms, is^-*fft — y« 

tlie second of wliich, — y", is the g*"*y» — af "*y> 

second term of the dividend constantly ir- 'y ^ — y" 

hrought down unchanged ; and the first g*"'y» — g"-*y* 

oontidns x with an exponent decreasing hv ^ ^-*y^ — y" 

unity in each successive remainder, and y with an 

exponent increating at the same rate that the exponent of x deeretues. At this 
rate the exponent of x in the nth remainder becomes 0, and that of y, n. Hencf 
the nth remainder is y" — y* or ; and the division is exact 

SfiCOND AND THIRD. 

• + y>P* * y" (i*-' ~ j*-«y -j. af-y - a— *y» , etc. 

— V-V±^y* 

r--*y» ± y* 
Taking » + y a ^'V -I- j— '*y> 

for a divisor, we — *"-*y5 ± y» 

observe that the exponent — a*~*y^ ^a*- 4y4 

of « in the suocesidve re- x— *y* ± y" 

maindera decreases, and that of y Increases 

the same as before^ But now we observe that the first term of the remainder is 
-- In Um Mid remainders, as the 1st, dd, 5th, etc,, and + in the ettn ones, as the 
9d, 4th, 0th, etc. Hence If m la fffM, and tkf mitond Urm of the ditidend tt — y*, 
the Nth remainder is y* — y** or 0, and the dlvisaon is exact. Again, if » is ifdd, 
and the second term of the dividend is + y», the nth lemainder is >-y* + y", 
or 0, and the ^vision is exact q. & D. 

190. CoK.—Tk4 lasi propoHHom ugapUes 0gualfy io eases involv- 
mfffittctioHot or nsgttUos eoyooiMMlt. 

D8ic«^>^Thua» JT ~y* divides 4r --jr» since the latter ia the differmoe between 

the 4lh powen of jt and y*« So In general « ^— jr *' divides x * -- jr ' > a 

■ 
M^g any po^tlve lnu>$;eT« This heeomea evident bj patting x *= o, and 

• mm jm 

y"r rr tr ; whcttce #*• = !•, and y"^ = it*. Bat «• ~ ir* ia fiviidble bj •— «, 

koMa mT^^^^^ la ^visible by «~ •— y^'?^ 
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121. J^rop. 7. — A trinomiai can be resolved into two binomial 
factors^ when one of its terms is the product of the square root of 
one of the other ttco, into the sum of the factors of the remaining term. 
The two factors are respectively tlie algebraic sum of this square root^ 
and each of the factors of Hie third term. 

III. — Thus, in a;' + ?« + 10, we notice tliat 7a; is the product of the aqnare 
root of X*, and 2 + 5 (the sum of the factors of 10). The factors of x* + Ix 
+ 10 are x + 2 and a; + 6. Again, x* --Zx-^ 10, has for its factors x -k- % and 
a; — 5, — 8a; being the product of the square root of x* (or x), and the sum of 
- 5 and %, (or -^3), which are factors of - 10. Still again, «* +8« - 10 
= (a; — 2) (j* + 5), determined in the same manner. 

Dem.— 'The trutli of tliis proposition appears from considering the product of 
a; + a by « + 5, which \b x* + (a + 6) ar + ab. In this product, considered as a 

trinomial, we notice that the term (a + h)x is the product of Vx* and a + &, the 
sum of tlie factors of ab. In like manner {x + a) (a; — () = «' + (a— h)x — afr. 
and (x — a) (a; — &) = a;' — (a + &)j; 4- ab, both of which results correspond to the 
enunciation. Q. E. D. 

[NoTB. — In application, this proposition requires the solution of the problem : 
Given the sum and product of two numbers to find the numbers, the complete 
solution of wliich cannot be given at this stage of the pupil's progress. It will 
be best for him to relj, at present, simply upon inspection.] 



122. Prop. 8. — We can often detect a factor by separating 
a polynomial into parts. 

Ex. Factor x* + 12a; — 28. 

Solution. — ^The form of this polynomial suggests that there may be a bino- 
mial factor in it, or in a part of it. Now a;' — 4a; + 4 is the square of a; — 2, 
and (a?« - 4aj + 4) + (iaa;-82) makes a;* + 12aj - 28. But (aj*-4aj+4)+(iaa?-82) 
= (« - 2)(a;- 2) + (a; -- 2)16 = (a? - 2)(a; -2 + 16) = (a? - 2) (a; + 14). Whence 
« — 2, and a; + 14 are seen to be the factors of x* + 12a; — 28. 



MlftCELLAKEOUS EXAMPLES. 

1. Factor Hfg^y - 2Bf*gy* + ^2f^gy, ix^y^ - 7ic«y* + 12xyK 

2. Factor w* — w*, 1 — 2\/5 + x, 266a* + 644a« + 289, 1 — £J». 

3. Factor a;«- «- 72,y»-«Sa»+ }8,^ + ^ -2, a«+23a+22. 

^ . 0* a* 

4. Factor ^ ^ -i^- + 1?-, c« - dS (?"• - d'S c« - d'K 

iw« mx* x^ ' 
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5. Factor a* - w* 4a:* - 5;^-*, ?^ - Ji o, a;« 4. 22»- 7623. 

6. Factor af - 1, 507w* + ld2Gm^J + 8C7n», Va - Vb. 

7. Factor a:« - 2az — o«, «" db 44* Va^ + 4>8c", a;t 4. ^+%ai. 

8. Factor Aa*« - /ra'"»i'-+' + ^J*"^S 3a + 3J - GV^. 

9. Besolve a; into two eqaal factora ; also two unequal factors. 

10. Besolve 38a:*y*2;* — dVy^z into two factors* of which one is 
2y« Vz. 

11. Besolve 121a^J^c* into two equal factors ; also into four equal 
factors. 

12. Remove the factor 7(aA*)^ from 84a*i*. 

, ^ m^ 7(r« • 49d» 

13. Remove the factor — r + rfrom m^n"® — -qTT' 

14. Remove the factor a* — aH + a*4* — db^ + J* from a* 

15. Factor 16a+5rta; — a; — 3, 21abcd'--2Bcdxy + 16abmn-'20ninxgy 
21a;« 4- 23a:y - 20^», 12a«a;* - 12a8a;^ + da*. 

16. Factor 3a;5 - 12a;»y8 — 4^« + 1, 72cd*m^ — 84^d»w« 

17. The terms of a trinomial are 30fl5, 9a* and 25J*. What sign 
.must be given to each that the trinomial may be factored ? 

18. The terms of a trinomial are — 9a, 12 Va and 4. What must 
be the signs of the last two terms' that the trinomial may be 
factored ? 

19. Is a * — J*" exactly divisible by a"^ — J or a* + J ? 

20. Is m'^ — n^ exactly divisible by Vm — Vn ? by Vm + Vn ? 

21. Is a;i ® ^ + yi 1 exactly divisible bya; + y? bya: — y? 

22. Is a;*®"** 4- y*®''^ exactly divisible by a;'* — y"* ? by a;' + y** ? 

23. What is the quotient of {ky^ + mz^ -5- (i^ ^^ + Vin z^) ? 
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24 What is the quotient of {x^ + y^) -t- (2;^ + y^) ? 

25. Write the following quotients: (a* + A*) -r- (a* + ft*); 
(a;»- — ;?*") -^ (a; - «) ; (a:** - z^'') -j-\a; + «) ; (a;'"^* + 2*^*) 
-r (a; -I- «), »» being a positive integer. 

1 100 , 

26. Factor «« + aa; + a; + a, 1 — a, 1 + a, "n — -Ti'oo *^d 

X y 

a;s — a; — 9900. 

27. Factor 10ar^ + |i] - 20a, 4a: 4- 4a;^ 4- 1 and 36a- - 5J^ 

28. «»—«»- 2a; + 2, 6a;9 - 7fla;« - 20a»a;, a;»- + 31ar - 32. 



^•^ 



SECTION II. 

GREATEST OR HIGHEST CX)MMON DIVISOR. 

l^S* Def. — It is scarcely proper to apply the term Greatest Common Divisor 
to literal quantities, for the values of the letters not being fixed, or specific, 
great or smdH cannot be affirmed of them. Thas, whether a^ is greater tlian a, 
depends upon whether a is greater or less than 1, to say nothing of its character 
as positive or negative. So, also, we cannot with propriety call a' — y* greater 
than a — y. If a = i, and y = J, a' — y * = i^j, and a — y = J ; /.in this case 
ai^ —y'*<a-' y. Again, if a and y are both greater than 1, but a<y,a^ — y^ 
though numerically greater than a — y is absolutely less, since it is a greater 
negative. 

Instead of speaking of G. C. D. in case of literal quantities, we should speak 
of the Highest Common Divisor, since what is meant is the divisor which is of 
the highest degree with reference to the letter of arrangement. 

[Note. — ^The general rule for finding the Greatest or Highest Common 
Divisor is founded upon the four following lemmas.] 

124. Lemma 1. — T/i§ Greatest or Highest C. D. of two or more 
numbers is the product oftlieir common prime /(wtors. 

Dem. — Since a factor and a divisor are the same thing, all the common fac- 
tors are all the common divisors. And, since the product of any number of fac- 
tors of a number is a divisor of that number, the product of aU the common prime 
factors of two or more numbers is a common divisor of those numbers. More- 
over, this product is the Greatest or Highest C. D , since no other factor can be in- 
troduced into it without preventing its measuring (dividing), at least, one of the 
given numbers. Q. E. n. 3 



S4 LITEItAL ARITHMBTIO. 

Examples. 

1. What is the O. C, D. of 72, 84, and 180 ? 

Solution. — ResolTe the Bumbers into their prime factors, and take the pro- 
duct of thoee which are common to all. 

2. Find the G. C. D. of 48, 204, and 228. 

3. Find the G. 0. D. of 81, 123, and 315. 

4. Find the Highest C. D. of Sx^yz* and Ux^y. 

SOLUTTOK. — ^Here we see that x, x, and y are all the literal factors com- 
mon to both ; and since 8 and 15 have no common factor, xx xx y is the 
Highest G. D. 

6. Find the H. C. D. of l4JcHh)i^ and 30i8/«m«n«. 

6. Find the H. C. D. of 8a« Jc, 18a«J«, and 26a« J*w». 

7. Find the H. C. D. of 7a;*y" V and 4a:y-V+ *. 

8. Find the H. C. D. of 5a«a;«y — Kiax^y + bax^y and 3a^x*y 

— 3x*y*. 

9. Find the H. 0. D. of «• - a? - 12 and «»-««- 9a; + 9. 

SoLUTiOK.— «« — aj - 12 = (a? - 4) (a? + B){121). aj» — aj« — 9aj + 9 = x*(x — 1) 

— 9(a? — 1) = («• — 9) (a? — 1) = (a? — 3) (a? + 8) (a? — 1). Now we see that a? 4-3 is 
a common diyisor of the two polynomials, and since it is the only divisor com- 
mon to both, it is the H. C. D. 

10. Find the H. C. D. of U*x* - 12b*x^ + 12*«a5 - «• and 4:b*x^ 

— Sb*x* - U*x + 8J«. 

125, ScH. — The difficulty of factoring renders this process impracticable 
in many cases. There is a more general method. But, in order to demon- 
strate the rule, we require three additional lemmas. 

126. Lemma 2. — A polynomial of the /prtfi Ax" 4- Bx"~' 
4- Cx" ""•- - - - Ex + F, which has no common JfQ,ctOT in every 
temiy has no divisor of its otcn degree except itself. 

Dem. — 1st. Such a polynomial cannot have one factor of the nth degree— its 
«wn — with reference to the letter of arrangement, and another which contuns 
the letter of arrangement, for the product of two such factors would be of a 
higher (or different) degree from the given polynomial. 

2d. It cannot have a factor of the ntli degree with reference to the letter of 
arrangement, and another factor which does not contain that letter, for this last 
factor would appear as a common factor in every term, which is 'contrary to the 
hypothesis. Q. s. D. 
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127. Lbmma Z^^-'A dwisar of any number is a divisor of any 
mtUtiple of that number. 

III. — ^TliiB is an axiom. If a goes into b, q times, it is evident that it goe« 
into n times b, or ttb, n times q, or nq times. 

128. Lemma 4. — A common divisor of two numbers is a divisor 
of their sum and also of t/ieir difference. 

Dem. — ^Let a be a C. D. of m and n, going into m^p times, and into n, q times. 
Then {^±n)-^a = p±q. Q. e. d. 

129. Pvob. — To find the H. C, D, of two polynofnials toithout 
the necessity of resolving them into their prime factors. 

RULE. — 1st ARBAKai^G the poltkomials with befebekce 

TO the same LETTjBRy AND UNITING INTO SINGLE TEBHS THE LIKE 
POWERS OF THAT LETTEB, BEMOVE ANY COMMON FACTOB OR FACTOBS 
WHICH MAY APPEAB IN ALL THE TEBMS OF BOTH POLYNOMIALS, B£- 
i^EBYING THEM AS FACTOBS OF THE H. C. D. 

2d. BeJECT FBOM each polynomial all other FACTOBS WHICH 
APPEAB IN EACH TEBM OF EITHEB. 

3d. Taking the polynomials, thus beduced, divide the one 

WITH the GBEATEST EXPONENT OF THE LETTEB OF ABBANGEMENT, 
BY THE OTHEB, CONTINUING THE DIVISION TILL THE EXPONENT OF 
THE LETTEB OF ABBANGEMENT 18 LESS IN THE BEMAINDEB THAN IN 
THE DIVISOB. 

4th. Reject any factob which occubs in bveby tebm of this 

BEMAINDEBy AND DIVIDE THE DIVISOB BY THE BEMAINDEB AS THUS 
BEDUCED, TBEATING THE BEMAINDEB AND LAST DIVISOB AS THE 
FOBMEB POLYNOMIAI^ WEBE. CONTINUE THIS PBOCESS OF BEJECT- 
ING FACTOBS FBOM EACH TEBM OF THE BEMAINDEB, AND DIVIDING 
THE LAST DIVISOB BY THE LAST BEMAINDEB TILL NOTHING BE* 
MAINS. 

If, at any TIME, A FBACTION WOULD tCCUB IN THE QUOTIENT, 

multiply the dividend by any numbeb which will avoid the 
fbaction. 

The last divisob multiplied by all the fibst besebved com- 
mon FACTOBS OF THE GIVEN POLYNOMIALS, WILL BE THE H. C. D. 

sought. 
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Deic — Let A and B represent any two polynomials whose H. G. D. is 
Bought. 

1st. Arranging A and B with reference to the same letter, for convenience in 
dividing, and also to render common factors more readily discernible, if any 
common factors appear, they can be removed and reserved as factors of the H. 

C. D.« since the H. C. D. consists of all the common factors of A and B. 

2d. Having removed these common factors, call the remaining factors C and 

D. We are now to ascertain what common factors there are in C and D, or to 
find their H. C. D. As this H. C. D. consists of only the common factors, we can 
ri^eet from each of the polynomials, C and D, any factors which are not common. 
Having done this, call the remaining factors E and F. 

8d. Sappose polynomial £ to be of lower degree with respect to the letter of 
arrangement than F. (If £ and F are of the same degree, it is immaterial which 
is made the divisor in the subsequent process.) Kow, as £ is its own only divisor 
of its own degree (Lbm. 2), if it divides F, it is the H. C. D. of the two. If, in 
attempting to divide F by E to ascertain whether it is a divisor, fractions arise, 
F can be multiplied by any number not a factor in £ (and £ has no monomial 
factor), since the common factors of E and F would not be affected by the opera- 
tion. Call such a multiple of F, if necessary, F'. Then the H. C. D. of £ and 
F, is the H. C. D. of E and F. If, now, E divides F', it is the H. C. D. of £ and 
F. Trying it, suppose it goes Q times, with a remainder, B. 

4th. Any divisor of E and F' is a divisor of B, since F' — Q£ = B, and any 
divisor of a number divides any multiple of that number (Lem. 8), and a divisor 
of two numbers divides their difference. The H. C. D. divides E, hence it di- 
vides Q£, and, as it also divides F', it divides the difference between ¥" and QE, 
or B. Therefore the H. G. D. of E and F« is also a divisor of E and B, and can- 
not be of higher degree than B. 

6th. We now repeat the reasoning of the 8d and 4th jMragraphs concerning 
E and F, with reference to £ and B. Thus, B is by hypothesis of lower degree 
than £ ; hence, dividing £ by it, rejecting any factor not common to both, or in- 
troducing any one into E, which may be necessary to avoid fractions, we ascer- 
tain whether B is a divisor of E. If it is, it divides F', since F = B + QE (Lem. 
8, 4), and hence is the H. C. D. of £ and F. 

6th. Proceeding thus, till two numbers are found, one of which divides the 
other, the last divisor is the H. C. D. of £ and F, since at every step we show 
that the H. C. D. is a divisor of the two numbers compared, and the last divisor 
is its own H. D. 

« 

7th. Finally, we have thus found all the common factors of A and B, the pro- 
4lipt of which is their H. C. D. q. B. D. 

Examples. 

1. Find the H.C.D.of UaH* + 3J«.y« - 15aJ«y + UaHy + 3ly^ 

- 15a%S and 6a^b^ - QaH^y - 2i«y» +2aJ«y« + QaHy - 6tt»Jy« 

- 2by^ + 2aby^. 
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OPHBATION. 

12a«6« + 8& V - 15a6*y + 12a*6y + 86y* - 15aJy« - - (^). 

6a^b* - 6«'6«y - 26«y^ + 2a& V + 6a% - 6a«fty« - 2fty* -f 2a6y» - - {E), 

4a*b + by* — 5aby + Aa*y + y-* — 5ay* - (O). 

8a^6 — 3a% - &y =* + o^y* + 8a ^ - 8a«y* - y^ + ay ^ (i>). 

(46 + 4y)a*-(56y + 5y«)a + (6y* +y=') {E\ 

(3& + 3y)a^* - (36y + 8y«) a' + (6y» + y'') a - (6y» + y^ (J?'). 

4a* - 6ya + y*) 8a» - 3ya* + y*a - y» 

4^ 

(f) - - . . 12a* - 12ya* + 4y«a ~ 4y»(8a 

{K) - - - - 12a^ ~ ISyg* 4- 3y*a ^ 

(L) - - ^ya* + y^a - 4y» 

_; 4 

(Jf) 12ya* + 4y*a-l(Jy=*(?y 

(JV) - 12ya* - 15y*a -H Hy^ 

(O) - . Reject 19y« - - - 19y'a--lV G 

(P) - • - - a — y)4a«— 6ya + y»(4a — y. 

4a* —4^a 

j.^ V - ya + y* 

ug |r - - yg + y' 

/. Thd H. C. D. of (A) and (B) is (&) (6 +y){a-y) = a6« + oJy - &«y - 6y«. 

ScH. — ^It often occurs that one or more of the above steps are not required, 
especially the removing of a compound factor from the given polynomials. 

2. Find the H. C. D., with respect to x, of x^ — 8x^ + 21ii:« - 20a; 
-f 4, and 2x^ - 12a;« + 2lx - 10. 

OPERATIOK. 

2a}» - 12aj« + 21aj - 10)aj* - Qx^ + 21«« - 2<te + 4 

2 

(C) 2a;* - lau-* + 42a;* - 40a; + 8(a;-2 

2a.4 _ i2x^ 4. 2lx* " IQx 

- ix* + 21a;* - 80a; + 8 

- 4g^ + 24g* — 42a; + 20 
(D) Reject - 3 ----- - - 3a;* + 12a; - 12 

(JS) a;*- 4«+ 4 

a5« - 4a; + 4)2.b» - 12j;* + 21a; - 10(2aJ - 4 
2a;^ - 8a;* 4- ag 

- 4j5* 4- 13a! - 10 

~ 4a;* 4- 16a; - 16 

(F) - Reject - 3 - "^ 3a; + 6 (J^) 

(G) a;--2)a;*--4a; + 4(a;-2 

a;* — 2a; 

— 2a; + 4 

~2a; + 4 

Hence a; - 2 is the H. C. D. 
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3. Find the H. 0. D. of 2x9 + 5 — 8x + ^.i^ a^d 42x» + 30 - 72z. 

4. Find the H. 0. D. of 2az^ + 2a + 4aaj, and 76 + lUx + 7&c» 
+ UbxK 

5. Find the H. C. D. of 6a* + 7ax - 3x*, and 6a« + llax + 3a;*. 

6. Find the H. C- D* of 4a» - 4a« - ai« + i«, and 4a* + 2a6 
-26«. 

7. Find the H. 0. D. of 12a;* - 24a;»y + 12aj«y», and Sx^y* 

— 24a;«y3 + 24a;y* — 8y». 

8. Find the H. C. D. of 52aa;» - 24aa:* - 44aa;« - 12a + Sax^ 
+ eoaxy and 14a«6 + 60a«to« - 16a«ia;» + 2a«te« - 74a«6a; 

- 2a«6a;*. 



130. Prob. — Tojbid the JU. C. D. of three or more polt/nomials, 

RULE, — Find the H. C. D. of any two of the given poly- 
nomials BY ONE OF THE FOEEGOING METHODS, AND THEN FIND 
THE H. C. D. OF THIS H. C. D. AND ONE OF THE REMAINING POLY- 
NOMIALS, AND THEN AGAIN COMPARE THIS LAST H. C. D. WITH 
ANOTHER OF THE POLYNOMIALS, AND FIND THEIR H. C. D. CON- 
TINUE THIS PROCESS TILL ALL THE POLYNOMIALS HAVE BEEN 
USED. 

Dem. — ^For brevity, call the several polynomialB, A, B, G, D, etc. Let the H. C. 
D. of A and B be represented by P, whence P contains aU the factors common 
to A and B. Finding the H. C. D. of P and C, let it be called P'. P', therefore, 
contains aU the common factors of P and C ; and as P contains all that are 
common to A and B, P' contains all that are common to A, B, and C. In like 
manner if P" is the H. C. D. of P' and D, it contains all the common factors of 
A, B, C, and D, etc. q. E. D. 

Examples. 

1. Find the H. C. D. of a:« + 11a; + 30, 2.r« + 21a; + 54, and 9a;» 
+ 53a;2 - 9a; — 18. The H. 0. D. is x ■{- Q. 

2. What is the H. C. D. of 10a;« + lOx^y* + 20a?*y, 2a;» + 2y», 
and4y* + 12a:«y» + 4a?»y + 12ay» ? 
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SECTION III. 

LOWEST OR LEAST COMMON MULTIPLE. 

ISl* DsF. — In speaking of decimal nnmbera, the tenn Least Common 
Multiple is correct, but not in speaking of literal numbers. For example, the 
numbers {a 4- b)* and {a* — h*) are both contained in (a + 6)* x (a — h), and in 
any multiple of this product, as m{a + 5)* (a — 5). But whether m(a+ 6)* (a-^h) 
is greater or less than (a + h)* {a — h) depends upon whether a is greater or less 
than &, and also whether m is greater or less than unity. In speaking of literal 
numbers, we should say Loweit Common Multiple, meaning the multiple of low- 
est degree with respect to bcmho specified letter. 



132. Prob. — To find the L. 0. 3f. of two or more numbers. 

R ULE. — ^Takb the literal number of the highest degree, 
or the largest decimal number, and multiply it bt all the 
factors found in the next lower which are not in it. 
Again, multiply this product by all the factors found in 

THE NEXT lower NUMBER AND NOT IN IT, AND 80 CONTINUE 
TILL ALL THE NUMBERS ARE USED. THE PRODUCT THUS OBTAINED 
IS THE L. G. M. 

I>EM. — ^Let A, B, C, D, etc., represent any numbers arranged in the order of 
their degrees, or values. Now, as A is its own L. M., the L. C. M. of all the 
numbers must contain it as a factor. But, in order to contain 6, the L. C. M. 
must contain all the factors of B. Hence, if there are any factors in B which are 
not found in A, these must be introduced. So, also, if C contains factors not 
found in A and B, they must be introduced, in order tlmt the product may con- 
tain C, etc., etc. Now it is evident tliat the product so obtained, is the L. O. M. 
of the several numbers, since it contains all the factors of any one of them, and 
hence can be divided by any one of them, and if any factor were removed it 
would cease to be a multiple of some one or more of the numbers. <^. s. D. 

1. Find the L. 0. M. of (ar» - 1), (a;« - 1), and {x + 1). 

Solution. — ^The L. C. M. must contain aj* — 1, and as it is its own L. M., if it 
contains all the factors of the other two, it is the required L. C. M. The factors 
of ^^ — 1 are {x — 1) (x* + a; + 1). But this product does not contain the factors 
of («• — 1), which are (x + !)(« — 1). Hence, we must introduce the factor 
(x + 1), giving («« — 1) (a? + 1), as the L. C. M. of a?» — 1 and x* — 1. Now, as 
this product contains the third quantity, it is the L. C. M. of the three. 

2. Find the L. 0. M.of {a + *)«, a« - J«, (a - i)«, and a» + 3rt«J 
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3. Find the L. C. M. of («* - 4), {z* + 2), and (a* ^ 2). 

4. Find the L. C. M. of (a* - 2a« + 1), (1 + a), (a - 1), and 4. 

5. Find the L. C. M. of 3a«ft«a;y, 67az^, 87y», and 9a^b^. 

6. Find the L. C. M. of (1 - 18a + 81a«), (3a* + 1) (1 - SVa), 

and (27a* - 9a — 3 Va + 1). 

Sen. — ^In applying this rule, if the common factors of the two numbers are 
not readily discerned, apply the method of finding the H. C. D., in order to 
discover them. 

7. Find the L. C. M. of aj»-2aaj« + 4a«a5 — 8a^ x^ + 2aaj«+ 4a«aj 
+ 8a», and x* — 4a«. 

Solution. — ^The L. C. M. of these numbers must contain «' — 2ax* + 4a^x 

— 8a^'; and' as it is its own L. M., if it contains all the factors of x^ + 2ax* 
+ 4a*x + Sa*, it is the L. C. M. of these two polynomials. But as the common 
factors of these numbers, if they have any, are not readily discerned, we apply 
the method of H. C. D., and find that x* + 4a* is the H. C. D. of the two. Since, 
then, x^ — 2ax* + 4a*x — Sa'^ contains the factor «* + 4a* of the second number, 
it is only necessary to introduce the other factor in order to have the L. O. M. of 
the two. Now, (x^ + 2ax* + 4a*x + Sa'^) -*- («* 4- 4a*)=x+2a, Hence,(»*— 2aaj* 
+ 4a*x — Sa^) (x + 2a) or «* — 16a* is the L. C. M. of the first two numbers, 
since it contains all the factors of each, and no more. Now, to find whether 
X* — 16a* is a multiple of the remaining number, x* — 4a*, or, if it is not, what 
factors must be introduced to make it so, we proceed in the same way as with 
the first two numbers. But our first step (or 117) shows us that x* —16a* is a 
multiple of «* — 4a*. .*. x* — 16a* is the L. C. M. of the three ^ven numbers, 

« 

8. Find the L. C. M. of x^-Sx- 70 and x^ - 39a; + 70. 

9. Find the L. C. M. of a;8 + a; - 2, x^-x — 6, and a;« — 4a; + 3* 

10. Find the L. C. M. of a^- ^a^b + 9a5«- lOi^ and a^+ 2a^b 

— 3aft« + 20*8. 

11. Find the L. C. M. of a;»- 9a;« + 26a; - 24, a;'- 10a;»+ 31a; 

— 30, and x^ - lla;« + 38a; — 40. 

12. Find the L. CM. of a;*-10a;« + 9, a;*+10a;»+20a;«-10a;-21, 
and a;* + 4a;3 - 22a;8 - 4a; + 21. 
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OHAPTEB nL 



FUACTIONS. 



DEFINITIONS AND FUNDAMENTAL PRINCIPLES. 

133. A Fraction^ in the literal notation, is to be considered 
as an indicated openition in Division. 

13d, ScH. — ^In the literal notation it becomes impracticable to consider 
the denominator as indicating the number of equal parts into which unity is 
divided, and the numerator as indicating the number of those parts repre- 
sented by the fraction, since the very genius of this notation requires that 

the letters be not restricted in their significaticm. Thus in j-, it will not do 

to say, b represents the number of equal parts into which unity is divided, 
since the notation requires that whatever conception we take of these 
quantities should be sufficiently comprehensive to include all values. 
Hence It may be a mixed number. Now suppose h = 4|. It is absurd to 
speak of unity as divided into 4} equal parts. 

13 Sm Cor. 1. — Since numerator is dividend and denominator 
divisor y it follows from {91, 92, 93) that dividing or multiply- 
ing both terms of a fraction does not alter its value / that multi- 
plying or dividing the numerator midtiplies or divides tlie value of 
Hie fraction ; and thai, multiplying or dividing the denominator 
divides or multiplies the fractioti. 

136. Cob. 2. — A fraxstion is multiplied by its denominator by 
simply removing it, 

137. The terms Integer or Entire Number, Mixed Number, 
Proper and Improper, are applied to literal nnmbers, but not with 
strict propriety. 

Whether f» + n is an integer, a mixed numher, or a fraction, depends upon 
the values of m and n, which the genius of the literal notation requires to he 
understood as perfectly general, until some restriction is imposed. 

As a matter of convenience, we adopt the following definitions : 
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138m A number not having the fractional /onn is said to haye 
the Integral Form; as m + w, 2c^d — 8a-»x + 3a:»y*. 

139m A polynomial having part of its terms in the fractional 
and part in the integral form, is called a Jttixed NunibeTm 

140m A Proper Fraction, in the literal notation, is an ex- 
pression wholly in the fractional form, and which cannot be expressed 
in the integral form without negative exponents. 

By calling sach an expression a proper fraction, we do not assert anything 

a 
with reference to its value as compared with unity. Thus -^ is a proper frac- 
tion, though it may be greater or less than unity. It may also be written 
•I 



141m An Improper Fraction is an expression in the frac- 
tional form, but which can be expressed in the integral or mixed 
form without the use of negative exponents. 

142m A 8im,ple Fraction is a single fraction with both 
terms in the integral form. 

143m A Compound Fraction is two or more fractions con- 
nected by the word of. 

This term is not generaUy applicable in the literal notation. Thus we may 

2 3 am 

write "o" of J- with propriety, but not v- of — , unless a and ft are integral, so 

a d 

that the fraction -r- may be considered as representing equal part^ of unity, as tt 

does. If the word of is considered as simply an equivalent for x , the notation 
is of course, always admissible. But it is scarcely a simple equivalent. 

144m A Complex Inaction is a fraction having in one or 
both its terms an expression of the fractional foruL 

14Sm A fraction is in its Lowest Tet^ms when there is no com- 
mon integral fsEictor in both its terms. 

146m Tfie Lowest Common Denominator is the num- 
ber of lowest degree, which can foim the denominator of several 
given fractions, giving fractions of the same values respectively, 
while the numerators retain the integral form. 

147 • Redtsction, in mathematics, is changing the form of an 
expression without changing its value. 
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Kedcctions. 

14:8. There are five principal redactions required in operating 
with fractions, viz. : To Lowest TermSy—Fnmi Improper Fractions 
to Integral or ilixed Forms, — From Integral or Mixed Forms to Im- 
proper FractionSy — To Forms having a Common Denominator^ — 
and from the Complex to the Simple Form* 

149 • Probm 1* — To reduce a fraction to its lowest terms, 

R TJLE. — Reject all common factobs fbom both tebms ; or 

DIVIDE both tebms BY THEIB H. C. D. 

Dbm. — Since the nameiator is the dividend and the denominator the divisor, 
rejecting the same factors from each does not alter the valae of the fraction 
(9^). Having rejected aJU the common factors, or, wliat is the same thing, the 
H. C. D. (which contains all the common factors), the fraction is in its lowest 
terms (1^5), 

Sen. 1. — Since the H. CD. is the product of all the common factors 
{109), the above process is equivalent to dividing both terms of the frac- 
tion by their H, C. D. Whenever the common factors of the terms are not 
readily discernible, the process for finding their H. C. D. (129) may bo 
resorted to. 

ScH. 2. — ^The opposite process is sometimes serviceable, viz. : the intro- 
duction of a factor into both terms of a fraction, which will give it a morb 
convenient form. It requires no special ingenuity to solve such problems, 
since, if the factor does not readily appear, it can be found by dividing a 
term of one fraction by the corresponding term of the other. 



150. Pvob. 2. — To reduce a fraction from an improper to an 
integral or mixed form, 

iJCTL-Sl— Perform the division indicated {133). 

151. Cor. — By m.eans of negative indices {ejiponents) any 
fraction can be expressed in the integral form. 



IS 2* JProb. 3. — To reduce numbers from the integral or mixed 
to the fractional form, 

RULE. — Multiply the integral part by the given de- 

NOMINATOB, AND ANNEXING THE NUMEBATOR OP THE FRAC- 
TIONAL PART, IP ANY, WRITE THE SUM OVER THE GIVEN DE- 
NOMINATOR. 
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Dbm. — ^In the case of a number in the integral form, the process consists of 
multiplying the given number by the given denominator and indicating the 
division of the product by the same number, and hence is equivalent to multi- 
plying and dividing by the same quantity, which does not change the value of 
the number. The same is true as far as relates to the integral part of a mixed 
form, after which the two fractional parts are to be added together. As they 
have the same divisors, the dividends can be added upon the principle that the 
sum of the quotients equals the quotient of the sum (94). 



153. JProb. 4L.—To reduce fractions hamng different denomi- 
nators to equivalent fractions having a common denominator, 

RULE. — Multiply both teems of each fraction by the 

DENOMINATORS OF ALL THE OTHER FRACTIONS. 

Dem. — This -gives a common denominator, because each denominator is the 
product of all the denominators of the several fractions. The value of any one 
of the fractions is not changed, because both numerator and denominator are 
multiplied by the same number (135). 

154:. Cor. — To redfice fractions to equivalent ones having the 
Loxoest Common Denominator^ find the L, €• M, of aU the deiiomi- 
viators for the netv denomi7iatm\ Tlien mtUtiply both terms of each 
fraction by the quotient of that X. C. M, divided by the denominaJtor 
of that fractio7i. 

155. Proh. 5. — To redtice complex fractions to the form of 
simple fractions. 

R ULE. — Multiply numerator and denominator op the com- 
plex FRACTION BY THE PRODUCT OF ALL THE DENOMINATORS OP 
THE PARTIAL FRACTIONS FOUND IN THEM; OR, MULTIPLY BY THE 
L. C. M. OF THE DENOMINATORS OF THE PARTIAL FRACTIONS.* 

De^. — This process removes the partial denominators, since each fraction is 
multiplied by its own denominator, at least, and this is done by dropping the 
denominator. It does not alter the value of the fraction, since it is multiplying 
dividend and divisor by the same quantity. 



Addition. 
156. Prob. — To add fractions. 

R ULE. — Reduce them to forms having a common denomina- 
tor, IF they have not such forms, and then add the numera- 
tors, AND WRITE THE SUM OVER THE COMMON DENOMINATOR. 

* The pnpil is supposed to have obtained safficient knowledge of fractions in common arith- 
metic to perform these operations. 
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Dbm. — ^The redaction of the several fractions to forms having a common denomi- 
nator, if they have not such forms, does not alter their values (133), and hence 
does not alter the sum. Then, when thej have a common denominator (divisor), 
the sum of the several quotients is equal to the quotient of the sum of the sev- 
eral dividends divided by the common divisor, or denominator {9d). 

157 m Cob. — Mcpressiona in the mixed form may eit/^r be reduced 
to the improper form and then added, or the integral parts may he 
added into one sum^ and the fractional into another^ and these results 
added. 



SUBTRACTIOK. 

IS 8m Prob. — To subtract fractions, 

BULB, — Reduce the fractions to forms having a common 

DENOMINATOR, IF THEY HAVE NOT SUCH FORMS, AND SUBTRACT THE 
NUMERATOR OF THE SUBTRAHEND FROM, THE NUMERATOR OF THE 
MINUEND, AND PLACE THE REMAINDER OVER THE COMMON DENOMI- 
NATOR. 

Dem. — ^The value of the fractions not being altered by the reduction, their dif- 
ference is not altered. After this reduction, we have the difference of two quo- 
tients arising from dividing two numbers (the numerators) by the same divisor 
(the common denominator). But this is the same as the quotient arising from 
dividing the difference between the numbers by the common divisor (9S). 

159m Cob. — Mixed numbers may be subtracted by annexing the 
'■subtrahend with its signs changed^ to the minuend, and then combinifig 
the terms as much as may be desired. The reason for the change of 
signs is the same as in whole numbers (71)' 



Multiplication. 

160m JPvobm Im — To multijyhj a fraction by an integer, 

RULE. — Multiply the numerator or divide the denomi- 
nator. 

Dem. — Since numerator is dividend and denominator divisor, and the value of 
the fraction is the quotient, this rule is a direct consequence of {02, 03). 

161m JProb* 2» — To multiply by a fraction. 

RULE, — ^Multiply by the numerator and divide by the 

DENOMINATOR.* 

* It is assumed that the pnpil knows how to d>vide a fhiction by nn integer, from his study 
of arithnii'tic. Nevertheless the problem will be introdnced hereafter for the purpose of famil- 
iarizing the pupil with the literal operations. 
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DsM. — Let it be required to multiply m, which is either an integer or a fraG* 

tion, by r- 
o 

1st. Suppose a and b are both integers. Multiplying m by a gives a product 

b times too large, since we were to multiply by only a 2rth part of a ; hence we 

am 
divide the product, am, by 6, and have -r-. 

2d. When either a or b, or both, are fractions. Let c be the factor by which 
numerator and denominator of r must be multiplied to make ; a simple frac- 

tion (155)* Then will r- be a simple fraction, t. e., ac and be are each integral ; 
and the multiplication is effected as in Case 1st, giving -j--. This reduced by 

dividing both terms by c gives -r-. Hence we see that in any case, to multiply 

by a fraction, we have only to multiply the multiplicand by the numerator of 
the multiplier, and divide this product by the denominator. It is also to be ob- 
served that this reasoning applies equally well whether the mvUiplicand is inte- 
gral or fractional. 

162. Cor. — To mvUiply mixed numbers^ first redtice them to im" 
proper fractions. 



Division. 

16S. Prob. 1. — To divide a fraction, by an integer. 

RULE. — Divide the numerator or multiply the denomi- 
nator. 

Dem. — Since numerator is dividend, and denominator divisor, and the value 
of the fraction the quotient, this rule is a direct consequence of (92, 93). 

164:. JProb. 2. — To divide by a fraction. 

R ULE. — Divide by the numerator and multiply the quo- 
tient BY THE DENOMINATOR. Or, WHAT IS THE SAME THING, 
INVERT THE TERMS OF THE DIVISOR AND PROCEED AS IN MULTIPLI- 
CATION. 

Dbm. — The correctness of the first process appears from the fact that division 
is the reverse of multiplication, and, hence, as we multiply by the numerator 
and divide by the denominator in order to multiply by a fraction, to divide by 
one we must dimde by the numerator and multiply by the denominator. 

The process of inverting the divisor and then multiplying by it is seen to be 
the same as the other, since this multiplies the dividend by the denominator of 
the divisor and divides by the numerator. 

Again, this process may be demonstrated thus : Inverting the divisor shows 
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how many time3 it is contained in 1. Then if the given divisor is contained so 
many times in l,it will be contained in 5, 5 times as many times ; in |, } as many 
times ; in ax*, ax* times as many times ; or in any dividend as many times the 
number of times it is contained in 1, as is expressed by that dividend, wliether 
it be integral, fractional, or mixed. (The author prefers this demonstration.) 

ScH. 1. — Since to multiply one fraction by another we may multiply the 
numerators together for the numerator and the denominators for the denomi- 
nator, and since division is the reverse, we may perform division by dividing 
the numerator of the dividend by the numerator of the divisor, and the de- 
nominator of the dividend by the denominator of the divisor. 

This method will coincide with the others when they are worked by per- 
forming the operations by division as far as practicable, and this is worked 
by performing the multiplications equivalent to the divisions when the latter 
are not practicable. 

165m Cob. — The reciprocal of a quantity being 1 divided by that 
quantity^ the reciprocal of a fraction is the fraction inverted. 

Genebal Scholium. — In both multiplication and division of fractions, or by 
fractions, all operations which can be performed by dividing should be so per- 
formed, in order that the result may be in its lowest tenna. 



Signs op a Fractiok. 

laC In considering tlie signs of a fi*action, we have to notice 
three things, viz. : the sign of the numerator, the sign of the denomi- 
nator, and the sign before the fraction as a whole. This latter sign 
does not belong to either the numerator or denominator separately, 
but to the whole expression. 

Thus, in the expression — -j-^, in the numerator the sign of 4a is 4-, 

and of 5ed is — . In the denominator, the sign of 2jj is + , and of 4y* + also. 
The sign of the fraction is — . These are the signs of operation (50), 

167. Tlie essential character of a fraction, ns positive or 
negative, can be determined only when the essential character of all 
the numbers entering into it is known. - It may then be determined 
by principles already given {78, 97). 
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Examples. 
1. Reduce the following fractions to their lowest terms : 



a?"* - y* g'^- 1 a;» -- 3a; ~ 4 Stf + Sag 3x^ 4- 12a; + 9 
x-^ — y"i 1 + fl\/4 a;* — 4a; — 6 4ji— 4ji^8 a;*^ + 5a;» + 6 ' 

6a;»~-3a;-4S (l+a;)' ^p-q+'^r-.^l 2a;»y« + 2 3a;3 + 2a;»~8a; 
6a;« + 19a;+10'"(l"-^'' a'-^+^^'+'-c^' a;«y«-l ' 9a;3-l;ia;2-36a; + 48' 

2x^ - x^ - 9x* -{- 13a;- 5 2fl^3 4-ff&^- 8a5+5a a;«- 8a;«+21a;-18 
7a;3-19a;2 4-17a;-5 ' 7b^-12b»+bb ' 3a;3-16a;«+21a; ' 

16a;^ - 53a;» + 45a; + 6 
8a;* - 30a;» + 31a;» - 12* 

2. What factor will change r to — r 77- ? 

a* + a^x+ a^x^ + a x^ + a;* ^^ — a;g ^ a;^ + fa;g + f a; + 1 , 

4x«j-£+_4 6;?* - 12;9g« - Qp^g + 12(7* ^o ^l^^'' "" ^"^'^ ? 

a; - 1 ;?8 - g'* p -^ q 

1 a;* + 14a;« + 27 wi* + m« + 27nn — x — y 

3. Reduce , — ■■ — » , . ^j ^,. , ^ ^> 

1— -a; a;* + 4 m + « 

1 -- ^10 2 a* + 4a3a; + Ga^a;* + 4aa;3 + ar* a;* 



a -f 1 ' 2 -a;* a3 + 3^23; + 3aa;2 _,. ^3 * i_.^- 



— , and 



a 



,Sn+1 



^•i«+I ^^^^^ 



to integral or mixed forms. 



4. Express ^^,, (^^^,)-«. p^v^> ^^^'^ a;'-»(.. - ^;3 
in the integral form. 

X 

5. Beduce the following mixed to fractional forms : 1 + j— 
1 + 7a + 6a5 ^ , 1 + ^x ^^, 

" ^ ^ a^ ^b^ ' ^ 2bc ' 1 + a; 



X . 
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6. Eeduce Tr> Tr-^y «> ;r^> ^^^ i — '• to forms having a C. D. 



a+a; a — X ,a* — a;* 

, , and — r : 

X a a^ + x^ 



7. Eeduce , , and -r to forms having a 0. D. 



r. -n. -i a —x a -k- X a — x , 1. -li. 

8. Reduce , -r-^ irv> — r-z? and to equivalent 

a; x{a^ — x^) a •\- x a — x ^ 

fractions having the L. C. D. 

\ X x^ 

9. Eeduce , , rr, and 7 — to equivalent frac- 

as -y' (x-y)* {x-y)^ 

tions having the L. C. D. 

10. Eeduce 7- r-? and -:; 4- to forms having the L. C. D. 

(l+a;)3 l — x^ ^ 

11. Eeduce —r, —5, — r— — r, and — r- r to forms having the 

L. C. D. 

12. Eeduce 5-, .3 -:, and — r — — ; to forms having the L. C. D. 

0X1 OX "T~ Tc uX ~~ lO 

13. Eeduce the following complex fractions to simple ones : 
1 — ^ a __ c m' + n* 

x-^y f-^h 

a 



14. Add 3 , g, ^, and j-^ ; -^ and -y,- ; j-^:^^ and j-j-^ ; 

« + & , a — ft — 2^ 2 , 3 

"X" ^""^ 2 ' a:3+a;»+a:+l ^"""^ ^^a - a;« + x - 1 ' 

a - * c — a , h — c 1 a:4- 1 , ^ +^JhJL , 1 

"^^"^6^'^ "ftT^ a;+3'ic«-3a: + 9'^°^ a;^ + 27 ' a - ft' 

1 . 2a 

J, and 5 7^. 4 

a + ft a^ « j2 
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15. Add -^j ; — ^, — — , and -r-- — - ; « — I -t" + 4a'a;^ J 



, , 2«a: . 4 4 
and J + - — + 4dt*a;^ 



-^4ij3 a + 1 ,^a — 1 1+a; , 1 — a: 

16. Add -, — -= -, and -^ ^-— ; ., . . — ■=. and 



a' * - 1' ft + 1 ' 1 + a; + a;» 1 - a; + a;« ' 



a; + 3a? — 4 ^a; + 5 

a; + 4a: — 3 a; + 7 



17. Add 7 ; r-7 — jr and 7 ; r-; ; .\ r ^ Otld 

;/ — ^iwpy^ X y a ^^ 
{jii))y^ — a:)* ' y' a; + y' a;* + ajy' 

18. Add ^-., ^, -^, and ^^ "Z^' t?r ^\'; ^^ T ^. 

a — o — c c — a (a — 0) (0 ^ c) (c — a) 

19. From ^ take ^r; from ^ 5-^ take -^^ r-^ ; 

a; — 3 a; + 3 ab ab 

from = take 



a; — 7 a; — 3' 



20. From 7a; ;; — take x ^r — ; from ^^ 5^ take 

3 2 ab\a — by 



a b ^ 

T + - + 2. 
b a 



21. From rr^; -, — -rr-. rr take 



2 (a; + 1) 10 {x - 1) 5 (2a; + 3)' 



00 TUT u- 1 4'^ + 12 1 14« ^* - ** V a;« + J« a - ft 
22. Multiply -^~ by 3^- ; ^-^^ by --^ ; ^-^ 

?L+1. «^i^ bv^-^- * + ftbv?+-- "^'-^^"^-^ bv 
*^y ^_^' j + y ^yj-:c' a^^ - ft^ ft' a;« + 5a;+ 6 ^^ 

4a;g — 1 2a; — 40 
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23. Multiply 21^ by 4c; - ^x-t by ^x* ; - If^I by 
10ft-« 1 + a; . , o , . «* u *'"" a^^ x V*^ 



,4. Multiply /-/-^^^ by ^^ ; ^^^±^^ by the 
reciprocal of ^^^; (z + Jj^^. + ^,) by (z - ^ ; l^l^l 

25. Multiply together , -~^^^^, and 1 + ■ . 

26. Multiply a;» - a; + 1 by a?-» + a;-* + 1 ; 1 - ^-^ by 

a— & 

27. Divide -jr-by rrw ; — =-Tt>y^*^** > -r-r by in'^n-^ ; -r-^ 
•by— ^. 

28. Divide "^^'^ .^ by llm»;i"*yM ; ^ __^^^^ by 1 + 9a» ; 
— by cr* 

29. Divide •-- — by 1 — a; — ---^rT by 5 — -— y ; ( ) by 

{a -h a;)» ^ / a; 1 — a; \ , / a; 1 — ^ \ . /c—d c ^->-Z>« \ 

oa; ^1 + a; "'■ "~^y ^ U+ a; a; )''\c^b c^ + by 

30. Dmde m*- «-« by « + -; ^^^^q:^ by ^^-^; a»-b» 

_^»_2j,by^.+^; f^+% + f ) by (^+Jy — ^y 

•' a + b — c' \x + y yJ ^ \ y x + yj 
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31. Divide (f+li! by 

1 + ^^ 



(x-y)* 




32. Divide ^ — - — j—^ — by 



33. Divide ^ + ^ + 4" - 3a-'J-'c-' by - + J + -. 

a* 0* c* '' a c 

34. Free p,-^, -^-, -3^—-, p.-^^,, and « b 
+ J~*a of negative exponeuts. 

i 



35. What is the reciprocal of -^ — -, (-^sr) » r > ^^^ 

36. Is the fraction — ^-^ — -r—^ essentially positive, or negative, 
when a, m, x, and y are each negative ? 

Solution. — Since (— a)* = a*, 4a* is essentially positive. Since (— wX— «) 
= 97M;, the term 39?^;, in itself, is posiHve, and tlie numerator becomes 4a* 

— (+ Qmx), or 4a* — Smx (72)» Now, whether 4a* — Smx gives a + or a — 
result, depends upon the numerical values of a, m, and x. If 4a* > Smx, 4a* 

— 8«MJ is + ; but, if 4a* < Smx, 4^* — Smx is —. Again, since (— x)'^ = — x^, 
the first term of the denominator, 2^;^, is essentially negative. And since 
(—y)* = y*, the term 4y* is essentially positive and the denominator becomes 

— 2x^ + (4-4y*), or — 2^;' + 4y*. Whether this is + or — , depends upon the 
relative values of x and y. If we suppose 4a* > dmx the numerator becomes + , 

and if 2x^ be greater than 4y* the denominator becomes — , and we have , 

which gives a positive result. 

37. What is the essential sign of j-^ j-, when a= —1, J=2, 

X = —3, and y = — 4? 

1 

38. Wlvit is the essential sign of jv ^, when a = — 3, 

— ^mn 

^ = — 8, m = — 1, and y = 1 ? 
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39. What is the essential sign of j -, when a= —32, 

— am^ — 6b*m^ 
J = — 2, m = — 8, and a; = — 2 ? 



40. Simplify 



^ z 



' + ^ 



g — a; ff — y (a — a:)^ (<^ -~ y)' 

1 1 ' 

(a — y) (a -a;)* (a - i/)« (a -a;) 

_3^ 

^?Jc 3 — a — J + (j , 

, and 



JL 4. JL — 2 ^ + 6 — c 

(c ca a6 



«+^ 






a — 



^ (a« - J«). 



1-? 
b 
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OHAPTEB IV. 

rOWEBS AND BOOTS. 



SECTION I. 

INVOLUTION. 



Definitions. 

168. A Power is ek product arising from multiplying a number 
by itself. The Degree of the power is indicated by the number 
of factors taken. 

ScH. — ^It will be seen that a power is a species of composite number in 
which the component factors are eq,tiial. 

169. A Moot is one of the equal factors into which a number is 
conceived to be resolved. The Degree of the root is indicated 
by the number of required factors. 

170. An JEkcponent or Index is a number written a little 
to the right and above another number, and 

1st. If a Positive Integer^ it indicates a Pmoer of the number; 

2d. 7/* a Positive Fraction^ the numerator indicates a Potoer, and 
the denominator a Boot of the number; 

3d. jy a Negative Integer or Fraction^ it indicates the Reciprocal 
of what it would signify if positive. 

ScH. — ^It is obviously incorrect to read 4* "the | power of 4." There is 
no such thing as^a 2-fifths power, as will be seen by considering the defini- 

- m ' m 

9 — m — — 

tion of a power. Read 4% "4 exponent J ; " also a* , "o exponent « ; " a * , 

**a exponent — ^." These are abbreviated forms for, "a with an exponent 

— ^," etc. In this way any exponent, however complicated, is read without 
difficulty. 
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171. A Madicdl Number is an indicated root; of a number. 
If the root can be extracted* exactly, the quantity i& called Ratio7ial; 
if the root cannot be extracted exactly^ the expression is called hra- 
tio7ial, or Surd. 

172. A Root is indicated either by the denominator of a frac- 
tional exponent, or by the Madical Sign, \/. This sign used 
alone signifies square root. Any other root is indicated by writing 
its index in the opening of the v part of the sign. 

173. An Imaginary Quantity is an indicated evm root 
of a negative quantity, and is so called because no number, in the 
ordinary sense, can be found, which, taken an even number of times 
as a factor, produces a negative quantity. 

Thus V — 4 is imagixiaiy, because we cannot find any factor, in the ordinary 
sense, wliich multiplied by itself once produces — 4. Neither + 2 nor — 2 pro- 
duces — 4 when squared. For a like reason V ^*3a*, V — 6ar, or ^-' 14U5yy* 
are imaginaries. 

174. All quantities not imaginary are called Real 

175. Similar MiHlieals are like roots of like quantities. 

Thus W^a, d(t>/5a, and (a* — x*y/5a are similar radicals. 

176. To Mixtionalize an expression is to free it from radicals. 

177. To affect a number tvith an Hxponent is to per- 
form upon it the oi)erations indicated by that exponent. 

178. Involution is the process of raising numbers to requii'ed 
powers* 

179. Evolution is the process of extracting roots of numbers. 

180. Calculus of Radicals treats of the processes of re- 
ducing, adding, subtracting, or performing any of the common 
arithmetical operations upon radical quantities. 



Involution. 

181. Prob. 1. — To raise a number to any required power. 

R ULE. — Multiply the number by itself as many times, less 

ONE, AS THERE ARE UNITS IN THE DEGREE OF THE POWER. 

182. CoR. — Since any number of positive factors gives a positive 
producty all powers of positive monomials are positive. Again^ 
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since an EVEK number of negative factors gives a positive product^ 
and an odd number gives a negativk product, it follows that even 
powers of negative numbers are positive^ and odd powers negative. 

183 • Pvob, 2m — To affect a monomial with any exponent. 
RULE. — Perform upon the coefficient the operations 

INDICATED BY THE EXPONENT, AND MULTIPLY THE EXPONENTS OF 
THE LETTERS BY THE GIVEN EXPONENT. 

Dem. — Ist. When tlie eicpanent by whicli tJve monomial is to he affected isaposUvoe 

n 

integer. Let it be required to affect 4a^b^ x- ' with the exponent p; or in other 

words raise it to the pth power, p being a positive integer. The pth power of 

f» • • • 

4a'"6''a?-*is4a*6''aj-* x 4a"»&'a?-* x 4a'»6'^a;-» to p factors. But as 

the order of the arrangement of the factors does not affect the product {77)» 

this product may be considered as, p factors each 4, into p factors each or, intop 

tt 

factors each h^y into p factors each or-*. • Now p factors each 4 ^ve 4^ by definition. 
p factors each a"* are expressed af"^, since a"* is m factors each a, and p factors con- 
taining m factors each, make in the whole pm factors, or op'^. Again, p factors 

each b ** are expressed b ^ y since b^ian factors each 5 *' y and p factors, containing n 

- - 1 11 

factors each, are pn factors each 6 •• , or 6 »• . And since x-'= — , p factors, or — x — 

Of iff w 

X — ... to p factors make — , as fractions are multiplied by multiplying 

iC QB''^ 

numerators together for a new numerator and denominators for a new denomi- 
nator, and x^ X af X af' - - top factors are a?*^. But — = «-*•. Hence collect- 

ing the factors we find that {4a^b^x^')p = A^a^b^ »-*■. q. B. D. 

2d. When the exponent is a positive fraction. Let it be required to affect 

« n 

r" P — 

4a'"6 x-'y with the exponent — . This means that 4a"6'"ic--' is to be resolved 
into q equal factors and p of them taken. Now, if we separate each of the fac- 



n 
r 



tors of Aarb x-' into g equal factors, and then take p of each of these, .we shall 

have done what is signified by the exponent—. 

1 
By definition, 4* represents one of the g equal factors of 4. 

To obtain one of the g equal factors of a"»< we take one of the q equal factors 
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of a from each of the m factors represented. Bat (nie of the q equal factors of 

1 « 

a IS represented hj a^ , and m of these is a ^ by definition. 

To separate b'^ into q equal factors, we notice that 5*^ is n of the r equal fac- 
tors of b. Now, if we resolve each of these r factors into q equal factors, b is 
resolved into rq equal factors ; doing the same with each of the n factors repre- 
sented, and taking one from each set, we have b resolved into rq equal factors 

and n of them taken ; that is b^ Is one of the q equal factors of & '^ . 

To resolve x-*= -^ into q equal factors, we consider that a fraction is 
resolved by resolving its numerator and denominator separately. But one of the 



q equal factors of 1 is 1 ; and one of the q equal factors of :i^ is ^ as seen in the re- 

1 _i 
solution of a*. Hence one of the q equal factors of «-» or JL is T = /» « 



1 ._ — „ 

X 



«* -,« 



Collecting these factors we find that one of the q equal factors of 4aMb''x-* is 
Ai(j^Wx ". And finally J9 of these being obtained according to Case 1st, gives 

4« a'l b^^x * , as the expression for Aa^V x-' affected with the exponent ?\ which 

2 

result agrees with the enunciation of the rule. 

8d. When the exponent is negative and either integral or paetUmaX, Let 

it be required to affect 4a'"6^a?"» with the exponent —t. This by the definition 

of negative exponents, signifies that we are to take the reciprocal of vhat the 

j» 
expression would be if ^ were positive. But Aa^Vx-^ affected with the exponent 

t (positive) Is 4'a**6''a;-'* by the preceding cases, whether t is integral or frac- 
tional. The reciprocal of this is . But since these factors can be 

4fa***bTx-^ 
transferred to the numerator by changing the signs of their exponents, we have 

-'5 - 

^-f^-ftnj" r/jrf»^ as the result of affecting 4a"6»'aj-» with the exponent ^t, which 

result agrees with the enunciation of the rule. 



184. Frob. 3. — To ea^and a binomial affected vnth any expo- 
nent, 

RULE, — ^This rule is best stated ik a pormula. Thus, 

LET a, S, AND m BE ANY NUMBERS WHATEVER, POSITIVE OR 
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NEGATIVB, INTEQEAL OR FBACTHONAL, THEN WILL (a + J)"* BBPRB- 
SBNT ANY BINOMIAL, AFFECTED WITH XSY EXPONENT, AND 



3J2 



{a + J)- = a- + nur-^ + ^^!^ ^^^ a^ 
in(m^i)Xm-2) 

^ 1 • r^ • 3 ^ 

+ 1 • 2 • 3 • 4 ^ *^ 

m(m-l)(m~2)(m-^3)(m-4) 
i 1 . 2 • 3 • 4 • 5 ^ ^ 

Tliis is the celebrated Binomial Formula, or Thborbm. Its demonstra- 
tion will be found in the subsequent part of the work. At this stage of his 
progress the student should learn the formula and become expert in applying it 

18S» Cob. 1. — 27te eapansion of a binomial terminates only when 
the eocponent is a positive integer^ since only when m is a positive 
integer will a factor of the form m(m — 1) (m — 2) (m — 3), etc.^ 
become 0^ as is evident by inspection. 

• 

180* Cob. 2. — WTien m is a positive integer^ that is tolien a bino- 
mial is raised to any poioer, there is one more term in the develop- 
ment than units in the eocponent 

Since the first coefficient is 1 ; the 2d, m; the 8d, ^ J~ ^ ; the 4th, 

m(m— l)(fii — 2) ., K., f»(«i— l)(m--2)(w — 3) . .. .. ... 

^ Q — ^^—5 •' ; the 5th, — i — 5 — ^^— ^ — ^-^ -'; etc., we notice that the 

last factor is m — • (the number of the term — 2) ; and the number of the term, 
therefore, which has m ~ m as a factor is the {m -f 2)th term. But this is 0. 
Hence the {m + l)th term is the last. 

187, Cob. 3. — When m is a positive integer^ the coefficients equally 
distant from the extremes are equal. 

Thus (a + 5)» = (6 + «)*•; the former of which gives a* 4- wki^-^6 + 
m{m-\) ^_,^ ^^ ^^^ ^^ ^^^ j^^^^ ^ ^ w6«-»a + ^(^^"^ \ »-^a^ +, etc. 

Whence it appears that the first half of the terms and the last half are exactly 
symmetrical. 

188. Cob. 4. — The sum of the exponents in each term is the same 
as the expofient of the power. 

ScH.— The last two corollaries apply to the form (x + y)*, and not to such 
forms as (2a' — 8^*)*, after the latter is fully expanded. 
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ISO. Cob, 5.^ — A canwnient rule for writing ovt tJy&poMera of 
binomiais may be thus stated: 

let. There is one more term in the development than there are 
units in the exponent of the power. 

2d. The FIRST contains only tlie first letter of the binomial^ and the 
last term only the second^ while all the other terms contain both the 
letters, 

dd. The exponent of the first letter of the binomial in the first term 
of the development is the same as the exponent of t/ie required potver 
and DIMINISHES by unity to the right, while the eo^onent of the 
second letter begins at unity hi the second term of the expansion and 
IKGR£AS£S by unity to the right, becoming, in the last term, the same 
as the exponent of the power. 

4th. The coefficient of the first term of the expansion is unity ; of 
the second, the exponent of the required power ; and that of any otiier 
term, may be found by mtdtiplyi?}^ the coefficient of the precedhig 
term, by the exponent of the first letter in that term, and dividing t/ie 
product by the exponent of the second letter + 1. 

190. Cor. 6. — If the sign between the tenns of the binomial is 
mimis, as (a — b)", th,e odd terms of the expansion are + and the 
even ones — . ITiis arises from the fact that the odd terms involve 
even powers of the second or negative term of the binomial, and the 
even terms involve the odd powers of the same. 



Examples. 

1. What is the square of 3a» ? Of -%a^x ? Of ^x"^^ Of -^a^x ? 

Of^Va:? OfiVa? Of-^? 

x^ 

2. What is the square of I - a? 4- a;« ? Of 2a - Sa:' ? 

3. Expand the following: (3~2a:~a;«)*, (3a;«-l) , (a:— y + «) , 

4. Affect 3«^a;^ with the exponent 4 ; 4a«a;« with the exponent 2; 

a^x with the exponent — m, with the exponent \, |; bx^y with the 
exponent f , -, — 3. 
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6. Perform the following operations and explain each as a process 
of factoring, according to (Dem.I«3): {125ah^)^, (64a«a;)* 

6. Expand the following by the Binomial Formula: {x + yy, 
(a;-y)S (3a« - a;)3, (x + y)'^, {^-yY^. (5 + a:«)* (a;«-fl«rt 

(1 - x^Y, Va«-a*eS ;^ — ^3, — =L^, (a»+ ix^)^. 

^ ' (p^ — ^Y ^i — x'^ 

Tliree results. 

^ * 2*4 2'4'6 ' 

, = (1 -x^)"^ = 1 + ia;« +|aj* + ^aJ® + i%a;» +,etc. 

7. Write out by Cor's. 5 and 6, the expansions of the follow- 
ing: (a+J)»,(a-J)%(a«-ft2)3, (a;^-y*)S (««+y«)», (a;"*-y-')*- 



SECTION II. 

EVOLUTION. 

101m JProb. 1» — To extract any root of a perfect power of that 
degree. 

RULE, — Resolve the number into its prime factors, and 

SEPARATE THESE INTO AS MANY EQUAL GROUPS AS THERE ARE 
UNITS IN THE DEGREE OF THE ROOT REQUIRED; THE PRODUCT OP 
ONE OF THESE GROUPS IS THE ROOT SOUGHT. 

192 » ScH.— The sign of an even root of a positive number is ambiguous 
(|hat is + or — ), since an even number of factors gives the -same product 
whether they are positive or negative (70, 80). The sign of an odd root is 
the same as that of the number itself, since an odd number of positive factors 
gives a positive product and an odd number of negative factors gives a 
lipgative product {80, 81), 

193 • Cor. 1. — The roots of monomials can he extracted by 
extracting the required root of the coefficient and dividing the expo- 
nent of each letter by the index of the root^ since to extract the square 
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root is to affect a number with the exponent ^^ the cube root ^, th^ nth 
root 1, etc. {183). 

194* Cob. 2. — The root of the product of several numbers is the 
same as the product of the roots. 

Thus, ^abcx = 'Va • Vd • Vc • ^y/zl since to extract the wth root of obex 

we have bat to divide the exponent of each letter by m, which gives, 

-1 1 i 1 _ _ _ 

a'^lf^if^^, or Va • Vft • Vc • Va?. 

19 5 • Cob. 3. — The root of the quotient of two numbers is the same 
as the quotient of the roots. 

Thus, i/ ^ is the same as ^-^, since to extract the rth root of — we have 
y n y- n 

but to extract the rth root of numerator and denominator, which operation 
is performed by dividing their exponents by r. Hence i/ ?? = — j- = ]l!?. 



Examples. 

1. Extract the square root of each of the following numbers by 
resolving them into their factors, i. e. by (191) : 222784 ; 21316 ; 
and 6499025. 

2. Extract the square root of each of the following, as above: 

3. Extract as above : V25a*63, y 64a-«r»% y 49a;y% \/l44a*m«. 



'49rt 



^. yi6n^y^, V^125m«a;iS f^l728a;«y* ^-32a^^y-^. 



4 Solve exercises 2 aud 3 also by {193)* 

5. Show as in {194) that -^^8 x 27=i V^x^^fT; also that 

6. Is V«"±I= ^/a^Vb'i Is /(/|=^? Is ^/ab=zVaVb^ 

Why does the reasoning in the cases which are true not apply to the 
others? State the true propositions ; also the false assumption. 

ScH. — ^The extraction of roots by resolving numbers into their factors 
%CCordinR to this rule, is limited in its application for several reasons. In 
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the case of decimal aumbers we caa alwaya find the prime factors by trial, 
and hence if the number is an exact power, can get its root. But in case 
the number is not an exact power of the degree required, we have no method 
of approximating to its exact root by this rule, as we have by the common 
method already learned in arithmetic. In case of literal numbers the diffi- 
culty of detecting the polynomial factors of a polynomial is usually insuper- 
able. Hence we eeek general rules which will not be subject to these 
objections. 



196 • FrohM 2. — To extract roots whose indices are composed of 
the factors 2 and 3. 

Solution. — To extract the 4th root, extract the square root of the square root. 
Bince the 4th root is one of the 4 equal factors into wliich a number is conceived 
to be resolved, if we first resolve a number into 2 equal factors (that is, extract 
the square root) and then resolve one of these factors into 2 equal factors (that 
is, extract its square root) one of the last factors is one of the 4 equal factors 
which compose the original number, and hence the 4th root. In like manner 
the 6th root is the cube root of the square root, etc 



** U €t 

«< €€ U 

t* I€ tt 



197* Pvobm 3. — To extract the rath {any) root of a number. 

Solution. — Instead of giving in detail the demonstrations of the processes for 
the extraction of roots, we assume that the student is familiar with the subject 
as presented in common arithmetic,* and propose here to show him how to see 
a rule for the extraction of any root of a decimal number, and of a polynomial^ 
in the expansion of a binomial. Thus 

For the 
Square root (a + h)* =a' + (2a + &)& gives the rule ; 

Cube « (a+6)»=a»+(8a*+3a& + 6«)6 

Fourth " (o + 6)«=a* + (4a* + 6a«6 + 4a6*+6»)6 

Fifth « (a + hY =a» + (5<** + 10a«5 + 10a«6« + 6a6' + 6*)6 

etc., etc., etc. 

In all cases a represents the part of the root already found, and h the next 
figure or term of the root ; observing that in decimal numbers, a is teT^a with 
reference to &. 

The method of pointing off decimal numbers into periods, and the reason, 
are shown for the square and cube root in common arithmetic ; and the same 
reasoning extends to other roots. 

A polynomial must be arranged as for division, since this is the form which 
a power takes when the root is similarly arranged. 

The solution of a few examples will familiarize the student with this method. 
* Tlie wliQle snl^ect i9 faUy preseeated in the Cojoplitb School Algbuu. 
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EXAliPLES. 

1. Extract the square root of 7284601, 



SOLUTION. 



The formula !s (a + &)• = »• + (2a + h)h. 
At first a* a; the greatest square in 7. /. a = 2. 



'fe^i|2e9ft 
4 



2a = 2(20) = the Trial Divisor 40 

.*. 328 -f- 40 = 8 is the prdbabk^ second root figure. 

(2a + &) = 40 + 8 is the True Divisor if 8 is the second root 
figure. But 48 X 8 = 384. .-. 8 is too large. We will try 
6 as the second root figure ^ 

Whence (2a + 6) = the Tn/^ Divisor 46 



328 



276 



ifaw, 2a = 2 (260) = the Trial Divisor 

^.*. 5246 -H 520 = the probable next root figure. 
(2a + &)=520 + 9 = the True Divisor 



520 
__9 
529 



5246 



4761 



Again, 2a = 2(2690) = the Trial Divisor 

.*. 48501 -f- 5380 = the probable next root figure, 
(2a + 6) = 5380 + 9 = the True Divisor 



5380 

9 

5389 



48501 



48501 



2. Extract the cube root of 99252847. 



SOLUTION. 



The formula is (a + 6)« = a' + (8a« 4- 8a5 + h*)b. 
At first a' = the greatest cube in 99. .'. a = 4. 



9fe5^7|463 
64 



3a* = 3 (40)* = the Trial Divisor 4800 

.'. 35252 •+- 4800 = 7, the probable next root figure. 

(3a* + 8a6 + &*) = 4800 + 840 + 49 = 5689, the True Divisor 

if 7 is the next root figure. But, as this does not go 7 

times in 35252, 7 is too large ; and we try 6. . 

Now, the corrections to be added to the trial divisor to make 

the true divisor, are dab = 3 (40) 6 = 

and 6* = (6)* = 
Hence the true divisor is 



720 
36 



5556 



35252 



33336 



New Trial Divisor, 3a* ~ 3 (460)* = 634800 

r. _.. J3a6 = 8(460)3 = 4140 

Corrections:^ j« _ (3)t _ 9 

True Divisor 638949 



1916847 



1916847 



* The new root fignre cannot be laiger than thie quotient. It Is often not so large, and the 
probability of its being considerably less increases witb the degree of the root we are extracting. 



64 
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3. Extract the 5th root of 36936242722367. 



SOLUTION. 



Formula : (a + by = a» + 6a*b + lOa^ft* + 10a*6» + Soft* + 6* 

= a» + [5a* + lOa^b + 10a*b* + 5a6» + b*]b. 



At first a' = the greatest 5th power in 8693. .*. a = 5. 



Trial Divisor : 5a * = 5 (50) * = 

Ist. lOa^b = 10(50)'* X 1 = . 
2d. 10a«6« = 10(50>« x 1» = 
3d. 5a5» = 5(50) x 1» = .... 
4th. 6* = 1* = 



Corrections : 



81250000 

1250000 

25000 

250 

1 



7Vw« Divisor: 82525251 



869362427223571517 
8125 
56862427 



82525251 



2HcU Divisor: 5a* = 5(510)* = 338260050000 

Ist. lOa'ft = 10(510)^ X 7 = .. . 9285570000 
2d. 10a«6« = 10(510)* x 7* = . 127449000 

8d. 5ab* = 5(510) x 7» = 874650 

4th. ft* = 7* = 2^ 

Ttnt^ Divisor: 847673946051 



Coirections : 



2438717622857 



2438717622357 



. 4. What is the 7th root of 1231171548132409344 ? 



SOLUTION. 



Formula : (a + ft)' = a^+ 7a«ft + 21a«ft* + 85a*ft« + 35a»ft* + 21a«ft« + 7aft« + ft^ 

= a' + [7a6 + 21a»ft + 35a*ft* + 85a»ft» + 21a*ft* + 7a6» + ft«]6. 



12811715481324098441^ 

2187 



TWo/Divisor: 7a6 = 7(30)«= 5103000000 


101247154813 


• • 


r 1st. 21a«ft = 21 (80)« X 8 = 4082400000 




i 


2d. 35a*ft« = 35(30)* x 8* = 1814400000 






8d. 35a»ft« = 35(30)' X 8^= 488840000 




*» 1 


4th. 21a*ft* = 21 (30)« x 8* = 77414400 




1 


5th. 7aft» = 7(30) X 8«= 6881280 

6th. ft6 = 8^ = 262144 






11568197824 


92545582592 


Trial Divisor : 7a» = 7 (880)« = . . . 21076554688000000 


87015722212409344 


• • 


r Ist. 21a»ft = 21 (880)» x 4 = . . . 665575411200000 




§ 


2d. 35a*ft« = 85 (380)* x 4« = . 11676761600000 




.2 
"8 - 


8d. 35a=»ft' = 85 (880)' x 4» = . 122918280000 




g 


4th. 21^«ft* = 21 (380)* X 4* =. 776294400 




a 


5th. 7aft« = 7 (880) x 4* =. . . . 2723840 
.6th. ft6 =4^ = 4096 






21753930558102386 


87015722212409344 
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5. Extract the square root of each of the following numbers : 7225, 
9801, 553536, 5764801, 345642, 2, .5, 3, 50, 1.25, 1.6. 

6. Extract the cube toot of each of the following nnrabers : 74088, 
122097755681, 2936.493568, 61234, 12.5, .64, .08, 2, 5. 

7. Extract the 4th root of 52764813. (See 196.) 

8. Extract the 6th root of 2985984. (See 196.) 

9. Extract the 8th root of 1679616. (See 196.) 

10. Extract the 5th root of 5. \^= 1.37974 -• 

11. Extract the 7th root of 2. ^^2 = 1.104 +. 

12. Extract the square root of 49a;«y» — 30a;*y + 16y*— 24ay» 
+ 25a;*. 

B0LX7TI0K. 



Fbrmvla: (a+ft)*=a» + (2a+ft)ft. 

a«=25aj* 
.-. a=5x* 



25aj*— 30a;V+49«V— 24ay' + l^* \5x*-'dxy+4y* 
25aj* 



2a= Trial Div. = 10a;* 
,\ True Div.rrlOc*— aijy 



-80aj«y+4»a?V 
— 30a;«y+ ft»V 



2a= Trial Div.= lOx'—Qx^ 
.-. 6=40j;*y*-*-iaij*= 4y* 

and gVttgDiv.=10a?«— ftey+4y* 



40a5»y* -'24xy^ + 1^* 
40ajV— 24fl!y» + l^* 



C0KDEK8BD BOLITTION. 

26«*-8(te3y+4ftBV-24i!y' + 16y* |Sg«-3ay+V 
25aj* 



10aj*-aiy 



-30a!»y+49aj«y* 
~80a?'»y + 9a? V 
l(te«-6a^+4y* 



40ajV-24a!y' + l%* 
40a?V-24fly» + 16y* 



JJ^BSBJa*: I^SJTBBX&SIP' 
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15. Extract the cube root of each of the following : a» — 8J» 
+ 12a5« - ea*by 5a:» - 1 - 3a?» + a;« - Sx, 66a:* + 1 - 63a;» - 9a; 
+ Sx^ - 36a;« + 33a:«, eOc^x^ + 48ca;» - 27c« + 108c«a; - 90c^x^ 
+ Sx^ — 80c3a;8, 204c*a« - 144c«a: + 8a?« - 36«i?«-. 171(?»a;« +646» 

+ 102c»a;*, 27a; - 8a;* - 36 + 36a;* + 12a;-' - 54a;* + 9a;"* + 27a:* 

+ ar'— 6a;"*. 

16. What is the 4th root of 16o* - 96a5a; + 216a«a;» — 216aa;» 
+ 81a:* ? 

17. What is the 6th root of 729 - 2916a;« + 4860a;* - 4320a;» 
+ 2160a:8- 576a;i»+ 64a;i«? 

[Note.— .Solve the 16th and 17th both by {19T) and (i9«>]. 

18. Find the fifth root of 32a:« - 80a:* + 80a:3 _ 40a:« + 10a; - 1 ; 
also of ar=*+15a;-"-5a;-"-f 90a;-*»-60a:-*»+280a;-'-270a;-'+495a;-* 
- 550a;-* + 513 - 465a;« + 275a:* - 90a;« + 15a;8- a;io. 

19. Find the 6th root of ««- 6a«J -f 15a**«- 20a»J3+ 15a»6* 
-6aJ5+J« by (196). 



^>» 



SECTION HI. 

CALCULUS OF RADICALS. 



Ebductioit. 
l^S. JPT€bm Im'-^To simplify a radical fty removing a factor. 
RULE: — Resolve the number under the radical sign into 

TWO FACTORS, ONE OF WHICH SHALL BE A PERFECT POWER OF THE 
DEGREE OF THE RADICAL. EXTRACT THE REQUIRED ROOT OF THIS 
FACTOR AND PLACE IT BEFORE THE RADICAL SIGN AS A COEFFICIENT 
TO THE OTHER FACTOR UNDER THE SIGN. 

Dem. — ^This process is simply an application of CoR., Art. 19^. 

199 • Cor. — The denominator of a surd fraction can always be 
removed from under a radical sign by multiplying both terms of the 
fraction by some factor which wiU make the denominator a perfect 
power of the degree required. 
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ScH. — A surd fraction is conceived to be in its simplest form when the 
smallest possible whole nurnber la left under the radical sign. 



200» Pvob. 2» — To simplify a radical^ or reduce it to its lowest 
terms, when the index is a composite number^ and the number under 
the radical sign is a perfect power of the degree indicated by one of 
the factors of the index. 

■ 

RULE. — Extract that root of the number which corre- 
sponds TO one of the factors of the index, and write this 

ROOT AS A SURD OF THE DEGREE OF THE OTHER FACTOR OF THE 
GIVEN INDEX. 

Dbm. — The WTith root is one of the mn equal factors of a number. If, now, 
the number is resolved first inX/om equal factors, and then one of these m factors 
is again resolved into n other equal factors, one of the latter is the mnth root of 
the number. 



201* Proh. 3. — To reduce any number to the form of a radical 
of a given degree. 

R ULE. — ^Raise the number to a power of the same degree 

AS THE RADICAL, AND PLACE THIS POWER UNDER THE RADICAL SIGN 
WITH THE REQUIRED INDEX, OR INDICATE THE SAME THING BY A 
FRACTIONAL EXPONENT. 

Dem. — That this process does not change the value of the expression is evi- 
dent, since the number is first involved to a given power, and then the corre* 
sponding root of this power is indicated, the latter, or indicated operation, being 
jusi the reverse of the former. 

202 » Cor. — To introduce the coefficient of a radical under the 
radical sign, it is necessary to raise it to a power of the same degree 
as the radical; for the coefficient being reduced to the same form. as 
the radical by the last rule, we have the product of two like roots, 
which is equal to the root of the product. 



203. Proh. 4. — To reduce radicals of different degrees to equiv- 
alent ones having a common index. 

RULE. — Express the numbers by means of fractional in- 
dices. Eeduce the indices to .a common denominator. Per- 
form UPON the numbers the operations represented by the 
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NUMERATORS, AlfD INDICATE THE OPERATION SIGNIFIED BY THE 
DENOMINATOR, 

Dem. — ^The only point in this rale needing farther demonstration is, tha^ mul- 
tiplying numerator and denominator of a fractional index by the same number 

does not change the value of the expression, i. e., that x^=z of*'*. Now, a^ signi- 
fies the product of a of the b equal factors into which x is conceived to be re- 
solved. If we now resolve each of these h equal factors into m equal factors, a 
of them will include ma of the ffib equal factors into which x is conceived to be 
resolved. Hence ma of the mb equal factors of x equals a of the h equal factors. 

[The student should notice the analogy between this explanation and that 
usually given in Arithmetic for reducing fractions to equivalent ones having a 
common denominator. It is not an identity. "l 



204^ JProb* S» — To reduce a fraction having a monomial radi- 
ccU denominator^ or a monomial radical /actor in its denominator^ 
to a/orm having a rational denominator. 

RULE. — Multiply both terms of the fraction by the radi- 
cal IN THE DENOMINATOR WITH AN INDEX WHICH ADDED TO THE 
GIVEN INDEX MAKES IT INTEGRAL. 



205 • JPvob* 6. — To rationalize the denominator of a fraction 
when it consists of a binomicdy one or both of whose term^ are radi- 
cals of the second degree. 

RULE. — Multiply both terms of the fraction by the de- 
nominator WITH ONE OF ITS SIGNS CHANGED. 

Dem. — In the last two cases the student should be able to show, 1st. That 
the operation does not change the value of the expression ; and, 2d. That it 
produces the required form. [This is the substance of all demonstrations in Re- 
ductions^ 

206 Prop* !• — A factor may he found which will rationalize 
any binomial radical 

M 

Dem. — If the binomial radical is of the form V(a + by*, or (a + Uf , the fac- 



n — m 



tor is (a + 6) * , according to (204). 

' i- ^ 1 

If the binomial is of the form Va*^ + Vft'*, or a"* + b\ Let a"" = x, and 

1 L\ 1 

b*z= y; whence a'^= x* , and b* = y^ . Also let p be the least common multiple 

gp rp 

of m and n, whence x^ and y^ are rational. But aj^ = a™, and y^f* = b*. If 
now we can find a factor which will render a?' + y', x^ ± y, this will be a fac- 



\ 
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tor which will render a"*+6*, o*±6* which is rational. To find the factor 
which multiplied by aj* + y*" gives «* ± y^, we have only to divide the latter by 

the former. Now — =-^— = aj^i»-') — a:Kp-«) y + a^p-») y^r ^^fip-*) ^j^. 

— ± y^'*""*^ (^)» *^*> + B^gJ* o' t^© Ifts* *®r°^ ^<> ^® taken whenp is odd, and 
the — sign when it is even (119). Therefore a^J»-») — ^xf^p-^ + a^p-^yr^. 
^P-*)y»r ^ ± y^'-^, is a factor which will render Va^+ Vibrational, 

» r 

X* being understood to be a^, and y^ = 5* , and p the L. C. M. of m and n. 
If the binomial is V^ — V^, the factor is found in a similar manner, and is 



^07. JProp. 2* — A trinomial of the form V^ + Vb +.Vc' 
maj/ be transformed into an ea^ession with but one radical term by 

multiplying it by itself with one of the Hgns changed^ as ^~i + V b~ 

— V c. T/ie product thus arising may then be treated as a binomial 
radical by considering the sum of the rational terms as one term, 
and the radiccd term, as the other. 

Thus, {\/o' + \/y+\/7) {y/a + y/T—y/T) = a + 5 — c + 2\/a5. Again, 
[(a + 6 - c) + 2Vab] x [(a + 5 - c) - 2Vab] = a«+6* + c*-2a&-3Jo 

— ^06, a rational result. 



Examples. 

1. Reduce the following to their simplest forms: VlOSa'a;', 

(af'- V ) % 7^363^, (a - b) [(a* - J«) (a - *)]* 5 V70ia6y«, 

2. Reduce the following to their simplest forms (see ScH. 199) : 

yr \/i' yi' j/t y t Y t' G^] • 



i"y y ny 13' *y f" y ¥' y t 
z + y y ■ 



and 



3a; » + 6xy + 3y* 
5(a;» - ««) ' 
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3. Beduce the following to their simplest forms (see 200) : 

Vl25a3ici«, V363a».r«, VH^i^y®, V-1029a;i», 
Vl35a*a; - 405a»a;« -f 405a»a;» - 135aa;*. 

4. Eeduce 6ax^ to the form of the square root ; also 7xy ; also | ; 
also da — 2. Reduce 2x^y^ to the form of the 3d root, — to the form 

of the 5th root Reduce -j- to the form of the 4:th root, — to the 

form of the cube root. Reduce VT ^ *^^ ^^^"^ ^^ ^^^ ^^^ ^^^^ — 
to the form of the 4th root 

5. Introduce under the radical signs the coefficients in the follow* 
ing expressions : 

^v^> fVy, iV3", iv^, 2xVx^, {x+y)\^x^-3x*y + dxy* -y», 

(a: + y)V^^, yVi^S^ ^'(^~^)* 

6. Reduce to equivalent forms having a common radical index, 

V^ and v^; ajso V3, v^5 ; also \^, %/Zx'^j ^/x, and ^^20;* ; also 

2Vc, 3v^, and ^V^; also 3V6flw:, 2v^25^, v^*^? ttls<> 2; — y and 

(^ + y) ' Explain each operation upon the principles of factoring 
i\& in {203). 

7. Prove upon the principles of factoring that V2 = a/S; also 
that ^/b = \^; also that V3 = \^7. 

8. Reduce the following to equivalent forms having rational de- 

. ^ 2rtV5i 5 Va Va? \^ 1 1 

nominators: —7^=--, — ;=, -;=> -rp^* vp > -T=y "vT * 

\/3a: 2Va* VJ Vy vy V2 V2 

3 \/2 V^ V^ 



^5' V3' A^?' '^' 

9 Reduce the following to equivalent forms having rational de- 

. . ^/x^+l^^Vy^ 2a; x ^s/x--j\/y 

nominators: — , — 3, » 7=? -7= -J=^ 

.Vx — y 3v3 — a:» a; + V y V « 4- V y 

3 3 2 a/12 - a/10 3 -4- 2a/2 



.a/5 + '/2' a/3+^' V^-V^' V6 + A/5 ' a/5--a/3' 
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X 



___^ Vx^ + 1 — a; Vx -- 1 + ^x + 1 

Va* -hx^—x^ Vx* + 1 4- »' V» — 1 — ViC 4- 1 ' 

Va;* + a; H- 1 + Va:* + a: — 1 8 _ 2 
:, — ;= 7= , and —= 



Vx* + a; + 1 - Va;« + a; - 1 V3 +\/2 + 1 . V5+V3-V2* 

10. What factor will rationalize y^ _ y^y ? What v^ — V^ ? 
What V8 + V3 + \/5? 

11. By what must numerator and denominator of be 

multiplied to reduce it to the form of a simple fraction ? By what 

(ill)*. • 

x^ 

12. Introduce the coefficients of each of the following into the 

parentheses: 8(a» — a;*)*, a^{a + a»a;)*, and a;«(l — x^)*. 

13. Show that , • = ; also 

a — bx + Va^ + b^x^ bx 



that ^-J^ = ./V^-Va^ 



^^ 



SECTION IV. 

CX)MBINATIONS OF RADICALS. 



Addition akd Subteaction. 

208. JPTOb. !• — To add or subtract radicals, 

R ULE. — If the radicals are similar, the rules already 

given {66 9 71) ARE SUFFICIENT. If THEY AREKOT SIMILAR, MAKE 
THEM SO BY (198^ 203), AND COMBINE AS BEFORE. If THEY CAN- 
NOT BE MADE SIMILAR, THE COMBINATIONS CAN ONLY BE INDICATED 
BY CONNECTING THEM WITH THE PROPER SIGNS. 

[Note. — The stadent is presumed to be able to give the demonstrations of 
the problems and propositions in this section, as they are but a recapitulation of 
what has preceded.] 
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MULTIPLICATIOK. 

209* Ptop» 1. — The product of the same root of two or more 
qtiantities, equals the like root of their product (See 194m) 

210. I^rop* 2. — Radicals of the same degree are multiplied by 
multiplying the quantities under the radical sign and vyriting tlie 
product under the common sign. 

Similar radicals are multiplied by indicating the root by fractional 
indices, and, for the product, faking the common number with an 
index equal to the sum of the indices of the factors. (See 82*) 

211. Prob. 2. — To midtiply radicals. 

RULE, — If the factors have not the same ikdex, reduce 

THEM TO A COMMON INDEX, AND THEN MULTIPLY THE NUMBERS 
UNDER THE RADICAL SIGN, AND WRITE THE PRODUCT UNDER THE 
COMMON SIGN. 



Division. 

212, Prop. — 71i.e quotient of the same root of two quantities 
equals the like root of their quotient. 

213. Prob. 3. — To divide radicals. 

RULE.-^Ib, the radicals are of the same degree, divide 
the number under the sign in the dividend by that under 
the sign in the divisor, and affect the quotient with the 
common radical sign. 

If the RADICALS ARE OF DIFFERENT DEGREES, REDUCE THEM TO 
THE SAME DEGREE BEFORE DIVIDING. 



Involution. 
214:. JPvob. 4. — To raise a radical to any power, 

RULR—In\OLYB THE COEFFICIENT TO THE REQUIRED POWER, 
AND ALSO THE QUANTITY UNDER THE RADICAL SIGN, WRITING THE 
LATTER UNDER THE GIVEN SIGN. 

2 IS. Cor. — To raise a radical to a power whose index is the ifi* 
dex of the root, is simply to drop the radical sign. 
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Evolution. 

216. Pvoh.5. — To extract any required root of a monomial 
radical. 

RULE. — Extract the required boot of the coefficient. 

AND OF THE QUANTITY UNDER THE RADICAL SIGN SEPARATELY, 
AFFECTING THE LATTER WITH THE GIVEN RADICAL SIGN. KeDUCE 
THE RESULT TO ITS SIMPLEST FORM. 



[Note. — ^This problem should not be taken till after Quadratic Equations.] 

217* JPvob. 6. — To extract the square root of a binomial^ otic 
or both of whose terms are radicah of the second degree. 

Solution. — Such binomials have either the form a ± nVT or m^Ta ± nVT, 
Now observing that (a? ± y)* = «* ± 2sey + y*, we see that if we can separate 
either term of any such binomial surd into two parts, the square root of the pro. 
duct of which shall be i the other term, these two parts may be made the first 
and third terms of a trinomial (corresponding to x* ± 2xy + f/'), and the middle 
term being the second term of the given binomial, the square root will be the 
sum or difference of the square roots of the parts into which the first term is 
separated. 

[Note. — This process requires the solution of a quadratic equation. Thus to 

extract the square root of 12 — ^140. Letting x and p represent the terms of 

the binomial root, we have »• + y* = 12, and 2xy = — 1^140. Whence x= V' 5 

or V% and y = V7 or VS, and the root is V5 — V7. The sign between the terms 
being determined by the sign of the surd in the given binomial. On this ac- 
count this subject should be reserved until after the student has studied quad- 
ratic equations, or the solution effected by inspection. Thus, in this example 

yi40 = 2V85. Now V35 = VE x Vl, and since the sum of the squares of these 
factors is 12, we have Vl2 — Vi5) = ^5 — V7.] 



Examples. 
1. Add \/50 and ^98. Add ^llUb^x and \/2E2ab^. Add 
V^l375a*^ and V^OOa^x^. Add V^^ and Va^. Add \/ll«3 
and^VlOOS". Add 5 V| and 2>v/^. Add Vi and ^V^iO. Add 
Vh Vi and i\/37 Add V^^fi^, VbOoH^ and dV^^^oHx^. 

ou i.1. i. i /a^x-2ax^+x^ . , /a^x-h2ax^ -\'X^ o/«^+^*\ /- 

Show that i/ — - — r- +4/ — - — ; 5- =2{-5 — ^JViKi 

1/ a^+2ax-\-x^ 1/ a^—2ax + x^ \a^—x^J 
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Add ^^== and ^=.; also ^^^ + V^"^ ^^^ 

— — - 

3. From 3 V| take 2\/^. From \/l92 take V^. From V^r 
take Vf From \^J\ take -|Vl[. From >^a«^ take ^/Ic^'y^. From 
V^o^ take v^ia^. 

4 Show that j/H - ^-^ = UV^ 

6. Show that a ATT^\'.' - i/^^W^ = ^l 

6. Multiply v^3 by V2.* Multiply v^J by ^/I. Multiply 
vT by v^, \/2a^ by v^*, 2\/^ by S\/x^, Vl + «* by 
V^l + a;S 'v^by v^, 2VTby 3\^2, 2\/26 by 3^5", v^ by 6 v^. 

7. Multiply 9 + 2^/10 by 9 - 2a/10, \^^ - v^^ + v^« by 
V^^+ V^, 3\/5 + 2a/6 - 2 by 2a/5 + 18V6", v^-2v^6"by 

8. Divide ffVo*bylV2, 8\/9by2v^, \/6by V^, iVsbyiViO. 

9. Divide 2>v/32 + 3^2* + 4 by 4^^ 4V^ by 2v^, 

6 + 2\/3 - V^byv/e, Va6»a; - *«ca; by Va^, i/\ by j/j, 
(a + *)V'a*-l by (a - S) V(rt + 1)S a + J - c + 2\/aJ by 



V^+Vb-^V7, \ , 7- ^ by 4i / 






* It is of the ntmoet importance that the pnpfl be able to give a complete anatytiis of onch 
ezample& Thns, >/ 2 = v^8f since the former is ofMof the ttpo eqaal factors of 8, and the 
latter is three of the «ia; eqaal factors of 2. In like mannerV3 = v 9. Consequently 
v^ X \/S-=%/^ X >/9« Now since the product of the same root of two numbers is equal to 
the like root of the product, %/S x V9= V^. 
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10. Jluisc d\^2x^ to the second power. Raise ^ \/^2ax^ to the 5th 
power. Cube — iVf Square v^ — V^. Cube 'dVa—x. Cube 

11. Extract the square root of 27\^i3dx^y^; the cube root of 
lV^*Vy; the4throotof 25S*\/y; the 5th root of 224 V^3^; the 

cube root of (1— ic)Vl— a?; the cube root of fi/-; the square 

root of iVi- 

12. Extract the square root of 49+12V5; of 57+12V'l5"; of 

(o* +fl)a!-2aa;Va; x-2Vj>-1', of VlB-4:; of -j-+-|Va»- c*. 
(See ;?iy.) 



^^^ 



SECT/ON V. 

IMAGINARY QUANTITIES. 

218* An Imaginary Quantity is »n indicated even root 
of a negative quantity, or any expression, taken as a whole, which 
contains such a form either as a factor or a term. 

Thus V^, v/-y*, 6v/^^, 2W^, V^, 3- V^, etc., are imaginary 
quantities. 

219» ScH. 1. — ^It is a mistake to suppose that such expressions are in any 
proper sense more unreal than other symbols. The term Impossible Quantities 
should not be applied to them : it conveys a wrong impression. The ques- 
tion is not whether the symbols are symbols of real or unreal (imaginary) 
quantities or operations, but what interpretation to put upon them, and how 
to operate with them when they occur. 

220. ScH. 2. — A curious property of these symbols, and one which for 
some time puzzled mathematicians, appears when we attempt '^o multiply 

y^—x by\/— «. Now the square root of any quantity multiplied by itself 

should, by definition, be the quantity itself ; hence >/ —x x y/ —x = — a*. 
But if we apply the process of multiplying the quantities under the radicals, 

we have n/^ x\/^=v/«*= + aj as well as —a?. What then is the pro- 
duct of v/^xV^^? .Is it —X, or is it both -\-x and —a?? The true 

product is —x ; and the explanation is, that v/a;* is, in general, +x and —a?. 
But when we know what factors were multiplied together to produce «', and 

tlie nature of our discussion limits us to tliese, the sign of y/x* is no longer 
ambiguous : it is the same as was its root. 
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221. Prop. — Every imaginary monomicU can be reduced to the 



8" 



form m V •— i^ ^^ which m is real {not imaginary), m may be 
rational or surd. 

Dem. X V—y, p being an even number, is the general Bjrmbol for an imagin- 
ary monomial. Now if p is a power of 2, we may write at once p = 2", whence 

T V—y = X V—y = a? Vy{—\) —x^y V-i = w V— 1. If p contains other 
factors than 2, let r represent their product, and 2* the product of all the factors 
of 2 contained in p ; whence p = r2", in which r is odd, since the product of any 



r«" t^ 



number of odd factors is odd. We then have x V—y = x V—y = x r y{— 1) 
= X Vy y -1 = a? V^ f / y-l = » Vy y — 1, since any odd root of — 1 

is — 1. Putting 9 V~y = i», this becomes m V^^- 

222. ScH. — When n=l, t. «., when there is but one factor of 3 in the 
index of the root, the form becomes mV—\, This form is called an imagin* 

4 

ary of the Mcond degree \ mV^l is of the fourth degree, etc. In this dis- 
cussion we shall confine our attention mainly to imaginaries of the second 
degree. 

223. JProb. — To add and subtract imaginary monomiab of the 
second degree^ or such as may be reduced to this degree. 



RULE, — Reduce them to the form mV— 1, and then com- 
bine THEM, CONSIDEBING THE SYMBOL V— 1 AS A SYMBOL OP 

character.* 

Examples. 

1. Add \/^=T and \/^=^. 

Operation, f'^ = V4(-l) = 2 V^, and V^ = 8 V^. 
:, iTZl + iTZg = 2 V^^l + 8 V^^ = 5 V^. 

ScH. — The last operation should not be looked upon as taking the sum of 
2 times a certain quantity (represented by V'— 1) and 8 times the same 
quantity, but 03 2 of a certain character added to 8 of the same character. 

* See {48^ 49^ 50). We mean to ray that, at a quantity (cousidered nnmerically), m and 
m y— 1, are exactly the pame, Ja»t a? is the caf>e in the expresBions -f m and — m ; but that the 



symbol V — 1 gives eome peculiar or eonereU aignificance to tn, as does the sign ■*-, or — , or $. 
WJuU this concrete significance is, we cannot here say. It has its clearest Interpretation in the 
CoH>rdinate, or Qeueral Geometry. 
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Thus the operation of redacing /y/^ and -v/^ to the forms 2^/^ and 

S'y/— 1 is to be looked upon as rendering the expressions homogeneous. It 

is, however, to be observed that the symbol >y/— 1 is subject, also, to the 
ordinary laws of number, and may be operated upon accordingly. Thus it 
has a double significance. 

2. Add 4V — 2? and 3V — 16; also SaV^^^^ and 2aV — 4; 
also JV^^ and c\/^. ^ V^^^ + cV^=^ = (4^ + 3c)V^. 

3. Add V- 10:^4 and V'^^TSO. 

Opbration. ^^-1024 = y'l^ \/^^l, and y'-TSO = ^/m a/^\. 
.\ ^-1024 + y^- 729 = 59 y"^. 

4. Show that in general y' — ic ± ^ —y = (v^ =*= v^)V^ — 1? 
when w is any integer. 

6. From V^ take V^^ From 4V^=^ take 3V'"^^l6. 
From 3aV — 25 take 2aV — 4. Show that aV— ft — cV — d 



6. From V- 4096 take V — 9. J?m. Ciy-^1. 

ScH. — ^It would seem improper to omit the 1 before the symbol y'^ in 
Buch a case as the last, though it has been customary to do so. If we are to 

consider y'^^ as a sign of character ("affection," as some say), there is no 
more reason for omitting the 1 in such a case, than there is in such as 4 — 5 

= — 1. That is, if we write 4^^ — 3y^ = V"^* ^^ ought to write 
4 — 5 = — , or $5 — (4 = $, to be consistent. 

7. Show that V"^ + V^^^^ = 5 >/"=^ = 5^/2^"=^ ; also 
that 4:V~^^^ + 2\/"^^^l2 = le-V^ V^^ ; also that v^ - 16 
— ^ — 1 = 1^ — 1 ; also that 2v^ — a — y^ — a = \^\^ — 1. 



224* JProp* — Every polynomial containing some real^ and 
8om£ imaginary terms of the second degree^ or such a^ can be re-- 

disced to this degree, can he reduced to the form a± bV — 1» **'* 
which a and b are real, a and b may he rational or surd. 

Dem. — ^This is evident from the fact that all the real terms can be combined 
into one (it may be a polynomial) and represented by a, and the imaginary terms 

being reduced to the form m V—1 can also be combined into one term repre- 
sented by ± 6 V— 1. 
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225 w ScH. — ^The form a ± h^—1 is considered the general form of an 

imaginary quantity of the second degree. WJien a = 0, it becomes the same 

as W'v/— 1. The two expressions a + h^^ and a — b^^^ are called Con- 

jttgate Lnaginaries, Hence the sum of two conjugate imaginaries is real 

(2a). Also the product of two conjugate imaginaries is real [{a + b^^l) 

X (a — b^-^1) = a* + ^) as will appear hereafter]. The square root of the 
product of two conjugate imaginaries, taken with the + sign, is called the 

Modulus of each. Thus + ^a* + J* is the modulus of both a + h^^H and 

Exs.— Find the sum, and the difference of 2 + V^ and 3 — V— 64 ; 
also of a + V ~J and a+ V--c> Last restiUs^ 2a + {Vb + Vc) V^, 



Multiplication akd Iishtolutiok. 

226. JProb. — To determine t/ie character of the product of «eo- 
eral imaginary monomial factors of the second degree. 

Solution. — Letting n represent any integer, including 0, 4n, 4n + l» 4n+2, 
and 4a + 3 may represent all integral exponents, so that all the forms to be treated 

are (-/=Tr. (V^)*'^'. (-v/^l)*"**, wd W~^)*'^*- ■"»". « « = 0. 
4n+l=:l, 4n+3 = 3,aiid4n+8 = 8. If » = 1, 4» = 4, 4n+l = 6, 4n+3 = 6, 
And 4n+8 = 7. If » = 3, 4n = 8, etc. 

We shall now show that (V-i)*" = 1. i 

and (-/^ir** = - V^. 

(V^iT = {^^1 v^i X v=i V^i)- = [(-1) X (-!)]• = i« = 1. 

dnoe V-l V-l = -1 ^y (*^0)i (—1) (-1) = 1. •nd «»y P«wer of 1 to 1. 
(V=:ir+' = ( V=i)^ X (V^l)' = 1 X (-1) = -1. 

(V"!)*""' = (a/^i)*!* j= V^i = (-1) V^ = -W^ = -V^i- 

III. — ^To find what (\/— l)* is, we have but to observe that if 7»=1, 4n4-l=5« 
and (V-i)* = (>v/— ir^=V^. 

Agam, (V^)* = (V~l)*"^* = -\/^» since, if n = 0. 4n+3 = 3. 

Once more, (V^)'^ = iV--^^^^ = -1» since, if n = 2, 4» + 2 = 10. 

In like manner, ( V^)* = ( V~l)*" = 1» since, if n = 1, 4» = 4. 

ScH. — ^In the above we have confined ourselves to the powers of the posi- 
tive square root, since — \/ — 1 may be understood to be — 1\/— 1, and the factors 

-I bo treated separately. Thus, (- V""!)** = (-l)** (V""^)** = (V-l)** 
= 1. So also (- V"!)*""^' = (-l)**"^' X (V~l)*"^' = (-1) V=i = 
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— -\/— 1, etc. Or, in other words, giving flip — sign to y'— 1 simply changes 
the signs of the odd powers. In exampledwe shall confine attention to the 

+ root of \/— 1. 

Examples. 



L Multiply 4 V^=^ by 2 V^^. 

Operation. 4 i^^ = 4 V3 V^, and 2 4^^ = 2 Va V^. 



2. Show that V—x* x V— y* = — a?y ; also that 3 V— 5 x 4>v/— 3. 
= -12a/iK What is the product of -2 V^^ by -3 V^^^ ? 

3. Show that V^^ x V^^ = 4V— 1; also that V— 256 x 
V^^^^^ = 48 V3 V=3 ; also that V^^ x 4\/^^ = 4^/6 V^. 

4. Show that 4V^^^ + V^^ multiplied by 2V^^ — V^^S 
equals Ve + 4\/3 — 2^2 — 8. 



6, Show that ^ — JV— 3 squared equals — J(l + V— 3). 

6. Show that (3-2\/^=^) x (5+3V^=^)=39-.2V^; also that 
(1 + V^=T) X (1- V^)=2. 

7. Show that 2 is the modulus of V2 + V— 2 and VJ — a/^^. 
What is the modulus of 3+2\/^^^ and 3-2>v/^^ ? Of 6-3V^=T 
and 6 + SV^^? 

8. Show that (v'ir7)'= - 7*a/^=1; also that (1/^=^8)' ' =8*. 

9. What is the 5th power of 2'v/^^ ? Of 3 V^^ ? 



10. What is the product of V— a;*, V—y^, V—z*, and V— w'? 



Division of Imaginaries. 

]3)?7. JPTOh. — To divide one imaginary of the secotid degree by 
another, 

RULE, — Reduce the imaginary term, or terms, to the form 
m^/— 1, OR mW— l)", and divide as in division op badicals, 

OBSERVING THE PRINCIPLES OP (226) TO DETERMINE THE CHABAO- 
TER of THE QUOTIENT OF IMAGINABIES. 
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Examples. 
1. Divide \/^^l% by V^^ 



Operation. V- 16 = ^V^—\, and iCTJ = 2V^; /. V^^Hc + V^ 

= 4^/31 + 2V^ ='2( V:^)°. But by (J^j^C) ( i^^^:!)'* = + 1 ; hence the 
quotient is 2. 

ScH. — ^A superficial view of the case might make the quotient ± 2. Thus, 
as the radicals are similar it might be inferred that V^^ •*• V^^ z=:y1— 
= VI = ± 1. (See 220.) 

2. Show that 6 >/^^ -j- 2 V'^^ = IV 3 ; also that - ^^^^ 
^ - 6V^^ = tVVS; also that 1 -5- '/^^ = — v"^^; also 
that 6 -f- 2^"^ = - SV"^^. 

3. Divide 2a/^^ by \^"^; also 3\^- 16 by - 12; also v^a 
by V — 1- 

Bug's. 2 V^ -h V^S = V 16 V^l? -^ ^^^ ^^'^ = ^ ^"^^^^ 

4. Show that 8 v''^=n^ -T- 2\/^=^ == 4'V^2'V^'^^ 



5. Show that (1 + V"^^) -5- (1 - V^^) = V - 1; also that 
(4 + V^^) -^- (^ - V"^^) = 1 + V2V^ ; also that 

3 + 2\/ 3V — 1 , i.v X ^ . ^ "■ V — a? 



1 -^ (3 - 2V — 3) = --^ — ^ — ^ ; also that 1 -f- 



21 a + V— ic 

> also that : + 



a* + a; a — V — J a + V — * 

2(a« - &) 

(« + Sv^'^ITi)^ + (« - J\/^ 1)' 



6. Simplify 



(a + SV'"=a)* + (a - iV^:^) 



«' 



[Note. — ^Here ends the subject of Literal Arithmetic. The student is now 

prepared for the study of Algebra, properly so-called ; i, e,, The Science of the 

EquoHm?^ ^ 

o 



PART 11. 



AN ELEMENTARY COURSE IN 

ALGEBRA. 



CHAPTER L 

SIMPLE EQUATIONS. 



SECTION I. 

EQUATIONS WITH ONE UNKNOWN QUANTITY. 

Definitions. 

1. An JEquation is an expression in mathematical symbols, of 
equality between two numbers or sets of nnmber3. 

2. Algebra is that branch of Pure Mathematics which treats 
of the nature and properties of the Equation and of its use as an 
instrument for conducting mathematical investigations. 

3. The First Member of an equation is the part on the left 
hand of the sign of equality. The Second Member is the part 
on the right. 

4. A Numerical Mquation is one in which the known 
quantities are represented by decimal numbers. 

5. A Literal JEquation is one in which some or all of the 
known quantities are represented by letters. 

6. The Degree of an Equation is determined by the highest 
number of unknown &ctors occurring in any term, the equation 
being.freed of fractional or negative exponents, as aJBTecting the un- 
known quantity. 

7. A Simple JEquation is an equation of the first degree. 

S. A Quadratic Equation is an equation of the second 
degree. 

9. A Cubic JEqtMtion is an equation of the third degree. 
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10* Equations above the second degree are called Higher 
Equations. Those of the fourth degree are sometimes called 
Biquadratics. 



Tbansforhatiok of Equations. 

1 1. To Transform an equation is to change its form without 
destroying the equality of the members. 

12. There 2kvefour principal transformations of simple equations 
containiug one unknown quantity, viz : CUarhig of Fractions^ Trans- 
position^ Collecting Terras, and Dividing by the coefficient of the 
unknown quantity. 

13. These transformations are based upon the following 

Axioms. 

Axiom 1. — Any operation may he performed upon any term or 
upon either member^ which does not affect the value of that term or 
member^ without destroying the equation. 

Axiom 2. — If both members of an equation are increased or di- 
minished alike^ the equality is not destroyed. 



14. JProb. — To clear an equation of fractions, 

RULE. — Multiply both members bt the least or lowest 

COMMON multiple OF ALL THE DENOMINATORS. 

Dem. — This process clears the equation of fractions, since, in the process of 
multiplying any particular fractional term, its denominator is one of the factors 
of the L. C. M. by which we are multiplying ; hence dropping the denominator 
multiplies by this factor, and then this product (the numerator) is multiplied by 
the other factor of the L. C. M. 

This process does not destroy the equation, since both members are increased 
or diminished alike. 

III. — ^An equation is aptly compared to a pair of scales with equal arms, kept 
in balance by weights in the two pans. 



Transposition. 



15. Transposing a term is changing it from one member of 
the equation to the other without destroying the equality of the 
members. 
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16m JPTOb. — To transpose a term. 

R ULE. — ^Dbop it fbom the membeb ik which rr stai^ ds and 

IKSEBT IT IN THE OTHEB MEMBEB WITH THE SIGN CHANGED. 

Dem. — If the term to be transposed is +, dropping it from one member 
diminishes that member by the amount of the term, and writing it with the — 
sign in the other n^ember, takes its amonnt from that member; hence both 
members are diminished alike, and the equality is not destroyed. (Repeat 
Axiom 2.) 

2d. If the term to be transposed is — , dropping it inereoues the member from 
which it is dropped, and writing it in the other member with the + sign in- 
creases that member by the same amount ; and hence the equality is pre^rved. 
(Repeat Axiom 2.) 

17» To Solve an equation is to find the value of the unknown 
quantity; that is, to find what value it must have in order that the 
equation be true. 

18. An equation is said to be Satisfied for a value of the un- 
known quantity which makes it a true equation ; i. e., which makes 
its members equal. 

19m To Verify an equation is to substitute the supposed value 
of the unknown quantity and thus see if it satisfies the equation. 

ScH. 2. — ^The pupil must not understand that the verification is at all 
necessary to prove that the value found is the correct one. This is demon- 
strated as we go along, in obtaining it. The object of the verification is to 
give the pupil a clearer idea of the meaning of an equation, and to detect 
errors in the work. 



20m JProbm Im — To solve a simple eqttation with one unknown 
quantity. 

R ULE. — 1. If the equation contains fractions, clear it of 
THEM BY Art. 14. 

2. Transpose all the terms involving the unknown quan- 
tity TO THE first MEMBER, AND THE KNOWN TERMS TO THE SECOND 

MEMBER BY ArT. 16. 

3. Unite all the terms containing the unknown quantity 
into one by addition, and put the second member into its 
simplest form. 

4. Divide both members by the coefficient op the unknown 
quantity. 
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Deh. — ^The first step, clearing of fractions, does not destroy the equation, 
since both members are multiplied by the same quantity (Axiom 2). 

The second step does not destroy the equation, since it is adding the same 
quantity to both members, or subtracting the same quantity from both members 
(Axiom 2). 

The third step does not destroy the equation, since it does not change the 
▼alue of the members (Axiom 1). 

The fourth step does not destroy the equation, since it is dividing both mem 
hers by the same quantity, and thus changes the members alike (Axiom 2). 

Hence, after these several processes, we still have a true equation. But now 
the first member is simply the unknown quantity, and the second member is all 
known. Thus we have wJiat the unknaum quantity is equdt to; i, e. its vcUiLe. 

21m ScH. 1. — It must he fixed in the pupil^s mind that he can make hut ttoo 
dosses of changes upon an equation : viz., Such as do not affect, the value 
of the membebs, or such as affect both membebs equally. Every opera- 
tion must he seen to conform to these conditions, 

22. Cob. 1. — AU the signs of the terms of both members of an 
equation can be changed from + to ^yOr vice versa, without destroy- 
ing the equcUiti/y since this is equivalent to multiplying or dividing 
by-1. 

23» ScH. 2. — ^It is not always expedient to perfornv the several trans- 
formations in the same order as given in the rule. The pupil should bear in 
mind that the ultimate object is to so transform the equation that the un- 
known quantity will stand alone in the first member, taking care that, in 
doing it, nothing is done which will destroy the equality of the members. 

24» ScH. 8. — ^It often happens that an equation which involves the second 
or even higher powers of the unknown quantity is still, virtually, a simple 
equation, since these terms destroy each other in the reduction. 



Simple Equations containing Radicals. 

23. Many equations containing radicals which involve the un- 
known quantity, though not primarily appearing as simple equations, 
become so after being freed of such radicals. 

26 • Frob* 2. — To free an equation of radicals, 

R ULE. — The common method is so to transpose the terms 

THAT THE RADICAL, IF THERE IS BUT ONE, OR THE MORE COMPLEX 
RADICAL, IF THERE ARE SEVERAL, SHALL CONSTITUTE ONE MEMBER, 



86 SLEMEKTABY ALGEBRA. 

AND THEN INVOLVE EACH MEMBER OF THE EQUATION TO A POWER 
OF THE SAME DEGREE AS THE RADICAL. If A RADICAL STILL RE- 
MAINS, REPEAT THE PROCESS, BEING CAREFUL TO KEEP THE MEM- 
BERS IN THE MOST CONDENSED FORM AND LOWEST TERMS. 

Dem. — That this process frees the equation of the radical which constitates 
one of its members is evident from the fact that a radical quantity is inyolved 
to a power of the same degree as its indicated root by dropping the root sign. 

That the process does not destroy the equality of the members is evident from 
the fact that the like powers of equal quantities are equal. Both members are 
increased or decreased alike. 



Summary of Practical Suggestions. 
27* In attempting to solve a simple equation, always consider, 

1. Whether it is best to clear of fractions first 

2. JOook out for compound negative terms. 

3. If the numerators are polynomials and the denominators mono- 
mials^ it is often better to separate the fractions into parts. 

4. It is often expedient, when some of the denominators are mono- 
mial or simple, and others polynomial or more complex, to clear of 
the most simple 'first, and after each step see that by transposition, 
uniting terms, etc., the equation is kept in as simple a form as pos- 
sible. 

5. It is sometimes best to transpose and unite some of the terms 
before clearing of fractions. 

6. Be constantly on the lookout for a factor which' can be divided 
out of both members of the equation, or for terms which destroy 
each other. 

7. It sometimes happens that by reducing fractions to mixed num- 
bers the terms will unite or destroy each other, especially when there 
are several polynomial denominators. 

28. When the equation contains radicals, specially 
consider, 

1. If there is but one radical, by causing it to constitute one mem- 
ber and the rational terms the other, the equation can be freed by 
involving both members to the power denoted by the index of the 
radical. 
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2. K there are two radicals and other terms, make the more com- 
plex radical constitute one member, alone, before squaring. Such 
cases usually require two involutions. 

3. If there is a radical denominator, and radicals of a similar form 
occur in the numerators or constitute other terms, it may be best to 
clear of fractions first, either in whole or part 

4. It is sometimes best to rationalize a radical denominator* 



Examples foe Practice in Solving Simple Equations. 
1. Solve and verify the following : (1.) 40— 6a;— 16=130— 14a?. 

_ a?— 5 , V 9a;4-20 _ 4a;— 12 , x . . 10a;4-17 12a; +2 
-*- 4 • (^') 36 - 5a;-4 "*" 4* ^ ' 18 Vdx-ld 

5a;— 4 ,^. ax^b a hx bx—a ,^. alb^-^x*) ax 

= -g^- (^•)-f- + 3 = y 3-. (8.) -^-jj— = «^-+y. 

(9.) a;«'v/3 = aa; + Aa; + ca;. (10.) 2.04 - 0.68y — 0.02y = 0.01. 
(11.) 8.4a; - 7.6 = 10 + 2.2a;. 



2. Solve (1.) -.r^ + 7-^ = — ^. (2.) 4.8a; - ''^^^7'^^ 
^ ' ab—ax bc—bx ac—ax ^ ' .6 

P~9 "* ^ m J ^ ' %b—a 

{Zhc+cid)x bob _ {Zhc—a^x ba{%b—a) t _ 5a(ib—a) \ 
~ 2ab{a+b) 3c-d~ 2ab{a-b) a*-b* ' V~ 3c-d )' 

tK\ «* ^^_ ca; / Sab*+^»-12a*b \ ,^^ Am(K*-5a*) 
^^} i=d+**-3^H^- V- 3a* +ab-ac+bc J' ^' 8^ 

^1mp+ . ^aj = g^^^^,J. (t.)- + -+^+^-k. 

... 8.5 .2 ., l-.la; ... %-Zx bx 2x-d _x-2 . ^, 
(8-) -o--- = H zr-- W -TT- - T5s fl— -- Tft- +^- 



2 x~^ X ' ^ ' 1.5 1.25 9 1.8 

8a; — (4 — 5x) 

4 ' 



(10.) 5-a:(H - 1) = i« - 
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3. In solving the following be careful to observe the suggestions 

u.(8r): (i.,'(.-|)->(.-|)+J(.-|)=a p).^-. 

18 -4a; .„. 6x + 7 , 7x-13 _2x+i /. x «-l *-3 

= — 3 — ■•"*• ^^-^ ~9~ ■*" "to+r ~ "-a"* ^^'^^~^^d 

__ a:— 6 x—6 

4. Solve the following, giving special heed to the suggestions in 

X 

{28) : (1.) V^^=32 = 16 - v^. (2.) ^ — =c. (3.) ^fx 

+ Vic-7=— ==. (4.) -1= . (6.) Va + Va; 

Va;-7 \/5S+3 2 

+ Va-v^=V^. (6.) V(l +a)2 + (l-a)a? + V(l-a)* + (1 H-«)^. 
=:2a. (7.) V{13 + V[?+V(3h-V^)]}=4. (8.) ^^^1 + ^(3 + ^6^) 

o /nx'v/^-^ 4A/6i~9 ,^^. 243+324\/3^ -^ q^/^- 

=2. (9.) -— = = — -= — . (10.) ^ 5 = 16a;- 8 V3a; 

\/6i+2 4^/6^+6 16a;-3 

+ 3. (11.) ^-^gZl = I. (12.) ■-^;il. = 4 + ^^^. 

a + Va« - a;2 Vox +1 ^ 

/^o\ 3V^— 4 15 4- ^9^ ,..v V«« + V^ V^+V^ 

(13.) 7=r = p=-. (14.) — —r 7:^ — ;= • 



/1K\ V^ — V a — V «^ — aa; , /i/5\ V^ + V^n — 3/ 1 
(15). — = d. (16.) -— =: = — « 



a + a; — v 2aa; + a;^ ^/x H- 1 + v a; — 1 



(19.) va+iZJ + va—x = 5. (20.) — =a ;=. 

1 +a;— V 2a;+a;« v 2 H-a;— y a; 

(21.) ^^+^=4. r) ^ ^ I ^ 



V3a; + 1— VSa; ^a — x + VflJ V« — a; — V« 

" a; ' 

[Several of these equations con be more elegantly redaced by the method given on p. 188^ 
Ex. 47.] 
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Applications. 

29. According to the definition (2), Algebra treats of, Ist, The 
nature and properties of the Equation ; and 2d^ the method of using 
it as an instrument for mathematical investigation. 

Having on the preceding pages explained the nature and proper- 
ties of the equation, we now give a few examples to illustrate its 
utility as an instrument for mathematical investigation. 

30. The Algebraic Solution of a problem consisl^ of two 
parts : 

Ist. The Statement^ which consists in expressing by one or 
more equations the conditions of the problem. 

2d. The Solution of these equations so as to find the values of 
the unknown quantities in known ones. This process has been 
explained, in the case of Simple Equations, in the preceding aiiiicles. 

31* The Statement of a problem requires some knowledge of the 
subject about which the question is asked. Often it requires a great 
deal of this kind of knowledge in order to " state a problem.'* This 
is not Algebra ; but it is knowledge which it is more or less important 
to have according to the nature of the subject. 

32. Directions to guide the student in the Statement of ProJh 
lerns : 

Ist. Study the meaning of the prol)lem, so that, \f you had the answer given, 
you covM pr<me U,TioX\emQ QWteixsXVy just what operations you would have to 
perform upon the answer in proving. This is called. Discovering the relations 
between the quantities involved. 

2d. Represent the unknown (required) quantities (the answer) by some one or 
more of the final letters of the alphabet, as x, y, z, or w, and the known quan- 
tities by the other letters, or, as given in the problem. 

dd. Lastly, by cocfibining the quantities involved, both knavm and uriknovon^ 
according to the conditions given in the problem (as you would to prove it, if the 
answer were known) express these relations in the form of an equation. 

S3* ScH. — ^It is not always expedient to use x to represent the number 
sought. The solution is often simplified by letting x be taken for some 
number from which the one sought is readily found, or by letting ^^ Sa;, or 
some multiple of x stand for the unknown quantity. The latter expedient 
is often used to avoid fractions. 
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Pboblems. 

1. A's age is double B's, B's is triple C's, and the sum of their 
ages is 140. Required the age of each. 

2. A's age is m times B's, B's is n times C's, and the sum of their 
ages is s, Required the age of each. 

3. The sura of two numbers is 48, and their diflTerence 12. What 
are the numbers? 

4. The sum of two numbers is 8, and their difference cL What 
are the numbers ? 

6. Having the sum and difference of two numbers given, how do 
you find the numbers, arithmetically ? 

6. A post is ^th in the earth, f ths in the water, and 13 feet in the 
air. What is Ihe length of the post ? 

7. A post is ^th in the earth, ^ths in the water, and a feet in the 
air. What is the length of the post ? 

8. What fraction is that, whose numerator is less by 3 than its 
denominator; and if 3 be taken from the numerator, the value of 
the fraction will he^? 

9. Giye ihe general solniion of the last; i.^., the solution when 
the numbers are all represented by letters. Then substitute the 
above numbers and find the answer to that special problem. 

SuG. — Letting the numerator be a less than the denominator, and -^ be the 

, - , . ^^ + ^ 
fraction after b is taken from the numerator, the fraction is , , 

10. A man sold a horse and chaise for 1200 ; i the price of the 
horse was equal to ^ the price of the chaise. Required, the price of 
each. Chaise, $120 ; horse, $80. 

Generalize and solve the last, and then by substituting the numbers given in 
it find the special answers. Treat in like manner the next nine problems. 

11. Out of a cask of wine which had leaked away a third part, 21 
gallons were afterward drawn, when it was found that one-half re- 
mained. How much did the cask hold ? Ans.y 126 gaUs. 

12. A and B can do a piece of work in 12 days, but when A worked 
alone he did the same work in 20. How long would it take B to do 
the same work ? Ans^ 30 days. 
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13. A cistern can be filled by 3 pipes ; by the first iu 1^ lionrs, by 
the second in 2J hours, und by the third in 5 hours. In what time 
will the cistern be filled, when all are left open at once ? 

14. Four merchants entered into a speculation, for which they 
subscribed 4755 dollars ; of which B paid three times as much as A ; 
C paid as much as A and B ; and D paid as much as C and B. What 
did each pay ? 

15. A and B trade with equal stocks. In the first year A tripled 
his stock and had $27 to spare ; B doubled his stock, and had $153 
to spare. Now the amount of both their gains was five times the 
stock of either. What was that ? 

16. A and B began to trade with equal sums of money. In the 
first year A gained 40 dollars, and B lost 40 ; but in the second A 
lost one-third of what he then had, and B gained a sum less by 40 
dollars than twice the sum that A had lost ; when it appeai*ed that 
B had twice as much money as A. What money did each begin 
with ? Ans.y 320 dollars. 

17. What number is that to which if 1, 5, and 13 be severally 
added, the first sum divided by the second shall equal the second 
divided by the third? 

18. Divide 49 into two such parts that the greater increased by 6 
divided by the less diminished by 11, shall be 4j^. 

19. A cistern which contains 2400 gallons can be filled in 15 
minutes by three pipes, the first of which lets in 10 gallons per 
minute, and the second 4 gallons less than the third. How much 
passes through each pipe in a minute ? 

20. Find a number such that, if from the quotient of the number 
increased by 5, divided by the number increased by 1, we subtract 
the quotient of 3 diminished by the number, divided by the number 
diminished by 2, the remainder shall be 2, 

21. Divide a into two such parts, that one may be the ^th part of 
the other. 

22. Divide a into two such parts, that the sum of the quotients 
which are obtained by dividing one part by m, and the other by w, 

shall be equal to i. The parts are — K and -^^ -• 



92 ELEMENTABT ALGEBRA. 

23. Letting p represent the principal, i the interest for time t, a 
the amount, and r the per cent, for a unit of time, produce the fol- 
lowing formulcB, and give their meaning : 



^ ' *~100' 

(2.) a=p-\r%=p ^QQ 






,, , 100* 

(5-)i' = -^; 

, - . lOOa 



24. In what time will a given principal double, triple, or quadru- 
ple itself, at 5^ ? at 6ji ? at 7^ ? 

25. What is the worth of a note of $500 Nov. 2d, 1872, which is 
dated Feb. 23d, 1870, bears 12jS interest, and is due Jan. 1st, 1875, 
money being worth 7j^ ? Ans.y $687.23 + 

26. On a sum of money borrowed, annual interest is paid at 5^. 
After a time $200 are paid on the principal, and the interest on the 
remainder is reduced to 4^. By the^e changes the annual interest is 
lessened one-third. What was the sum borrowed ? 

27. An artesian well supplies a manufactory. The consumption 
of water goes on each week-day from 3 a.m. to 6 p.m. at double the 
rate at which the water flows into the well. If the well contained 
2250 gallons of water when the consumption began on Monday 
morning, and the well was just emptied at 6 p.m. on the next Thurs- 
day evening but one, how many gallons flowed into the well per 
hour? 

28. The hind and fore wheels of a carriage have circumferences 
16 and 14 feet respectively. How far has the carriage advanced 
when the fore wheel has made 51 revolutions more than the other? 

29. A merchant gains the first year 15^ on his capital; the second 
year, 20^ on the capital at the close of the first; and the third year, 
25j^ on the capital at the close of the second ; when he finds that he 
has cleared $1000.50. Eequired his capital. Capital, $1380. 

30. A man had $2550 to invest. He invested part in certain 3^ 
stocks, and part in R. R. shares of $25 each, which pay annual divi- 
dends of $1.00 per share. The stocks cost him $81 on a hundred, 
and tlie R. R. shares $24 per share ; and his income ftom each source 
is the same. How many R. R. shares did he buy ? 
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SECTION IL 

INDEPENDENT, SIMULTANEOUS, SIMPLE EQUATIONS WITH TWO 

UNKNOWN QUANTITIES. 



Definitions. 

34. Independent liquations are such as express different 
conditions, and neither can be reduced to the other. 

35. Sitiitiltaneoiis Equations ai-e those which express dif- 
ferent conditions of the same problem, and consequently the letters 
representing the unknown quantities signify the same things in each. 
All the equations of such a group are satisfied by the same values of 
the unknown quantities. 

36. Elimination is the process of producing from a given 
sot of simultaneous equations containing two or more unknown 
quantities, a new set of equations in which one, at least, of the un- 
known quantities shall not appear. The quantity thus disappearing 
is said to be eliminated. (The word literally means putting out of 
doors. We use it as meaning causing to disappear,) 

37. There are Five Methods of Elimination^ viz., by 
Comparison, by Substitution, by Addition or Subtraction^ by ZPude- 
tennined MultiplierSy and by Division. 



Elimination by CoMPARisolt?^. 

38. JPvoh. 1. — Having given two independent^ simultaneous^ 
simple equations between two unknown quantities, to deduce therefrom 
by Comparison a new equation containing only one of the unknown 
quantities. 

RULE, — 1st. Find expressions for the value of the same 

UNKNOWN QUANTITY FROM EACH EQUATION, IN TERMS OF THE 
OTHER UNKNOWN QUANTITY AND KNOWN QUANTITIES. 

2d. Place these two values equal to each other, and the 

RESULT WILL BE THE EQUATION SOUGHT. 

Dem. — ^Tbe first operations being perfonned according to the rules for simple 
equations with one unknown quantity, need no further demonstration. 
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2d. Having formed expressions for the valae of the same unknown quantity 
in both equations, since the equations are simultaneous this unknown quantity 
means the same thing in the two equations, and hence the two expressions for 
its value are equal, q. £. D. 

ScH. — The resulting equation can be solved by the rules already given. 



Elimination by Substitution. 

39. JPvobm 2. — Hamng given two . independent^ simiUtaneotca^ 
simple equations, between two unknown qu<intities, to dedtcce there- 
from by Substitution a single equation with but on-e of the unknown 
quantities, 

RULE,—lsL Find from one of the equations the value 

OF THE unknown QUANTITY TO BE ELIMINATED, IN TERMS OF THE 
OTHER UNKNOWN QUANTITY AND KNOWN QUANTITIES. 

2d. Substitute this value for the same unknown quan- 
tity IN THE other equation. 

Dem. — The first process consists in the solution of a simple equation, and is 
demonstrated in the same way. 

The second process is self-evident, since, the equations being simultaneous^ 
the letters mean the same thing in both, and it does not destroy the equality of 
the members to replace any quantity by its equal. Q. B. D. 



Elimination by Addition or Subtraction. 

4:0. Pvob* 3* — Having given two independent^ simtUtaneouSf 
simple equations between two unknown quantities^ to deduce therefrom 
by Addition or Sitbtraction a single eqtiation with but one unknown 
quantity. 

RULE. — Isfc. Eeduce the equations to the forms ax '\- by 
= m, AND ex -h dy = n. 

2d. If the coefficients of the quantity to be eliminated 
are not alike in both equations, make them so by finding 
their L. C. M. and then multiplying each equation by this 
L. C. M. exclusive of the factor which the term to be 
eliminated already contains. 

3d. If the signs of the terms containing the quantity to 
be eliminated are alike in both equations, subtract one 
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EQUATION FROM THE OTHER^ MEMBER BY MEMBER. If THESE SIGNS 
ARE UNLIKE, ADD THE EQUATIONS. 

Dem. — The first operations a^ e performed according to the rules already given 
for clearing of fractions, transposition, and uniting terms, and hence do not viti- 
ate the equations. The object of this reduction is to make the two subsequent 
steps practicable. 

The second step does not vitiate the equations, since in the case of either 
equation, both its members are multiplied by the same number. 

The third step eliminates the unknown quantity, since, as the terms containing 
the quantity to be eliminated have the same numerical value, if they have the 
9a7ne sign, by subtracting the equations one will destroy the other, and if they 
have different signs, by adding the equations they will destroy each other. The 
result is a true equation, since. If equals (the two members of one equation) are 
added to equals (the two members of the other equation), the sums are equal. 
Thus we have a new equation with but one unknown quantity, q. E. D. 



Elimination by Undetermined Multipliers. 

41* Proh. 4. — Having given two independent^ simultaneous^ 
simple eqiuUions between two unknown quantities^ to deduce therefrom 
by Undetermined Multipliers a single eqttation with but one unknown 
quantity. 

RULE. — Ist. Reduce the equations to the forms ax + hy 
= ?«, AND ex ■}- dy = n. 

2(1. Multiply one of the equations by an undetermined 
factor, as /, and from the result subtract the other eqcja- 
tion, member by member. 

3d. In the besultino equation, place the coefficient of 

THE UNKNOWN QUANTITY TO BE ELIMINATED EQUAL TO 0; FROM 
THIS EQUATION FIND THE VALUE OF /, AND SUBSTITUTE IT IN THE 
OTHER TERMS OF THE EQUATION. 

Dbm. — [Reason for the first step, same as in the last method.] 

Now multiply one of the equations, as ax ^by = m, by /, and subtract the 
otner, member by member, giving (af— c)x -¥ (ff— d)y = mf— n. To eliminate 

y, put y — d = 0, ^ving f = -j- This value of / substituted in {af — e)x 

+ (V— ^ ^mf—n, will cause the term containing y to disappear by making 
its coefficient 0, and there will result an equation containing only the unknown 
quantity x, and known quantities. Q. E. D. 
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Thus,given 3a;+7y=38,and2aj+4y=20. 

Multiply the Ist by/, 3/iB + 7^ = 83/ 

Subtract the 2d, fix -\- 4p = 20 

And we have (3/-2)a; + (7/- % = 33/- 20. 

Putting 7/ - 4 = 0, / = t. Substituting, (3 x ^-2)x = 33 x f- 20. Whence, 
— f ic = — f , or aj = 4. 

In like manner, puttmg q/'-2 = 0,/=}. And(7 x i-4)y = 33 x |-20- 
Whence y = 3. 

Elimination by Division. 

4:2* JPvob. 5. — Having given two independent^ simultaneous^ 
equations of any degree^ between two unknown quantities^ to deduce 
tlierefrom by Division a single equation with but one unknown 
quantity, 

RULE. — Cleab the equations of fractions, and tbanspose 

ALL the terms TO ONE MEMBER. TrEAT THE POLYNOMIALS THUS 
OBTAINED AS IN THE PROCESS FOR FINDING THE HIGHEST COM- 
MON Divisor, continuing the process until one unknown 

QUANTITY DISAPPEARS FROM THE REMAINDER. PUTTING THIS RE- 
MAINDER EQUAL TO 0, WE HAVE THE EQUATION SOUGHT. 

Dem. — Since each of the polynomials is equal to 0, any number of times one 
subtracted from the other (». e, any remainder) is 0. 



Examples. 

[Note. — The pupil should solve the following by each of the preceding 
methods, so as to make all familiar, and in each instance notice what method is 
most expeditious.] 

(1.) 2a;+7y=41, (2.) a;-hl5y=49, (3.) 6a;+ 4y=236, 
3a;H-4^=42. 3a;+ 7y=71. 32;+15y=573. 

(4.) 29a;-17o=14y, (5.) 188-5a;-9y=0, (6.) 5a;-4=3y, 

87a;-56y=497. 13a;=57H-2y. 10 + 7a;-12y=0. 

(7.) 6y-21= %x, (8.) 7y-3a:=139, (9.) 692/-17a:= 103, 
13a;-4y=120. 2a;+5y= 91. 14a;~13y=-41. 

/iA\ ^— ^ 10— a; y— 10 ,--v T.J o 

(10.) — _ = '^__, (11.) abX'\-cdy=%y 

2y + 4: 4.r + v + 13 d—b 

-3- = —-. ax-cy = -JJ-. 



[ 
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(12.) ^=gA_ (13.) (*+c)(a:+c~S)+a(»+a)=2«S 

^ (i— (;)x a* 

(15.) 2.4:.+.32y-:gg^=.8..+^-^+^f^y :2*5»:^=:0^. 

22; 6y 3x y 

na\ "3'~'i2 "2 ""3 ^ A ^-y 1 

(16.) — rn — = 2, and — --^ = r. 

^ ^ 7 23 ' a + yS 

I 2 

(17.) -+^ = 5, (18.) - + - = 19, (19.) — +-^=m +«, 
^ ^ ax by ^ ^ ' X y ^ ' nx my ^ 

53^ 83„ wwi .. 

= 2. =7. - + - =m«+w«. 



ax iy ^ y ^ y 

[Note.— Solve the following by (42).] 

20. Eliminate x between the followiDg: 6z+y=106 and x+dy 
=35 ; also i{2x+dy)=S'-ix and 11 +y=i(7y-3a;) ; also i(y-2) 
-i(10-y)= i(^ -10) and i(2z+4) - 1(2^ + ^2;) = i(y + 13) ; also 
re* +6a;y=144 and 6a;y + 36y«=432 ; also x^ +y 8=2728 and a;*— ay 
+y* = 124; also a;*+a;8y+a;8y*+a;y3+y*=l and a;*+y«=2; also 
jr+y+a;y=34 and a;*+y*=52. 



SOLUTION OF THE LAST. 



x+y-hxy—Si: ) x^ 4-yg-52| a;+34— y 

(l+y)a;+y-34 ) (l+y)a;« + (l+y)y«-62(l+y) 

(l+y)a:«-fa;y—34.r 

(34-y)a: + (y«-52)(l+y) 



(l+y)(34-y)2: + (y*-52)(l+y)« 
(l+y)(34-y)a;-(34>-y)« 
Equation sought, (34-y)« 4- (y* — 52)(1 +y)« =0. 

[Note. — The equations resulting from the elimination in several of the above 
cases are of degrees higher than the first, and hence their resolution is not to 
be expected at this stage of the student's progress.] 

7 



r 
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Applications. 

1. A wine merchant has two kinds of wine, one worth 72 cents a 
qnarty and the other 40 cents. How much of each must he put in a 
mixture of 50 quarts, so that it shall be worth 60 cents a quai*t ? 

2. A crew that can pull at the rate of 12 miles an hour down the 
stream, finds that it takes twice as long to row a given distance up 
stream as down. What is the rate of the current ? 

3. A man sculls a certain distance down a stream which runs at a 
rate of 4 miles an hour, in 1 hour and 40 minutes. In returning it 
takes him 4 hours and 15 minutes to reach a point 3 miles below his 
starting place. How far did he scull down the stream, and at what 
rate could he scull in still water? 

4. A man puts out $10,000 in two investments. For the first he 
gets 5^ and for the second 4^. The first yields annually $50 more 
than the second. What is each investment ? 

[Note. — Generalize the statement and solution of the preceding problems.] 

5. What fraction is that whose numerator being doubled and de- 
nominator increased by 7, the value becomes |; but the denomina- 
tor being doubled, and the numerator increased by 2, the value be- 
comes I? 

6. There is a number consisting of two digits, which is equal to 
four times the sum of those digits ; and if 18 be added to it, the 
digits will be inverted. What is the number ? 

7. A work is to be printed, so that each page may contain a cer- 
tain number of lines, and each line a certain number of lettera If 
we wished each page to contain 3 lines more, and each line 4 letters 
more, then there would be 224 letters more in each page; but if we 
wished to have 2 lines less in a page, and 3 letters less in each line, 
then each page would contain 145 letters less. How many lines are 
there in each page ? and how many letters in each line? 

8. A sum of money put out at simple interest amounted to $5250 
in 10 months, and to $5450 in 18 months. What was the principal, 
and what the rate ? 
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9. In an alloy of silver and copper, — of the whole + p ounces 

was silver, and — of the whole — q ounces was copper. How many 
ounces were there of each ? 

10. When a is added to the greater of two numbers, it is m times 
the less; but when b is added to the less, it is n times the greater. 
What are the numbers ? 

11. When 4 is added to the greater of* two numbers, it is Z^ times 
the less ; but when 8 is added to the less, it is J the greater. What 
are the numbers ? Solve by substituting in the results of the pre- 
ceding. 

12. There is a cistern into which water is admitted by three cocks, 
two of which are of exactly the same dimensions. When they are 
all open, five-twelfths of the cistern is filled in 4 hours ; and if one 
of the equal cocks be stopped, seven-ninths of the cistern is filled in 
10 hours and 40 minutes. In how many hours would each cock fill 
the cistern? 

13. A banker has two kinds of change ; there must be a. pieces of 
tlie first to make a crown, and h pieces of the second to make the 
sjime : now a person wishes to have c pieces for a crown. How many 
pieces of each kind must the banker give him ? 

Ans^ -A of the first kind, -\ of the second. 

b—a b—a 

14. An ingot of metal which weighs n pounds loses jt? pounds when 
weighed in water. This ingot is itself composed of two other metals, 
which we may call M and M'; now w pounds of M loses q pounds 
when weighed in water, and n pounds of M' loses r pounds when 
weighed in water. How much of each metal does the original ingot 
contain ? 

Ans., !tt^ pounds of M, V:i^lJl pounds of M'. 









100 £LEM£liTABY ALQEBRA. 



SECTION III. 

INDEPENDENT, SIMULTANEOUS, SIMPLE EQUATIONS WITH MORE 

THAN TWO UNKNOWN QUANTITIES. 

4:3. Fvoh. — Having given several independent^ simultaneous^ 
simple equations^ involving as many unknown quantities as there are 
equations^ to find the values of the unknown quantities, 

RULE. — Combine the equations two and two bt ant of 

THE METHODS OF ELIMINATION, ELIMINATING BY EACH COMBINA- 
TION THE SAME UNKNOWN QUANTITY, THUS PRODUCING A NEW SET 
OF EQUATIONS, ONE LESS IN NUMBER, AND CONTAINING AT LEAST 
ONE LESS UNKNOWN QUANTITY. COMBINE THlS NEW SET TWO AND 
TWO IN LIKE MANNER, ELIMINATING ANOTHER OF THE UNKNOWN 
QUANTITIES. EePEAT THE PROCESS UNTIL A SINGLE EQUATION IS 

found with but one unknown quantity. solve this equation 
and then substitute the value of this unknown quantity in 
one of the next preceding set of equations, of which there 
will be but two, with two unknown quantities, and there 
will result an equation containing only one, and that 
another of the unknown quantities, the value of which 
can therefore be found from it. substitute the two values 
now found in one of the next preceding set, and find the 
Value of the remaining unknown quantity in this equation. 
Continue this process till all the unknown quantities are 
determined. 






Dem. — 1. The combinations of the equations give true equations because they 
are all made upon the methods of elimination already demonstrated. 

2. That the number of equations can always be reduced to one by this pro. 
cess, is evident, since, if we have n equations and combine any one of them with 
each of the others, there will be n — 1 new equations. Combining one of these 
n — 1 new equations with all the rest there will result n — 2. Hence n — 1 
such combinations will produce a single equation ; and as one unknown quan- 
tity, at least, has disappeared from each set, there will be but one left. Q. e. d. 

ScH. 1. — ^If any equation of any set does not contain the quantity we are 

seeking to eliminate, this equation can be written at once in the next set, 

and the remaining equations combined. 
*'♦»,'• ~<- . 

ScH. 2. — ^M^'^JBliij^lh^i'bgv any unknown quantity from a particular set of 
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equations, any one of the equations may be combined with each of the 
others, and the new set thus formed. But some other order may be prefer- 
able as giving simpler results. 

ScH. 8. — ^It is sometimes better to find the values of all the unknown 
quantities in the same way as the first is found, rather than by substitution. 



1. 

« + y + 2 = 31, 
X -{- y — z^ 25, 



Examples. 
2. 

a; + y + 2J = 9, 
a: + 3y - 3z = 7, 

4? — 4y + 82 = 8. 



3. 

2a: + 3;^ -h 4« = 29, 
3a; + 2y + 6^2 = 32, 
4a; + 3y + 2;2; = 25. 



4. 

\x+{y^-\z=4n, 
i«+iy+i^=38. 



5. 
a;+Jy=100, ^ 



y+i2;=100, 
«+}a;=100. 



a;=64; 



\ y=72; 
z=84. 



x + 2y—6z=2y 




3; 
2; 
1. 



7. 
, x + z 



= 85, 



= 86, 



= 86. 



8. 
ay + ix 



= c. 



ex + az=:i, 



Iz + cy — a. 



9. 

X y 



3 

z 



2 

y 

X z 



z' 

4 
3* 



10. 
y+z=2j/z, 

x+z^Zxz, 

x+y=iay. 



11. 

?+^=l, 
X y 

y 2 
?+«=i. 

Z X 



12. 

a;+y-|-«=0, 

(J+c)a;+(o+a)y + (a+})«=0, 
hex + cay + afe= 1. 



13. ay«=fl{y«— ara;— a:y)=5(«a;— a;y— y«)=c(a:y— y«— «a;). 
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14. 15. 16. 

3t^— 2y= 2, 3a;— 4y + 3jr+3«^— 6w=ll, u■hv-hx+y=^0, 

5ic— 7^:=11, 3a;— 5y + 22— 4^=11, w+t;+a;+;2; = ll, 

2a;+3y=39, lOy-32; +3w— 2t;= 2, u-\-v-}-y+z—12y 

4y +32^=41. bz-h^u + 2v'-2x= 3, u-\-x-^y+z=VS, 

6w— 3v+4a;— 2y= 6. t; +a;+y+2;=14. 

17. x-{'y-\'Z:=a-{'bi'Cf bx+cy-{-az=cxi'ay-{-bz=a^ + J* +c^ 



Applications. 

1. Three persons. A, B, and C, were talking of their guineas; 
says A to B and 0, give me half of yours and I shall have 34; says 
B to A and C, give me a third part of yours and I shall have 34; 
says C to A and B, give me a fourth part of yours and I shall have 
34. How many had each ? Ans., A 10, B 22, C 26. 

2. For $8 I can buy 2 lbs. of tea, 10 lbs. of coffee, and 20 lbs. of 
sugar, or 2 lbs. of tea, 5 lbs. of coffee, and 30 lbs. of sugar, or 3 lbs. 
of tea, 6 lbs. of coffee, and 10 lbs. of sugar. What are the prices ? 

3. A person possesses a certain capital which is invested at a certain 
rate per cent. A second person has £1000 more capital than the 
first and invests it at one per cent, more; thus his income exceeds 
that of the first person by £80. A third person has £600 more 
capital than the second, and invests it one per cent, more advan- 
tageously ; and thus receives £70 more income. Find the capital of 
each and the rate of investment. 

4. Find four numbers, such that the first with half the rest, the 
second with a third the rest, the third with a fourth the rest, and 
the fourth with a fifth of the rest shall each be equal to a. 

6. A number is represented by 6 digits, of which the left-hand 
digit is 1. If the 1 be removed to units place, the others remaining 
in the same order as before, the new number is 3 times the original 
number. Find the number. 

6. A man has £22 14,<r. in crowns (o5.), guineas (2l5.), and moidores 
(27^.) ; and he finds that if he had as many guineas as crowns, and 
as many crowns as guineas, he would have £36 6s. ; but if he had 
as many crowns as moidores, and as many moidores as crowns, he 
would have £45 16s* How many of each has he ? 
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7. A person has four casks, the second of which being filled from 
the first, leaves the first 4 fuU- The third being filled from the 
second, leaves it J full ; and when the third is emptied into the 
fourth, it is found to fill only ^ of it. But the first will fill the thisd 
and fourth and have fifteen quarts remaining. How many quarts 
does each hold ? 

8. A, B, G, and D, engage to do a certain work. A and B can do 
it in 12 days, A and D in 15 days, and D and G in 18 days. B and G 
commence the work together, after 3 days are joined by A, and after 
4 days more by D. Then, all working together, they finish it in 
2 days. How long would each have required to do the entire work ? 
Solve with one unknown quantity, as well as with four. 

9. A person sculling in a thick fog, meets one tug and overtakes 
another which is going at the same rate as the former ; show that if 
a is the greatest distance to which he can see, and d, V are the dis- 
tances that he sculls between the times of his first seeing and of his 
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OHAPTEE n. 

BATIO, FBOPOBTION, ANB PBOQBEaSION. 



SECTION I. 

RATIO. 

44. Matio is the relative magnitude of one quantity as com- 
pared with another of the same kind, and is expressed by the quotient 
arising from dividing the first by the second.* The first quantity 
named is called the Antecedent, and the second the Consequent. 
Taken together they are called the Terms of the ratio, or a Couplet. 

4:5. The Sign of ratio is the colon, : , the common sign of 
d^^ision, -r, or the fractional form of indicating division. 

The lasf form is coming into use quite generally, and is to be preferred. 

4:6. CoR. — A ratio being merely a fraction, or an unexecuted 
problem in JDivision^ of lohich the antecedent is the numerator^ or 
dividend^ and the consequent the denominator^ or divisor, any changes 
made upon ths terms of a ratio produce the same effect upon its value^ 
as the like changes do upon the value of a fraction, when made upon 
its corresponding terms. The principaL of these are, 

1st. If both te7*ms are multiplied, or both divided by the same 
number, the value of the ratio is not changed. 

2d. A ratio is multiplied by multiplying the antecedent, or by 
dividing the consequent. 

3d. A ratio is divided by dividing the antecedent, or by multiply^ 
ing the consequent. 

• * 

* There is a common notion among ns that the French express a ratio by dividing the con- 
peqncnt by the antecedent, while the English express it as above. Such is not the fact 
French, German, and English writers agree in the above definition. In fi&ct, the Germans very 
generally use the sign : instead of 4.; and by all, the two signs are used as exact equivalents. 
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47, A Direct Matio is the quotient of the antecedent divided 
by the consequent, as explained above, (44). An Indirect or 
Reciprocal Hatio is the quotient of the consequent divided by 
the antecedent, i* e., the reciprocal of the direct ratio. A ratio is 
always wrjtten as a direct ratio. 

48. A ratio of Greater Inequality is a ratio which is 
greater than unity, as 4 : 3. A ratio of less Inequality is a 

ratio which is less than unity, as 3 : 4. 

49* A Compound Matio is the product of the corresponding 
terms of several simple ratios. Thus, the compound ratio a : A, 
c: dyin : n, is actn : bdn. This term corresponds to compound frac- 
tion. A compound ratio is the same in effect as a compound fraction. 

SO. A Duplicate Ratio is the ratio of the squares, a tri^ 
plicate f of the cubes, a suhdupHcatCf of the square roots, and 
a suibtriplicate, of the cube roots of two numbers. Thus, a* : J*, 

a« : J', Va : Vb, and \/a : Vb. 



Examples. 
1. What is the ratio of8to4? of4to8? of^tof? of 5o»«t 

to3om? of a;»-y» toa-y? off to|? of-to|? of "*"*' 



to^? 
\ — x 



n b \—x 



2. Write the inverse ratio in each case in the last paragraph. 

3. Eeduce the following to their lowest terms : 85 : 187, a* — S* 
: a* - JS \%{a - a;)« : 6(a» - i»«). 

4. "What is the duplicate ratio of 3 : 5, of a : S ? What the tripli- 
cate ? What the subduplicate of 25 : 16 ? of 3 : 7 ? of m : m ? What 

* the subtriplicate of 729 : 1728 ? of a; : y ? 

5. Which is the greater, the compound ratio of f : | and 5:4, or 
the inverse triplicate ratio of 3 : 2 ? 

6. Prove that a ratio of greater inequality is diminished by adding 
the same number to both its terms. How is it with a ratio of less 
inequality ? How with equality ? 

7. If 5 gold coins and 30 silver ones are worth as much as 10 gold 
coins and 10 silver ones, what is the ratio of their values ? 
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8. Prove that a« — a;* : a* 4- »* > a— a; :a+x. Is x^ + y^: x^ +y« 
greater, or less, than x* + y^ :x + y? 

9. Prove that 4a»— Sa^x — 4mx^ + 3x^ : 3a^-'2a^x — Sax* + 2a:» 
is equal to 4o — 3a; : 3a — 2ic 

10. Prove thaf, if a; be to ^ in the duplicate ratio of a to b, and a 
to i in the subduplicate ratio of a + a; to a — y, then will 2x : a 
=^x — y:y. 



SECT/ON II. 

PROPORTION. 

51. Proportion is an equality of ratios, the terms of the ratios 
being expressed. The equality is indicated by the ordinary sign of 
equality, =, or by the double colon, : : . 

ScH. — ^The pupil should practice writing a proportion in the form ^ = ^, 

still reading it '^ a is to & as <; is to (Z.'^ One form should be as familiar as 
the other. He must accustom himself to the thought that aihwcid means 

a 



S2. Tfie JExtremes (outside terms) of a proportion are the 
first and fourth terms. The Means (middle terms) are the second 
and third terms. 

B3. A Mean JProportional between two quantitiea is a 
quantity to which either of the other two bears the same ratio that 
the mean does to the other of the two. 

S4:. A Uiird JProportional to two quantities is such a 
quantity that the first is to the second as the second is to this third 
(proportional). 

SS. A proportion is taken by Inversion when the terms of 
each ratio are written in inverse order. 

S6» A proportion is taken by Alternation when the means 
are made to change places, or the extremes. 

57. A proportion is taken by Compositi'On when the sum of 
the terms of each ratio is compared with either term of that ratio, 
the same order being observed in both ratios ; or when the sum of 
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the antecedents and the sum of the consequents are compared with 
either antecedent and its consequent. 

S8. If the difference instead of the sum be taken in the last defi- 
nition, the proportion is taken by JHvision. 

S9* Four quantities are Inversely or Reciprocally Proportional 
when the first is to the second as the fourth is to the third, or as the 
reciprocal of the third is to the reciprocal of the fourth. 

60. A Continued Proportion is a succession of equal 
ratios, in which each consequent is the antecedent of the next ratio. 
Thusif a:6::S:(?::c:(Z::d:«, we have a continued proportion. 



61* Prop. 1. — l7i any proportUyn the product of the eostremea 
equals the product of the means* 

Dem. — If axbwc : (2 then ad=.bc. For a\h\\c\d\& the same as r- = -, which 

a 

cleared of fractions becomes c^=zbe. Q. B. D. 

62. Cor, 1. — The square of a mean proportional equals the pro^ 
duct of Us extremes^ and hence a mean proportio7ial itself equals the 
square root of the product of its extremes. 

If aim:'.m:d,hy the proposition m' = ad. Whence extracting the square 
root of both members, m = Vad. 

63. Cob. 2. — Either extreme of a proportion equals the product 
of t/ie means divided by the other exfremer; and, in like manner^ 
either mean equals the product of the extremes divided by th€^ other 
mean. 



64. Prop. 2. — Jf the product of two quantities equals the pro- 
duct of two othersj the two former may he made the eoctremes, or the 
means of a proportion, and the two latter the other terms. 

Dbu. — Suppose my = nx. Dividing both members by xy, we have — = -, 

i. e.,m:x::n:y. In Uke manner dividing by mn we have - = — , {, e,, y:n 
:ix\m. 

Deduce each of the following forms from the relation my = nx : 



1. m\x \: n'.y. 

2. m:n'.:x'.y, 
8. y \n \: x:m, 
4. X :y \:iifh\nf 



5. y \x \: n\m. 

6. x:m:\ y\n. 

7. n\m\\ y xx. 

8. n: y \\m\x. 
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6Sm Cob. — If four ^uantitieB are in proportion^ they are in pro- 
portion by altemcUion and by inversion. 



66* JProp. 3* — If four quantities are in proportion, tJiepropor- 
tion is not destroyed by taking eqiuil multiples of 

1st. ITie terms of the same couplet, 

2d. ITie antecedents, 

3d. 77ie consequents, 

4th. All the tenns. 

Demonstrate these facts from the mittire of a proportion as an equality of 
ratios. 

07» ScH. — Observe that such changes, and only such, may be made upon 
the terms of a proportion without destroying it, as 

1st. Do not change the values of the ratios, 

2d. Change loth ratios alike, 

QUEBY. — If the first term of a proportion be divided by any number, in what 
ways may the operation be compensated for so as to preserve the proportion ? 



68. JProp. 4. — The products or the quotients of the correspond- 
ing term^ of two (or more) proportions are proportional to each 
other. 

Demonstrated on the axioms that equals multiplied by equals give equal 
products, and that equals divided by equals give equal quotients. 

69. Cor. — Idke powers^ or roots, of proportionals are propor^ 
tional to each other. 

Pow does this corollary grow out of the proposition ? 



yO, Frop* S. — If two proportions have a ratio in one equal to 
a ratio in the other, the remaining ratios are equal and may form a 
proportion. 

Demonstrated on the axiopi that things which are equal to the same thing 
are equal to each other. 



71. Prop. 6. — Any proportion may betaken by composition, 
or by division., or by both at once, without destroying it. 



J 
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Dbm. — ^If a:b::e:d, 

' a + b:b ::c -h did, (1) 
a + 6 : a : : c + <f : c, (2) 



We may write by 
composition, 

(4) 
By division, we may write the same forms with the — sign instead of the +. 

By composition and 
division at the 
time, we may write, 



I a + <5 : a : : 6 + cf : &, (3) 
\^ a + eie ::b + did, (4) 

rite the same forms with the • 

'^*^^ ( a + bia-biie-\-dic^d, 

same < 
•ite \^a ■{- eia — cub + dib — d. 



These forms may all be verified by representing the ratio of a to 5 by r, 

a 
whence -r- = r, or a = rb, and since the ratio of c to d is the same as that of 

aiob,- = r,oTe^dT, and then substituting in each of the above forms these 
d 

values of a and c. Thus, the 1st becomes br+bib iidr-hdi d, which ratios are 

equal, since each isr + ]. Let the student verify the other forms in the same 
way. 

Queries. — ^If a:bii6id,iB a±b laii e±d : &? Is a+d : c+c2 : : a—c i b—d^ 

72* Cor. — J^ there be a series of equal ratios in the form of a 
contirmed proportion^ the sum of all the antecedents is to the sum of 
all the consequents^ as any one antecedent is to its consequent. 

Deu. — If aibiieidiieifiigih, etc., a-\-e+e+g-\-etc. i b+d+f+h+ etc. 
: : a : 5, or c i d, or e if, or g ih, etc. Substitute for a br, for e dr, for e fr, for 
g hr, and we have 

&r+(fr+^+Ar+etc. : ft+(f+/+^+etc. ii br ib, 

in which the ratios are seen to be equal, since each is r. 

73» ScH. — The method pursued in the demonstration of the preceding propo- 
sition will be found sufficient in itself to test any proposed transformation of a 
proportion. We will give a few examples : 

1. If a : ft : : c : rf, prove as above that ad = he. 

SUG. — ^By substituting as above we have the identity brd = bdr, 

2. liaihiic: d, prove as above that a\c\\i\ d, and b\a:xd :c. 

3. Ifaibiicidf and m : ni: x : y^ prove as above that am : J;^ : : 
ex : dy. 

SuG's. — Let ~ = r, whence ~ = r ; and — = r', whence — = r'. Substitut- 
b d n y 

ing for a br, for c dr, for m nr^, and for x yr', in the proportion to be tested, it 

is shown to be true. 
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4. If ^ — « : ^ + a; : : J — y : J + J, show that 2x: y\:a:b. 

Bug's. — From : "* = r find x in tenns of a and r, and from r-— ^ = f find y 
ia + x & + y 

in terms of b and r. 

6, If a : J lip : a', prove that a* + J* : 7 : :/?* + g* : -^^- — . 

a + b -^ p + q 

6. Foiir given numbers are represented by a, J, c, rf; what quantity 
added to each will make them proportionals? 

J be -^ ad 

a — b — c + a 

7. If four numbers are proportionals, show that there is no num- 
ber which, being added to each, will leave the resulting four num- 
bers proportionals. 

5. It a:b lie: d, show ihs,t ma:mb::c:d; aibiimcimd; ma\ 
biimcid; aimb:: c: md; and ma :nb::mc: nd. 



Applications. 

[NoTlfi. — ^The first five of the following examples should be solved without 
converting the proportions into equations.] 

1. A merchant having mixed a certain number of gallons of brandy 
and water, found that if he had mixed 6 gallons more of each, there 
would have been 7 gallons of brandy to every 6 gallons of water, 
but, if he had mixed 6 gallons less of each, there would have been 
6 gallons of brandy to every 6 gallons of water. How much of each 
did he mix ? 

Solution, a? + 6 : y + 6 : : 7 : 6, and gj — «:y — 6::6:6. 
Hence « — y : y + 6 ; : 1 : 6, and aj — y : y — 6 : : 1 : 5. 

Hence y + 6 : y — 6 : : 6 : 5, or 2y : 13 : : 11 : 1, or y : 66 : : 1 : 1. 

Substituting, a; + 6 : 72 : : 7 : 6, or a; + 6 : 6 : : 14 : 1, or a; : 6 : : 13 : 1, or « : 

1 : : 78 : 1. 

2. Find two numbers, such, that their sum, difference, and pro- 
duct, may be as the numbers «, d, and p, respectively. 

Solution, x + y :x — y ::8:d, and x — y:0Dy::d:p, 
Hence x : y :: s + d: 8 — d, and x :y :: dx + p :p. 

Hence dx+p :p : : 8+d :8—d,0Tdx:p ::2d :« — d,oraj :p :: 2 : a — d» 

2p 
or X :1 :i2p : 8 — d,i,e,x = t^^ 
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3. It is required to find a number, snch, that the sum of its digits 
is to the number itself as 4 to 13 ; and if the digits be inverted, their 
difference will be to the number expressed as 2 to 31. 

4 Diyide the number 14 into two such parts, that the quotient 
of the greater divided by the less shall be to the quotient of the less 
divided by the greater, as 16 to 9. 

6. Find two numbers whose difference is to the difference of their 
squares as m : n, and whose sum is to the difference of their squares 

[Note. — ^In the foUowing, use the proportion more or less, as is found ex- 
pedient.] 

6. The sides of a triangle are as 3 : 4 : 5, and the perimeter is 480 
yards: find the sides. 

7. A fox makes 4 leaps while a hound makes 3 ; but two of the 
hound's leaps are equivalent to 3 of the fox's. What are their relative 
rates of running? 

8. A courier sets out from Trenton for Washington, and travels 
at the rate of 8 miles an hour; two hours after his departure 
another courier sets out after him from New York, supposed to be 
68 miles distant from Trenton, and travels at the rate of 12 miles an 
hour. How £u' mu«t the second courier travel before he overtakes 
the first ? 

9. There are two places, 154 miles apart, from which two persons 
set out at the same time to meet, one travelling at the rate of 3 miles 
ill two hours, and the other at the rate of 6 miles in four hours. How 
long, and how far, did each travel before they met ? 

. 10. A courier, who travels 60 miles a day, has been dispatched 
five days, when a second is sent to overtake him, in order to do 
which he must travel 75 miles a day. In what time will he overtake 
the former? 

11. Two travellers, A and B, set out at the same time from two 
different places, C and D ; A from C to D, and B from D to C. 
When they met, it appeared that A had gone 30 miles more than 
B ; also, that A can reach D in 4 days, and B can reach G in 9 days. 
Bequired the distance from G to D. 

12. A hare, 50 of her leaps before a greyhound, takes 4 leaps to 
the greyliound's 3 ; but two of the greyhound's leaps are as much as 
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three of the hare's. How many leaps must the greyhound take to 
catch the hare ? 

13. A runner left this place n days ago, at the rate of a miles 
daily. He is pursued by another, at the rate of b miles a day. In 

how many days will the second overtake the first ? 

. an 

b—- a 

14. Find the time between 3 and 4 when the hands of a watch are 
opposite each other. When they are at right angles to each other. 
When they are together. 

15. How often does the minute hand of a watch pass the hour 
hand ? How often at right angles ? How often opposite ? 

16. Do the hands of a watch occupy the three relative positions 
of opposite, at right angles, and together between each two hours of 
the 12 ? If there are exceptions point them out, and show why they 
occur. 

17. Before noon, a clock which is too fast, and points to afternoon 
time, is put back 5 hours and 40 minutes ; and it, is observed that 
the time before shown is to the true time as 29 to 106. Required 
the true time. 

18. Two bodies move uniformly around the 
circumference of the same circle, which measures 
8 feet. When they start, one is a feet before the 
other ; but the first moves m and the second M 
feet in a second. When will these bodies pass 
each other the first time, when the second, when 
the third, etc., supposing that they do not disturb 
each other's motion? When will they pass if 
the first starts t seconds before the second, and M > m ? When if 
M < 7w ? When will they pass if the first starts t seconds later than 
the second and M > m ? When if M < m ? When will they meet 
if they start at the same time and move toward each other, or over 
the distance a, first ? If they move from each other, or over the arc 
8 — a first ? When will they meet if the first starts t seconds before 
the other, and they move toward each other, or over the distance a 
first ? If they move from each other, or over the arc 5 — a first ? 
If they move in opposite directions, and the first starts t seconds 
later than the second? When they move over the arc a first? When 
they move over the arc 5 — a first ? 
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19. The force of gravitation is inversely as the square of the dis- 
tance from the centre of the earth. At the distance 1 from the 
centre of the earth this force is expressed by the number 32.16. By 
what is it expressed at the distance 60 ? Ans.y 0.0089. 

20. If the velocity of one body moving around another is propor- 
tional to unity divided by the duplicate of the distance, and the 
velocity be represented by v when the distance is r, by what will it 
be expressed when the distance is r' ? 



SECTION III. 

PROGRESSIONS. 

7d. A Progression is a series of terms which increase or de- 
crease by a common difference, or by a common multiplier. Tlie 
former is called an Arithmetical, and the latter a Geometrical Pro- 
gression. A Progression is Increasing or Decreasing according as 
the terms increase or decrease in passing to the right. The terms 
Ascending and Descending are used in the same sense as increasing 
and decreasing, respectively. In an Arithmetical Progression the 
common difference is added to any one term to produce the next term 
to the right. If the progression is decreasing the common difference 
is minV(8. In an increasing Geometrical Progression the constant 
multiplier by which each succeeding term to the right is produced 
from the preceding is more than unity ; and in a decreasing progres- 
sion it is less than unity. This constant multiplier in a Geometrical 
Progression is called the Ratio of the series. 

7S. The character, •• , is used to separate the terms of an Arith- 
metical Progression, and the colon, : , for a like purpose in a Geo- 
metrical Progression. 

ILLUSTBATIONS. 

1 •• 8 •• 5 •• 7, etc., etc., is an increaBing Arithmetical ProgreBsion with a common 

difference 2, or + 2. 
15-10-5-*0*- — 5, etc., etc., is a Decreasing Antiimetical Progression with a 

common difference — 5. 
a*-a ±d-'a ±2d"a ±M, etc., etc., is the general form of an Arithmetical 

Progression, ± d being the common difference. 
2:4:8: 16, etc., etc., is an increasing Geometrical Progression with ratio 2. 
12 : 4 : 1 : } : /r^ etc., etc., is a Decreasing Geometrical Progression with ratio i. 

8 
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a\aT\ wr^ : «r* : ar*, etc., etc., is the general form of a Geometrical Progres- 
sion, r being the ratio, and greater or less than unity, 
according as the series is increasing or decreasing. 

76. Wten three quantities taken in order are in arithmetical pro- 
gression, the second is the Arithmetical Mean between the other two, 
and is eqnal to half their sum. 

III. — ^If a •• & •• e, & is the arithmetical mean between a and c ; and since & — a 

77. Wlien three quantities taken in order are in geometrical pro- 
gression, the second is the Oeometric Mean between the other two, 
and is equal to the square root of their product. 

Let the student illustrate. 



78. There are Five Tilings to be considered in any progression ; 
viz., the first term, the last term, the common difference or the ratio, 
the number of terms, and the sum of the series, any three of which 
being given the other two can be found, as will appear from the sub- 
sequent discussion. 

Aeithmbtical Pbogression. 

7d. JPr&Pm 1. — The formula for finding the n<A, or last term of 
an Arithmetical I^ogression; or, more properly, the formula express^ 
ing the relation between the first term, the nth term, the commion dif- 
ference, and the number of terms of such a series, is 

l = a + {n-l)d, 

in which a is the first term, d the common difference, n th^ number 
of terms, and 1 the nth or last term, d being positive or negative 
according as the series is increasing or decreasing, 

Dem. — ^According to the notation, the series is 

a " a •{■ d " a + 2d '• a + Sd " a >¥ 4d - a -^ M, etc., etc. 

Hence we observe that as each succeeding term is produced bj adding the com- 
mon difference to the preceding, when we haye reached the nth term, we shall 
have added the common difference to the first term n — l times ; that is, the nth 
term, or I = a + {n — l)d. Q. E. D. 

Sen. — As this formula is a simple equation in terms of o^ 2, n, and d, any 
one ef them may be found in terms of the other three. 
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80m Propm 2m — Tkc fomiula for the sum of an Arithmetical 
Progression^ or expressing the relation between the sum of the series^ 
the first term^ last term^ and 7iumber of terms, is 

s representing the sum of the series^ a the first term^ 1 the last term^ 
and n th^ number of terms. 

Dem. — ^If I, is the last term of the progression, the term before lival—dy and 

theo^e before that ^— 2<?,etc. Hence, as a"a-\-d"a-\-%d-'a-¥Zd i re- 

pp^ents the series, l-^l—d'^l—^d'-l—^ a represents the same series 

reversed. Now the sum of the first series is 

«=a+(a+<i)4-(a+2d!)+ - - - (Z —2<f) + (i —(?)+?; 
and reversed «=Z +(Z— d) + (r— 2d)+ - - - (a + 2d) + (a + d) + a. 

Addmg 2»=(a+Q + (a+0 +(a + 0+ - - (a + + (a+0 + (a + 0. 

If the number of terms in the series is n, there will be n terms in this sum, each 

-g" j^. Q. E. ©. 

ScH. — ^This formula being a shnple equation in terms of «, a, l^ and n^ 
any one of the four can be found in terms of the other three. 



81m OoR. 1. — Forrmdas 

(1) l=^+(n-l)(}r and 

(2) 8 = I -s- Jii> being two equations between 

the five quantities, a, 1, n, d, and s, any two of these five can be found 
in terms of the other three, 

82m Cob. 2. — Theformvlafariiisertingagivenmmiberofarith' 

1— a 
mstical means between two given extremes is d= — — j, in which ra 

represents the number of means. From this d, the common differ^ 
ence, being found, the terms can readily be writteti. 

Dem.— If a is the first term and I the last, and there are m terms between, 
or m means, there are in all w + 2 terms. Hence, substituting in the formula 

I— a 
I— a + (n - l)d, for », w + 2, we have ;=a + (wi + l)<f . From this d= - :^. Q. B. d. 
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83. PoRMULiE IK Arithmetical Progression. 

[It will afford a good exercise for the student to solve the following cases on 
review, after having gone through Quadratics ; though no importance need be 
attached to remembering the results, as the fundamental formulas 

(1) Iz^a+in—ljd, and (2) «=r"2rj^' 
are sufficient to resolve all cases.] 



NUXBBR. 



1. 
2. 

8. 

4 



5. 
6. 

7. 
8. 



9. 
10. 

11. 
12. 



13. 
14. 
15. 
16. 



17. 

18. 
19. 

20. 



OIYSN. 



a, 
a. 



a, 

a, 
d. 



d, 
d, 

d, 

71, 



a, 

a, 
a, 

n, 



a, 

a* 
d. 



d, 
d, 

n, 
n, 



d, 
d, 

n, 



n. 



n, 
h 



d, 
d, 
I, 

h 



n 
S 

S 
S 



n 
I 

I 

I 



I 

S 

S 
S 



I 

s 
s 
s 



I 

s 
s 

s 



BEqUIBBD. 



s 



a 



d 



n 



FORMULAS. 



i=-W±V{2(iS + (a-id)«f, 



I 
I 



2S „ 
: — — a, 

n 
'n 2 



S=in{2a+(n— l)<i}, 
®= 2 "^ 2d ' 

B=in{2l^(n-l)d}, 



a- 
a: 

a- 
a: 



:l-(n"-l)d, 
B_ {n^l)d 
n 2 ' 






n 



d: 

d: 
d: 

d. 



I— a 
'n-V 
2(S~g7t) , 

I* -a* 

2(7iZ~8) 

'71(71-1)' 



I— a ^ 



_±\^{2a-d)* ■h8dB-'2a-¥d 



71= 



n=T— 



71 = 



2d 

1- 

^+d±\/(2l+d)^'-SdS 
25 • 
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Examples. 

1. Find the 2ist term of 3 •• 7" 11 •• etc., and the spm of these 
terms. 

2. Find the 24:th t^rm of 7-5-3-' etc., and the sum of these 
terms. 

3. Find the n\h term of J..|..f •• etc., and the sum of the n 

terms. 

4. Find the nth term of -^^ •• — ^^- etc., and the sum 

n n n 

of the n terms. 

5. Insert four arithmetical means between 193 and 443. 

6. Prove that the sum of n terms of 1 •• 3 •• 5 •• 7 •• etc., is to the 
sum of 7n terms as n* : m*. 

7. What is the first term of an arithmetical progression whose 
59fch term is -2^, and 60th -1 J ? Whose 2d term is i, and 55th 6.8 ? 

8. How many terms in the progression whose common diflTer- 
ence is 3, first term 5, and last term 302 ? 

9. Insert three arithmetical means between m and n, 

10. Produce the formula for inserting m arithmetical means be- 
tween a and 5, viz., 

am-^-b aw— a + 2ft bm—b-^^—im + a , 

w-fl m-hl m-hl m + 1 

11. If a body falling to the earth descends a feet the first second, 
3a the second, 6a the third, and so on, how far will it fall during the 
till second? Ans., {2t — l)a. 

12. If a body falling to the earth descends a feet the first second, 
da the second, 5a the third, and so on, how far will it fall in t 
seconds ? Ans., at^. 



Geometrical Progression. 

84» Prop. 1. — The formula for finding the nthy or last term 
of a geometrical progression ; or, more properly, the formula ex- 
pressing the relation between tJie first term, the r\th term, the ratio, 
atid the number of terms of sitch a series, is 1 = ar""*, in which 1 is 
the last, or nth term, a the first term, r the ratio^ and n the number of 
terms. 
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DsM. — Letting a repieseht the first tenn and r the ratio, the series is 
a:ar : ar* : ar* : or* : etc. Whence it appears that any term consists of the 
first term multiplied into the ratio ndsed to a power whose exponent is one 
less than the number of the term. Therefore the »th term, or i = ar*" \ Q. B. D. 

85. Prop. 2. — The formula for the sum of a geometrical pro- 
ffressioUy or eacpresaing the relation between the sum of the series^ the 
first termy the ratio, and the number of terms is 

ar* — a 

in which s represents the sum, a the first term, r the ratio^ and n the 

number of terms. 

Dkm.— The sum of the series being found by adding all its terms, we have, 
s =• a ^ a/r ■{- a/j* +01^ + -- or*-' + ar»-" + ar*-^, and multiplying by r, 
Ts= a/r + ar* + ar* ■¥ - ' ar^'* + ar*-* -I- ar*~^ + ar*, Subti:acting, 

r» -- « = «r» — a, or 
(r — 1)8 = 0/1* — a, and 8 = — — y-* <l. »• i>. 

86. Cob. 1.— Formulas 

(1) 1 = ai*"S and 

(2) j^^B = — ; — -- bei7ig two equations be- 
tween the five quantities, a, 1, r, d, flWff 8, are suffkient to determine 
any TWO of them, when the others are given. 

87. Cor. 2.— Since l = ar"-S lr=ar", tohich svhstituted in (2) 

Ir —~ a • 

gives s = ; which formula is often convenient. 

88. Cor. d.—The formula for inserting m geometrical means 

m+l/J" 

between a awe? 1 e« r = y -. 

^ a 

89. Cor. L— The formula for the sum of an infinite decreasing 

geometrical progression is s = -r-^ — • 

Dem.— Since in a decreasing progression the ratio is less than unity, the last 
term, ar'»-^ is also less than the first term, and numerator and denominator of 

the value of «, ^^^^, become negative. Hence it is well enough to write the 

r — 1 

formula for the sum of such a series 8 = yZT^* *^** ^^' change the signs of 

both terms of the fraction. Now, if the terms of a series are constantly decreas- 
ing, and the number of terms is infinite, we can fix no value, however small, 
which will not be greater than the last, or than some term which may be 
reached and passed. Hence wo are compelled to call the last term of such a 

a 

series 0, which makes the formula » - t— -• Q- e. d. 

1 — r 
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90. Oeometrical Fobhulje. 

[In a review, (tfter the pupil has been through the hook, it will be a good exer- 
cise for him to deduce the following formulas from the two fundamental ones. 
It is not necessary to memorize these.] 
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KBQUIBXD. 



s 



a 



n 



WOBMULM. 



, a + (r- 1)8 
*- r ' 

(r - 1)8?*-* 



-a)"-" = 0. 



1 = 



r» — 1 



8: 

8= 
8= 
8= 



a(v* — 1) 
r-1 ' 



tr^ — l 



«•• __ A** 



-r 



a= 



a= 



(r - 1)8 



a= W - (r - 1)8, 

a(& - a)—' - ^8 - Q— ' 



= 0. 



=-i/i- 



8 8 - a ^ 



r= 



r» — 



8-0 
8 



S-i 



8-^ 



= 0. 



^ log I — log a 



«= 



n= 



n= 



71 = 



+ 1, 



% [fiH- (r — 1)8] — ^?flr g 

log I — log a 

log(S ~n)- log{S- I) 

log I - lor/ \lr - (r- 1)S] 

log r 



+ 1, 



+ 1 
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Examples. 

1. In a geometrical progression the first term is 3, the ratio 5, and 
the number of terms 7. What is the last term ? What the sum ? 

2. Insert 5 geometrical means between 2 and 1468. 

3. Find the 11th term o{-^ : ^ : ^ : etc., and the sum of the 
11 terms. 

4. Find the 7th term of- | :| : - ^ : etc., and the sum of the 7 
terms. 

6. Insert 4 geometrical means between i^ and ^. 

6. Find the sum of 3 : ^ : ^ : etc., to infinity. Also of J : — ^ 
: etc., to infinity. Also of .64, Also of .836. 

7. If a body move 20 miles the first minute, 19 miles the second, 
18^ the third, and so on in geometrical progression forever, what is 
the utmost distance it can reach ? Ans^ 400 miles. 

8. What is the distance passed through by a ball, before it comes 
to rest, which falls from the height of 50 feet, and at every fall 
rebounds half the distance, the time of ascent equalling the time of 
descent? Ans., 150. 

9. In the preceding problem, suppose the body falls 16^ feet the 
first second, 3 times as far the next second, and 5 times as far the 
third second, and so on, how long will it be before it comes to rest ? 

Arts., ^V'579(4+3\/2) = 10.27657 + seconds. 

10. Find the sum of the following series : 

J— -J+f — T^4- etc., to n terms. 

l+i+i+TsV+ ^^-y ^o 1^ terms. Also to infinity. 

li+.5+ etc, to 12 terms. Also to infinity. 

11. To find what each payment must be in order to discharge a 
given pidncipal and interest in a given number of equal payments at 
equal intervals of time. 

SoLunoK. — ^Lei p lepiesent tlie principal, r tlie rate per cent., t one of the 
equal intervals of time, n the number of payments (i. «., nt is the whole time), 
and X one of the pajm^ents. 

* 

There wiU be as many solutions as there are different methoda of computing 
interest on notes upon which partial payments have been made. 

l5t. By the United States Court Rule. — As the payments must exceed the 
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interest in order to discharge the principal, this rule requires that we find the 
amount otp, for time t, at r per cent. This is done by multiplying by 1 + ^r^, 

and gives 1>(1 + ~r)- From this subtracting the payment a;, the new prin- 

dpal is p( 1 + -^ j —a?. Again, finding the amount of this for another period 
of time, t, and subtracting the second payment, 

In like manner, after the third payment there remains 

After the 4th payment, the remainder is 

^V 100/ V 100/ \ 100/ \ 100/ 

Finally, after the nth payment, we have 

;,fi+jiy-a.A+jiy"'L^A+jiy-^ ^^-^^V 

^\ 100/ \ 100/ \ lOJ/ \ 100/ 

\ 100/ 
Whence 

p(i + ^y 

^\ 100/ 



x = 



('-»)*('*Hy-('*S)" ('-a) 



n-1 



1+ (1 + 



This denominator being the sum of a geometrical progression whose first term 

. 100/ - 1 



ia 1, ratio ^1 + 3^)* and number of terms n, its sum is 



100 



Hence x = 



prt / r^\* 
100 \ "^ 100/ 



2d. Bp the Vermont Rule. — The amount of the principal for the whole timo 
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The unoant of the Ist payment ia xVl -i- -^ft — 1)T, 

" M " «[l+^«-a)]. 

'• 8d " ........ *[l+^(»-8)], 

etc., etc., etc. 

The nth payment (with no interest) is x. 

The fittm of the amounts of these payments is 

nx + Jlaj[{»- 1) + (» - 2) + (n - 3) - . - - - 1]. 

The series in the brackets being an arithmetical progression whose first term 
is (n — 1), common difference — 1, last term 1, and number of terms (n — 1), its 

sum is y 'l )n. Hence the sum of the payments ia nx + —rX ( ^ "" ■ jn, 

r 100^ h 

or * L» + 5 J. But by the conditioii this sum equals the amount of 

the principal ; consequently 

r 100^ n /, mrt\ J ^V 100/ 

2n + _(»-l) 

ScH. — If the payments are made annually, t = 1. And letting 9*^= — , 
ft. e,y letting the rate per cent, be expressed decimally, the formulas become, 

By the U. 8, Bvle, x = ^'(^ J" ' ^Jl. ; 

12. What mast be the annual payment in order to discharge a note 
of $5000, bearing interest at 10^ per annum, in 5 equal payments ? 

Ans.y By the U. S. Eule, $1318.99 within a half cent 

By the Vermont Rule, $1250. 

Query. — What occasions the great disparity between the payments required 
by the different rules ? 



4 
I 
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SECTION IV. 

VARIATION. 

91. Variation ifi a term applied to the consideration of qnan< 
tities so related to each other that any change in one makes the 
others change in the same ratio, direct or inverse. 

One quantity varies directly as another, when any change in the 
latter makes the former changein the same {direct) ratio. 

One quantity varies inversely as another, when any change in the 
latter makes the former change in the corresponding inverse ratio. 

liji's. — ^The amount earned by a laborer in a given time varies directly as liis 
daily wages. The time required to earn a given amount varies inversely as the 
daily wages. 

92. One quantity vsaicB jointly as two others, when any change in 
the product of the latter two makes the former change in the same 
ratio as this product 

III. — The amount a laborer receives varies jointly as his daily wages and the 
time of service. 

93. One quantity varies directly as a second and inversely as a 
third, when it varies as the quotient of the second divided by the 
third. 

III. — The time required to earn any amount varies directly as the amount, 
and inversely as the daily wages. 

94. The Sign of variation is oc. 

III. — If X varies directly as y, we write xccy, and read " x varies as y" If x 
varies inversely as y, we write a? a -, and read " x varies inversely as y" If x 

if 

vaLTiea jointly as y and z, we write xoc yz, and read " x varies jointly as y and «." 

If X varies directly as y and inversely as z, we write a? a ~, and read " x varies 

z 

directly as y, and inversely as z" 

95. JPvop. — YafiaJbion may altoays be eocpreesed in the form of a 
proportion. 

Dem. — 1st. The expression x<xy signifies that if x is doubled y is doublecl, 
if x is divided y is divided by the same numl)er, etc. ; i. e.^ that the ratio of a; to 

y is constant. Let m be this ratio, so that — = w. Therefore xiy : : mil, 

y 
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2d. The expression a; a — signifies that if y is multiplied by any number, x ifl 

divided by the same, and if ^ is divided by any number x is multiplied by the 
same. Hence the product of x and y is constant. Let this product be m. Then 

8d. xccyz signifies that the ratio of ^ to y2 is constant. Let this be m. Then 
— = m, OT X :yz :: m :1, or sb : y : : wmj : 1, or a? : e : : f»y : 1, or a? : y : : « : — . 

4th. xcc^ signifies that the ratio of a; to i!^ is constant. Let thia be m. Then 

x: ^::m:l, or xiyiimiz 

z 



Exercises. 

1. If a; a y, and y en Zy show that x (xz. 

Dbm. — If X (xy, the ratio of a; to y is constant. Let this ratio be m. Then 
x = my. In like manner let n be the ratio of y to 2. Then y = m. Hence 
X = mnz. That is, the ratio of a; to 2 is constant, orx ocz. 

2. If aj oc -, and y <x —, show that x <x z. 

y ^ z 

Bug's. — We may write a? = — , and y = ~. Hence aj = — «. That is, the ratio 

y z n 

of a; to 2 is constant, orxa:z. 

3. If a? a Zy and y oc -, show that a; a -. ^ 

z y 

SuG's. a? = me, y = — , .-. a; = ^ , or a? a — . 

z y y 

X y 
4:, If X <x y, show that - a -^, and xz a yz. 

z z 

X f/ 

5. If a; a v, and z a «, show that xz a yu, and — a — . 

*' z u 

6. If X (X y, and y* a «*, how does a; vary in respect to 2; ? 

7. If a; a y, and for a; = 8, y = 4, what is the value of y for 
a: = 20? 

Solution.— Smce a; a y, and for a? = 8, y = 4, the ratio of a; to y is 2. That 

20 
is, 1 = 2. Hence for x = 20, we have — = 2, or y = 10. 

y y 

8. If aj a -, and for a; = 6, y = 2, what is the vahie of a; for y = 3 ? 

y 

SuG. a?:— :: 6:-. Hence for y = 3,a* = 4. Or we may reason thus, in 
y 2 

changing from 2 to 3, y increases J times. Then, as x changes in the reciprocal 
ratio, a? = i of 6 = 4. 
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9. If a + J a a — }, prove that a^ + l^cc db, 

10. If y = JO + q, in which p cnx and j' a -; and if when a; = 1, 

4 14 
y = 6 ; and when a; = 2, y = 5 ; prove that y = -a; + «-. 

11. The area of a triangle equals half the product of the base and 
altitude. Show that if the base is constant the area varies as the 
altitude; if the altitude is constant the area varies as the base; and 
if the area is constant the altitude and base vary inversely. 

12. The volume of a pyramid varies jointly as its base and alti- 
tude. A pyramid whose base is 9 feet square, and height 10 feet, 
contains 10 cubic yards. What must be the height of a pyramid 
with a base 3 feet square in order that it may contain 2 cubic yards? 

13. Given that 8 oc ^*, when / is constant; and 8 <x f, when t is 
constant ; also, 2^ =/, when / = 1. Find the equation between /, «, 
and t 

Suo. — The first two conditions are equivalent to sapng that s varies jointly as 
t^ and /, i. e. 9CC ft* \ since in this expression if / is constant a a t*, and if t is 
constant 8 oc f. 



^^ 



SECTION V. 

HARMONIC PROPORTION AND PROGRESSION. 

96. Three quantities are in Harmonic Proportion when the dif- 
ference between the first and second is to the difference between the 
second and third (the differences being taken in the same order) as 
the first is to the third. 

III. 6,4, and 3 are in harmonic proportion, since 6 -- 4 : 4 — 3 : : 6 : 8. If 6&, &, 
c are in harmonic proportion, a — b\h — c:\a;c. 

97. Def. — When three quantities taken in order are in har- 
monic proportion, the second is the Harmonic Mean between the 
other two. 

98. Prop. — If three quantities are in harmonic proportion^ their 
reciprocals are in arithmetical proportion, 

Dem.— If a, b, e are in harmonic proportion, a — b : b — e : : a : e, and 

ac — be r= ab -^ ac. Dividing by alfc, we have , = _ t. e. — .. -- — . 

^ J * b a c b a b e 
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99. Dep. — ^Tlie reciprocals of the terms of an arithmetical pro- 
gression form what is called a Harmonic Progression. 

III.— Thus as 1, 2, S, 4, 5, 6 is an arithmetical progression, 1, —, — , — , — , — 

« o 4 O o 

is a harmonic progression. Also if a, b, e, d, etc., constitute a harmonic progres- 

1 1 1 i 
a' y c' d' 



f&xm, — , -r-, — , -r, etc., constitute an arithmetical progression. 



1€0. ScB. — ^The term Harmonic is applied to such a series, since, if strings 
of the same size, substance, and tension, be taken of the lengths 1, i, i, i, i, i » 
any two of them vibrating together produce harmony of sound. 



EXEBCISES. 

1. If ay h^ Cy d are in harmonic progression, show that ab i cd :: 
a'—h : c -- d. 

Bug's. —..—.. — .. —. Hence -r = -7 ,or aed — bed ^abc — abd, 

a c a a a e 

2. If tty by € are in harmonic proportion, show that b (the harmonic 
mean) = . 

3. Show that the geometric mean between two numbers is a geo- 
metric mean between their arithmetic and harmonic means. 

4. To insert n harmonic means between a and b* 

8uo. — ^First find the form of the terms for n arithmetical means between 

— and — . See (82). The harmomc senes is a, -r -, -r — ^^ r. 

ab{n + 1) 



an + b 



'.b. 



5. If a and b are the first two terms of a harmonic progression, 

show that the «th term is — ; -r t-7 rf 

a{n — 1) — b{n — 2) 

6. Insert 3 harmonic means between \ and r^. 

BcH. — ^There is no method known for finding the sum of a harmonic 

series. 
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CHAPTER m. 

QUAJDBATIC EQUATIONSi 



SECT/ON I. 

PURE QUADRATICS. 

101. A QuadrMte Equation is an equation of the second 
degree (tf, S). 

102. Quadratic Equations are distinguished as Pitre (called also 
Jncamplete), and Affected (called also Complete), 

103. A JPure Quadratie Hquation is an equation which 
contains no power of the unknown quantity but the second; as 
ax* +b=: cd, a;« — 3i = 102. 

104. An Affected Queidratic Equation is an eqnation 
"which contains terms of the second degree and also of the first, with 
respect to the unknown quantity or quantities ; as »* — 4a; = 12, 
bxy — a; — y* = 16rt, mxy + y = J. 

105. A Root of an equation is a quantity which substituted for 
the unknown quantity satisfies the equation. 



106. Pvoh. — To solve a Pure Quadratic E^^tion. 

R ULK — ^Trakspose all the terms containing the unknown 

QUANTITY INTO THE FIRST MEMBER, AND UNITE THEM INTO ONE, 
clearing of FRACTIONS IF NECESSARY. TRANSPOSE THE KNOWN 
TERMS INTO THE SECOND MEMBER. DiVIDE BY THE COEFFICIENT OP 
THE UNKNOWN QUANTITY. FINALLY, EXTRACT THE SQUARE ROOT 
OF BOTH MEMBERS. 

Dem.— According to the definition of a Pare Qoadratic, all the termd contain- 
ing the unknown quantity contain its square. Hence they can be transposed 
and anited into one by adding with reference to the square of the unknown 
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quantity. Tliat transposition, and division of both members by the same quan- 
tity, do not destroy the equality has already been proved. Extracting the square 
root of the first member gives the first power of the unknown quantity, i, e. the 
quantity itself. And taking the square root of both members does not destroy 
the equation, since like roots of equal quantities are equal. 

107. Cor. 1. — Msery Pure Quadratic JEquation has two roots 
numerically equal hut with opposite sigjis. 

For every such equation, as the process of solution shows, can be reduced to 
the form a?* = o (a representing any quantity whatever). Whence, extracting 
the root, we have a; = ± VH ; as the square root of a quantity is both + , and 
- (203, Part I). 

108. Cor. 2. — TTie roots of a Pure Quadratic Equation may 
both he imaginary, and BOTH will he if ONE is. 

For if after having transposed and reduced to the form (B* = a, the second 
member is negative, as 2;' = — a, extracting the square root gives a; = + V— a, 
andaj=- t^I^, both imaginary. 



Examples* 
1. 5|a;«-18a; + 65=(3a:-3)«. 2. 5a;»~9=2a;8 + 66. 

^ a ^fa^^^ X . 45 57 



x^ X "b' 2a;8+3 4ic«-5 

1 1 V« c a;8-12__a;«-4 

5, _____ _-| — -— = . b. — - — J — . 

Va—x+V a \a-\-x^w a x o * 

7. x^^ax^h^ax{x-'l\ ' 8. 8+3.T« = 5 + 2a:8. 

1/ x^ y x^ 4 + 9n 2'-x 

11. 12 + 4(a;«+12)=(2-a;)(2+a:)-16. 12. a;V6+a:»=l4-a;«. 



^„ «aj4-l-hVa^ic2 — 1 ,, -. a+X'\-V2ax+x* , 
13. — =^^3;. 14. =& 

aa;+l— Vo^^^ — l a+x—V^ax+x* 



Applications. 

1. Find two numbers which shall be to each other as 3 to 6, and 
the difference of whose squares shall be 256, 
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2. Find a number such that if the square root of the diflference 
between the square of the number and a*, be successively subtracted 
from and added to ay the difference of the reciprocals of these results 
shall be equal to a divided by the square of the number. 

3. Find three numbers which shall be to each other as niy n, and 
fy and the sum of whose squares shall be s. 

4. An army was drawn up with 5 more men in file than in rank^ 
but when the form was changed so that there were 845 more in 
rank, there were but 5 ranks. How many men were there in the 
army? 

6. From two towns, m miles asunder, two persons, A and B, set 
out at the same time, and met each other, after travelling as many 
days as are equal to the difference of miles they travelled per day, 
when it appeared that A had travelled n miles. How many miles 
did each travel per day ? 

6. For comparatively small distances above the earth's surface the 
distances through which bodies fall under the influence of gravity 
are as the squares of the times. Thus, if one body is falling 2 
seconds and another 3, the distances fallen through are as 4 : 9. A 
body falls 4 times as far in 2 seconds as in 1, and 9 times as far in 3 
seconds. These facts are learned both by observation and theoret- 
ically. It is also observed that a body falls 16-]^ feet in 1 second. 
How long is a body in falling 500 feet ? One mile (5280 ft.) ? Five 
miles ? 

7. The mass of the earth is to the mass of the sun as 1 : 354936, 
and attraction varies directly as the mass and inversely as the square 
of the distance. The distance between the earth's centre and sun's 
centre being 91,430,000 miles, find the point between the earth and 
sun where the attraction of the earth is equal to that of the sun. The 
earth's radius being 3,962 miles, where is this point situated with 
reference to the earth's surface ? 

8. A certain sum of money is lent at 6^ per annum. If we multiply 
the number of dollars in the principal by the number of dollars in 
the interest for 3 months, the product is 720. What is the sum lent ? 

9. The intensity of two lights, A and B, is as 7 : 17, and their dis- 
tance apart 132 feet. Where in the line of the lights are the points 
of equal illumination, assuming that the intensity varies inversely 
as the square of the distance ? 
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10. The loudness of one church bell is three times that of another. 
Now, supposing the strength of sound to be inversely as the square 
of the distance, at what place on the line of the two will the bells be 
equally well heard, the distance between them being a ? 



•-•i 



SECT/ON II. 

AFFECTED QUADRATICS. 

109. An Affected Quadratic equation is an equation which 
contains terms of the second degree and also of the first with respect 

to the unknown quantity. «• — 3x = 12, 4tz + dax^ = — , 

and -Tg 4ax + 3J* = are affected quadratic equations. 

110m JProb. — To solve an Affected Quadratic JEquaiion. 
RULE.^1. Reduce the equation to the form x^ + ax = }, 

THE CHARACTERISTICS OF WHICH ARE, THAT THE FIRST MEMBER CON- 
SISTS OF TWO TERMS, THE FIRST OF WHICH IS POSITIVE AND SIMPLY 
THE SQUARE OF TH» UNKNOWN QUANTITY, ITS COEFFICIENT BEING 
UNITY, WHILE THE SECOND HAS THE FIRST POWER OF THE UNKNOWN 
QUANTITY, WITH ANY COEFFICIENT (o) POSITIVE OR NEGATIVE, 
INTEGRAL OR FRACTIONAL ; AND THE SECOND MEMBER CONSISTS OP 
KNOWN TERMS (b). 

2. Add the square of half the coefficient of the second 

TERM to both MEMBERS OF THE EQUATION. 

3. Extract the square root of each member, thus producing 
A simple equation from which the value of the unknown 
quantity is found by simple transposition. 

Dem. — By definition an affected quadratic equation contains but three kinds 
of terms, viz : terms containing the square of the unknown quantity, terms con- 
taining the first power of the unknown quantity, and krunm terms. Hence each 
of the three kinds of terms may, by clearing of fractions, transposition, and 
uniting, as the particular example may require, be united into one, and the 
results arranged in the order given. If, then, the first term, t. e. the one con- 
taining the square of the unknown quantity, has a coefficient other than unity, 
or is negative, its coefficient can be rendered unity or positive without destroy- 
ing the equation by dividing both the members by whatever coefficient this term 
may chance to have after the first reductions. The equation will then take the 



AFFECTED QUADBATIOB. 131 

fonn 01^ ±ax=: ±h. Now adding t-j to the first mio&ber makegit a perfect 

Bqoare (the square of a; ± ^] , since a trinomial is a perfect square when one of 

its terms (the middle one, ax^ in this case) is £ twice the product of the square 
roots of the other two, these two being both positive (116 , Part I.). But, if we 
add the square of half the coefficient of the second term to the first member to 
make it a complete square, we must add it to the second member to preserve the 
equality of the members. Having extracted the square root of each member, 
these roots are equal, since like roots of equals are equal. Now, since the first 

term of the trinomial square is a?, and the last (-^j does not contain x, its 

square root is a binomial consisting of a; ± the square root of its third term, or 
half the coefficient of the middle term, and hence a known quantity. The 
square root of the second member can be taken exactly, approximately, or indi- 
cated, as the case may be. Finally, as the first term of this resulting equation 
is simply the unknown quantity, its value is found by transpoeong the second 
term. 

ScH. 1. — This process of adding the square of half the coefficient of the 
first power of the unknown quantity to the first member, in order to make 
it a perfect square, is called Complbtino the Square. There are a variety 
of other ways of completing the square of an affected quadratic, some of 
which will be given as we proceed ; but this is the most important^ This 
method will solve all cases: others are mere matters of convenience, in 
special cases. f 

111, Cor. 1. — An affected quadratic equation has two roots. 
These roots may both be positive, both be 7iegativey or one positive and 
the other negative. They are both real, or both imaginary. 

J>V3i. — Let ^ + px = q\iQ any affected quadratic equation reduced to the form 
for completing the square. In this form p and q may be either positive or 

P 
negative, integral or fractional. Solving this equation we have a? = — -^ 

± y X + y. We will now observe what different forms this expression can 
take, depending upon the signs and relative values of p and q. 

1st. When p and q a/re hath positite. The gigns will then stand as given ; t. «., 

|B= -| ± y^ + q. Now, it is evident that y^ + g > |, for y^- + q 
is the square roo* of something mare than ^. Hence, as « < y x + fl'» 



^ + y X + s' is positi/De ; but — ^ — yx+y^ negative, for both parts 



-^4- 



are negative. Moreover the pegati^e root is nun^erically greater than the 
positive, since tl^e fonner }s the numerical sum of the two parts, and the latter 
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the numerical difference. /. When p and q are both + in the given form, one 
root is positive and the other negative, and the negative root is numerically 
greater than the positive one. 

2d. When p U negative and q poHHve, We then Jiave a? = — —^ ± i/ — ?^ + q 

=^ ?: ^ Y A "^ ^' If we take the plus sign of the radical, x is positive ; but if 

/P* P 

■T- + J > g. Moreover, the positive 

root is numerically the greater. .*. When p is negative and q positive, one root 
is positive and the other negative ; but the positive root is numerically greater 
than the negative. 

I. JVhen p and q are both negatwe. We then have a?= a ^ r ^~X **" ^""^^ 



8d. 



= ^± y ~ — fi'. lu this if^>g, y ^ —q^ real, and as it is less than ^, 

both values are positive, li ~- = q, i/^ — 5'=0 and there is but one value 

of X, and this is positive. (It is customary to eaU this ttoo equal positive roots 
for the sake of analogy, and for other reasons which cannot now be appreciated 

by the pupil.) If =^ < j', 4/^ — g becomes the square root of a negative 
quantity and hence imaginary. 

4th. When p ie poeiiive and q negative. We then have « = — ?±4/^ — 5^. 

pi 
As before, this gives two real roots when 9 < "x* ^^^^ ^^^ ^b the case both 

roots are negative, [Let the pupil show how this is seen.] When 9 = "7-* ^^® 

P* 
roots are equal and negative ; t. e., there is but one. When ^ < 9 both roots 

are imaginary. 

112* Cob. 2. — An affected quadratic being reduced to the /arm 
X* 4- px = q, the value of x can always be toritten out without taking 
the intermediate steps of adding tJie square of half tJie coefficient of 
the second temiy extracting the rooty and transposing. The root in 
^ch a case is half the coefficient of the second term taken with the 
opposite siffn^ d= t?ie square root of the sum of the square of this 
half coefficient^ and the known term of the equation. This is observed 

directly fro7n the form x = — 2 ± A/ -r + ^> ^^ more in detail 
in the demonstration of the preceding corollary* 
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113 • Cob. 3. — Upon tJie principle that the middle term of a tri- 
nomicd square is twice the product of the square roots of the other 
two, we can often complete the square more advantageously tlian by 
the regular rule. 

■ 

Thus having 4a;'— Ida; = 10. Since 4a;* is a perfect square, and 12a; is diris- 
ible by twice the square root of ^x'^ , i. e. hj 4x, we see that the wanting tliird 
term is 3*, or 9. Adding tliis to both members, we have 4a;'— 12a; + 9 = 25. 

Again, if the coefficient of x* is not a perfect square, it can be rendered such 
by multiplying by itself (or often by some other factor). If then the second 
tenn (the term in x) is not divisible by twice the square root of this first term, we 
may multiply both members of the equation by 4, and the first term will still 
be a perfect square, and the second term divisible by twice its square root. 

lid* ScH. 2. — The method of Akt. 110 is perfectly general, and will 
solve all cases ; but some may prefer the more elegant methods indicated in 
(113% in special cases. Some illustrations of these methods are given in 
the examples following. 



Examples. 
1. a;«-6ic=16. 2. 3a;8= 24a;-36. 3. a;« — 4fla;=7a«. 

4. a;»- 7a; + 2=10. 5. Sx*+ 135= 12a;. 6. a:«+ (a-l)a;=a. 

10. Solve 9a;«-hl2a;=32, 7a;«-14a;= -64, and 3a;«-13a;=10, 

ivby Art. 113. 

'. 

'i Bug's. — Dividing 12a; by 2^9x*, or da;, we have 2 as the square root of the 
' third term, tience ftr* + 12i + 4 = 36, is the equation with the square com- 
• ' pleted. 

7a;* — 14p = — 5f , becomes, by multiplying by 7, 49a;*— 98a; = — 40. Hence, 
completing the square as in the last, 49a;* — 98a; + 49 = 9. 

3a;* — 13a; = 10, multiplied by 8 and by 4 becomes 3ea;* — 156a; = 120. Hence, 
completing the square as before, 86a;*— 156a; + (13)*= 289. 

[Note. — Solve the following by any of the preceding methods, according to 
taste or expediency.] 

11. (2a;4-3)*x(3a; + 7)*=12. 12. 3a;»4-2a;=85. 
13. a«(l+J»a;«)=J(2a«a;4-J). 14. 5a;«-9a;+2i=0. 
15. 3Vll3-8a;=19 + V3J+7. 16. 7a;«-lla:=6. 
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17. (a:-c)V'«6-{«-i)Ve^=0. L- 18. 3a;«+a;=ll. 

j^ 5(3^)^ 2 3^ 20.^±^^^S=?. 

l+5va; V« ir— Va;*— a* « 

91 V?+^ -n/I^ ^^'^'^ 99 a;-Vi+T _5 

l + Vl+a; l-vT-i a;+Vic+l ^^ 

23. h{ 4-1 )( 4-1)= «• 24. rs=0. 

Vic J\ X J X X X'\-l x+2 

25. 4/4 + V2x^+x* =^4^. 26. 2Vi+4^=5. 

27. |-4-«'+2;.-^=45-3a^+4*. 28. ±1^+^=1. 
3 o a:— «a x-^(Z 



x-^Vx^—^ 



. 2V^4-^4a:4-V7a;+2=l. 30. ^^-^~===(a;-2)«. 



SECTION III. 

EQUATIONS OP OTHER DEGREES WHICH MAY BE SOLVED AS 

QUADRATICS. 

lis. Prop. 1. — Any Pure Equation (i e., one containing the 
unknown quantity affected with but one eoynmefit) can be solved in 
a manner similar to a Pure Quadratic, 

Dem. — ^In any such equation we can find the valae of the unknown quantity 
affected by its exponent, as if it were a simple equation. If then tlie imknown 
quantity is affected with a positive integral exponent it can be fwad Of it by 
evolution ; if its exponent be a positive fraction it can be freed of it by extract- 
ing the root indicated by the numerator of the exponent, and involving this root 
to the power indicated by the denominator. If the exponent of the unknown 
quantity is negative it can be rendered positive by multiplying the equation by 
the unknown quantity with a numerically equal positive exponent. Q. B. D. 
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110. Prop* 2* — Any equcMon eantaining one unknmon quan* 
tUy affected with only two different eseponentSf one of which is twice 
the other J can be soloed <u an Affected Qtiadraiic. 

Dem. — Let m represent any number, positive or negative, integral or frac- 
tional ; then the two exponents will be represented by m and 2m ; and the 
equation can be reduced to the form x^ + px^ = q. Now let y s= af*, and p*=s[l^, 

whatever m maj be. Substituting we have y' -4- i^ = 9> whence y = ~ ^ 



±4/^ + q. But if^zaf"; hence « = f — | ± y^ + qj - Q. b. d. 

117 • Prop. 3. — Equations may frequently he put in the form 
of a quadratic by a judicious grouping of terms containing the 
wiknown quantity y so that one group shall be the square root oft/ie 
other. 

Bbm.— ThispropoaitioB will be established by a few examples, as It is not a 
general truth, but only i>oiQte out a special method. 

118. Cob. — ^The form of the compoukd Ti^nyi may sometimes 
be found by transposing all the terms to the first member ^ arranging 
them with refere?tce to the unknown quantity^ and extracting t/ie 
square root* In trying this eoBpedieni^ if the highest eapoTient is 
not even it mt^t be made so by muUiplying the equation by the, 
unknown quantity. In like manner the coefficient of this term is 
to be made a perfect sqtmre. When the process of extracting the 
root terminates^ if the rootfotmd can be detected as apart^ or factory 
or factor of apart of the remainder, the root may be the polynomial 
term. 



119. Prop. 4. — When an equation is reduced to the form 

X* + Ax"~* + Bx"'* + Cx"~* h L = 0, the roots with their signs 

changed are factors of the absolute {known") term L. 

Dkm. — Ist. The equation being in this form, if a is a root, the equation is 
divisible by %-~a. For, suppose upon trial x-^a goes into the polynomial 
05" + Aaf"~*+,etc., Q times with a remainder R. (Q represents any series of 
terms which may arise from such a division, and R, any remainder.) Now, since 
the quotient multiplied by the divisor, + the remainder, equals the dividend, W9 
have (« — a)Q + R = aj" + A;j"-' 4- B.c"-« + Cj;*-*--- + L. But this polyno- 
mial = 0. Hence (« — o)Q + R = 0. Now, by hypothesis a is a root, and conse- 
quently ip — a = 0. Whence R = 0, or there is no remainder. 

2d. If now z — a exactly dividesa?" + AiB*-* + Baf-* + Cai*-*-- - +L, a 
must exactly divide L, as readily appears from considering the process of 
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division. Hence — a is a factor of L, a being a root of tlie equation. 
Q. E. D. 

120* Many equations of other degrees than the second, and 
which do not fall under the preceding cases, may still be solved as 
quadratics by means of Special Artifices. For these artifices the 
student must depend upon his own ingenuity, after having studied 
some examples as specimens. These methods are so restricted 
and special that it is not expedient to classify them ; in fact, 
every expert algebraist is constantly developing new ones. See 
Ex's. 47-57. The following principle is often of service in such 
solutions : 

12 1» JProp. 5. — When an equation can te put in such a form 
that the product of any number of factors equals 0, the equation is 
satisfied by putting any one of these factors equal to 0. 

Dbm. — ^This scarcely needs demonstration, but wiU appear evident if we 
consider sucli an expression as (a?' 4- 1) («' — a^ + 1) {« — !) = 0. Now, on the 
hypothesis that any factor, as a;^ + 1, is 0, the equation is satisfied.* So also, if 
«* — «*+ 1 = 0, the equation is satisfied, etc. 

122, ScH. — Ability to recognize a factor in, a polynomial is of prime im- 
portance in the solution of sw^ equations, E ii the gra/nd key to d^ffUuU 

solutions. 



Examples. 

1. x^ = 81. 2. ic« =32. 3. x^ = m. 

4. 2/* = 243. 5. z^ = 1331. 6. y ^ = 4. 

7. «• = 5. 8. a;*+ \/2= - ^ _ . 9. x^ + 4a;« = 12. 

10. ic'"* + or =p. 11. x^ —x^= 56. 12. ax^ + bx^ = c. 

13. of - 2ax^= b. 14. a;* + a:* = 756. 15. x^ + hx^- 22 = 0. 

16. ax^ --bx^ — c = 0. 17. aj^ + — T = ^i- 

2^* 



* In ptrictiioes wc should add " since this hypothesis cannot render any other factor oo.** 
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18. 3x* V^ + 3-= = 16. 19. a;« - 2a; + Wx* - 'Zx + 5 = 11.* 

^x* 



20. a; + 16 - 7Vx + 16 = 10 - 4Va; + 16. 

21. x*-x-{- 5 V2a;» - 5x + 6 = i(3a? + 33). 

22. Va; + 12 4- \^a; 4- 12 = 6. 23. r a? + y 1 - i = a:. 



a; a? 

142 



24. 1 +i/rr^ == VTT^. 25.a:.+l +2f:. + l)=l^ 

a; a a;' \ »/ 9 

26. 2a;« - 2a: + 2V2a;« - 7a; + 6 = 5a; - 6. 



27. V{1 + a;)«- v'(l - a;)» = ^1 - a;«.t 

28. X* - 8a;8 + 29a;« - 62a; + 36 = 126. v; 

Solution. — See (118), Transposing 126, and extracting the square 
root ; when we have the two terms «• — 4i; of the root, we have a 
remainder 18J;* — 52a? — 90. We now notice that, if we call 4 the next term 
of the root, the next remainder will be 5jj* — 20a; —106, which we may 
write 6(a?* — 4aj + 4) — 126. Hence our equation may be put in the form 
(a;* _ 4p + 4)« + 5(a?« - 4aj -h 4) = 126. 

/ 29. a;*-6a;» + 5a;« + 12a;=60. \' 30. a;»-6a;« + lla;=6. 

31. 4a;* + f =4a;» + 33v ; 32. a;3+5a;«+3a;-9=0.t 

33. a;»-.6a;«+ 13a;-. 10=0.; V 34. a;»-13a;«4-49a;-46=0. 
86. a;8-h8a;« + 17a; + 10=0. 36. a;»-29a;« + 198a;-360=0. 

dm. a;»-16a;« + 74a;-120=0. 38. a;* + 2a:»~3a;«-4a;+4=0. 



♦a?«— 2a?+ 5 + 6Va?«— 2a; + 6 = 16. Potting a:*-2aj + 5 = y*, y*+6y = 16. 
8nch eabfttltntion is not alifolntely necef>8aiy, as we niny .treat a;* — 2a; + 5 aa the unknown 
quantity without substituting. Solve the following in like manner. 

t Dividing by ^ZT^ we have 4/LtJ? - i/ln? = 1. Then, multiplying by 

y \—x y i-\-x 

t By (t19) we are led to try + 1 or — 1, or + or — 3, as roota. The equation is divisible 
by a? — 1, and a? + 3. 
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39. ar* - 10a:» + 35a;« - 50a; + 24=0. 40. a;* - 4a;3 + Bx^ - Sx = 21. 
41. a:*-2a;»-25a;«4-26a;=— 120. 42. 3a;*+13a;3-117a:=243. 

43 ^«?5_ .1^115-. 1_. 11 
14 7a;» "^ aa; "~ 2a;« ■*" *' 

44. aj = — ^ — -— . Put Vx =y. 



^ Special Expedients. 

45. To find the roots of a:* = ± 1, a;» = drl, a;* = =fcl, a:»=d=l, 
a;* = dr 1, and a;® = db 1. 

Suo's. a?« — 1 = 0. Factoring (aj — 1) (a?* + aj3 +«* -f « + 1) = 0. .\x = l, 
and also x* + a;' + «•+ a? +1 = 0. Dividing by x*, aj*+ a? 4- 1 H 1 — ^ =0,or 

X X 

<^ +2 + -r + «+ - = 1, or (a; + - ) 4- ( a? -H - ) = 1. 
X* X \ x/ \ x/ 

46. To find the roots of yr— — rr = «. 

(1 + a^)* 

Bug's. 1 + a?* = o(1 + a;)* = a(l + 4ij + ftc« + 4jj« 4- «*). Whence, dividing 

, , , . . ,1 4d / 1\ 6a 
by »• and arranging terms, aj* -f- -^ — 4 ( » + - ) = ^ . 

X ■ X ^ fit \ X / X ""• A 



47. To solve ^^V^^g_ ^« + j. 

1 — a; + V 1 + a;« 

Suo's. — ^This can be cleared of fractions, and then of radicals, in the ordinary 
way. But tlie following expedient will be found elegant in this case, and 
convenient in many. Dividing by 2a, treating the resulting equation as a 

proportion, and taking it by division, we ha^e — ; = ?LlL?. .•. 1 + ^ — «» 

vl4-aj* a + b 1 + x* 



com- 



/a — 6\« 2a? ^ /a — 6\t 4a6 m v *v -v. 
= ( — -rr) ,orq r = l— ( ;) =^ rr^. Takmg this agaiu by 

.^. . ,. . . ^^ . ( 1 4- xy (a4- 5)*4-4aft (a~6)«4 -8a6 

position and division, we oUam ^j-^^^ = ^^_^^^,_^ = (^,5). * <>' 

1 — - = — ~ . Again, by division and composition, we obtain 

X ^ X €b — V 

V(a-b)*+^ab - (a - b) 



x = 



i^(a-&)*4-8a6 4-(a-6y 
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48. To solve (i 4- a; +a;«)« = ^-^ (i + a;« + a;*). 

SuQ's.— Dividing by l+a; + a!«, 1 + aj + a5» = ?-±4 (1 -a? + a^,or ^•^^ + ^ 

_ g + l , 1 + a^ _ 
a— 1 a? 

49. To solve a = «* + (1 — «)*. 

SuG's.— Since (1— «V = («— 1)*, we may -write a = (sc — } 4- J)* + (a? — J — i)*. 
Now put a? — 4 = y, substitute and expand. 



50. To solve ^x - - -- |/l - 1 = ? — i 



a; ic ar 



fiuG's.— Dividing by 4/1 -.1, aAj 4- 1 -1=^^=- • Squaring, etc., 3y^aj+ 1 

r a; ^ y a; 

= 1 H ha?. Squaring, etc., again, (x ) — 2(x j=r — 1. 



X 



51. Solve x*-'X + dV2x^ -dx + 2 = ^ + 7. 

9 

62. Solve :; r = 5 — iT — 0?*. 

1 + X + X^ 

53. Solve — ■ — r = -5 . 

a^ —ax + X* 7^ 



64. Solve ^ / ^ -^ = V^a;« — a« ( Va;* + oic — Va;^ — ar). 



|/a;4-Va;*— a^ 



1 + x^ 13 



. . 



65. Solve 2a; V 1 — a;* = a(l + a?*). Also ,, ,, ~ 

56. Solve 6i5» — 5a;» + a: = 0. Also x^ + ii;2 __ 4^; — 4 = 0. 

57. Solve 8a;» + 16a; = 9. Also 3a;« + 8a;* - 8a;8 = 3. 

Sno. — ^The JK)lu^onB of the last four depend upon the recognition of a com- 
mon factor. 
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SECTION IV. 

SIMULTANEOUS EQUATIONS OF THE SECOND DEGREE BETWEEN 

TWO UNKNOWN QUANTITIES. 

123^ Prop* 1. — Two equations between two unknown quwdi- ' 
tie8^ one of the second degree and the other of tlie first^ may always 
he solved as a quadratic, 

Dem.— The general form of a Q^adratic Eguution between two unknown 
quantities is ' 

a^ -{- hxy -i- cy^ -^ dx -\- ey +/ = 0, i 

since in every such equation all the terms in «' can be collected into one, and its 
coefficient represented by a ; all those in cty can also be collected into one, and 
its coefficient represented by &, etc., etc. 

The general form of an equation of the First Degree between ;two variables is ! 

a'x + h'y + c' — 0. 

Now, from the latter x = —, . which substituted in the former gives i 

no term containing a higher power of y than the second, and hence the resulting 
equation is a quadratic. Q. E. D. 



124:» Fropn 2. — In ge^ieral^ the solution of two quadratics 
between two unknown quantities^ requires the solution of a biqua^ 
dratic ; that is, an equation of tlie fourth degree, 

Dbm. — Two General Equations between two unknown quantities have the 

forms 

(1) oiJ^ ■+- hxy + cy^+ dx-^ ey -+-/= 0, and 

(3) a'x" + h'xy + ey + d'x 4- e'y -h/' = 0. 

Fro. (1, . = - ^ . i/^^r^l±f±/. 

Now, to substitute this value of x in equation (2), it must be squared, and 
al8o, in another term, multiplied by y, either of which operations produces 
rational terms containing y*, and a radical of the second degree. Then, to free 
the resulting equation of radicals will require the squaring of terms containing 
y', which will give terms in y*, as well as other terms. Q. B. D. 



123. Def. — A Homogeneous JEquation is one in which 
each term contains the same number of factors of the unknown 
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quantities. 2x^ — 3zy — y* = 16 is homogeneous. 3z* — 2y + y* 
= 10 is not homogeneous. 

126. Prop, 3* — Two HomogeneouB Qimdratie JEquationa be- 
tween two unknown quantities can always be solved by the met/iod 
of quadratics^ by substituting for one of the unknown quatitities the 
product of a new unknown quantity into the other, 

Dem. — ^The truth of this proposition will be more readily apprehended by 

means of a particular example. Take the two homogeneous equations x^ 

— ary + y* = 21, and y' — 3a^ + 15 = 0. Let x = i>y, v being a new unknown 

quantity, called an auxiliary, whose value is to be determined. Substituting in 

the given equations, we have dV — ^y' + y' = 21, and y* — 2t)y' = — 15. From 

21 15 

these we find y' = -j-- r , and y' = 5— jr . Equating these values of y», 

21 ' 15 

= ; whence 42v — 21 = 15t>* — 15tJ + 15. This latter equation 

«' — i> + 12© — 1 ^ 

is an affected quadratic, which solved for v, gives 0=8, and i. Knowing the 

15 
values of v we readily determine those of y from y' = r r , and find y 

= ± \/3 when « = 3, and y = ± 5 when t? = f. Finally as x = vy, its values 
are a; = ± 3>v/3, and ±4. 

By observing the substitution of t)y for x in this solution, it is seen that it 
brings the square of y in every term containing the unknown quantities, in each 
equation, and hence enables us to find two values of y' in terms of v. It is easy 
to see that this will be the case in any homogeneous quadratic with two 
unknown quantities, for we have in fact, in the first of the given equations, all 
the variety of terms which sucli an equation can contain. Again, that the equa- 
tion in V will not be higher than the second degree is evident, since the values of 
y' consist of known quantities for numerators, and can have denominators of 
only the second, or second and first degrees with reference to «. Whence v can 
always be determined by the method of quadratics ; and being determined, the 

1*5 
Talue of y is obtained from a pure quadratic (y* = — , in this case), and that 

2« — 1 
of X from a simple equation (x = vy in this case). 



127. JPvop* 4:* — When the unknmcn quantities are similarly 
involved in two quadratic, or even higher equations^ the solution can 
of ten be effected as a quadratic^ by substituting for one of the un^ 
hnovm quantities the sum of two others^ and for the other unknown 
quantity the difference of these new quantities. 

As this is only a special expedient, and not a general principle, its truth will 
be rendered sufficiently evident by the solution of a few examples. See Ex's. 13, 
14, 15. 
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Examples. 



^i 



3. 



6. 



7. 



9. 



11. 



13. 



15. 



7a;»-8a:y=159, 
5a; + 2y=7. 

a;+y=4, 

- + -=1- 
X y 

i X* +ay=15, 

W-y*= 2. 

( a:«+ ay+2y»=74, 
l2a;«+2a;y+ y*=73. 



(a;«-4y» = 9, 
Uy + 2y»=3. 

jjc«+a;y+y»=52, 
(rry— a;*=8. 

(4(ic+y)=3a:y, 

(iry(a;+y)=30, 
U>+y»=35. 



^i 



a;«— 2iry— y«=X 

a;+y=2. 



( ay=28. 



6. 



8. 



10. 



12. 






a;*+a?y+4y*=6, 
3a:« + 8y«=14. 

j a;«+a;y=12, 
la;y4-y»=2» ^ 

ja;»+y«+l=3a?y, . 
l2(a:y+4)=3y». 

««— 2a;y— y«=31, 
ia;«+2icy-y«=10L 



I 



( a;-y =ia:y. 



SUG.— The last three are readilj solved by (127)- Thus, in the 15th, patting 
flj = B + «, and y = » — f>, the equations become 22*— 2«*2 = 80, and 2e* + 6«*« 
= 86. 



!a;+y a— y_5 
J^'*"^""2' 17. 1 
a;»+y»=20. 



»+y- Vii?y=7, ^g j a; - y = 
x^ +y* +ajy=133. * ( «*— y* = 



i»-y = 8, 

1456a 



Special Solutions. 

19. y» - 4a:y + 20a;» + 3y - 264a;=0, 5y« - 38a;y + a:^ - 12y 
+ 1056a; = 0. 
Sua. — Add 4 times the first to the second. 

* Two homogeM(m» quadratics can always be solved by (1)96), but special expedicDts are often 
more elegant. In this case by adding twice the second to the first, and extracting the square 
r'*nt, we have x-^y—±lX. SabtractiAg twice the second from the first, and eztiacting the 
square root, we have x— yzs^ ±8. 
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20. X + y ^x^y 3y — a; = y*. 
Suo. — Subtract the first from tlie second. 



9, (a; -y =2, (a: +y =5, (« +y =4, 

gUG*s.— To solve the 23d, square the first, writing the result aj* + y* = 16 
— 2xy, and square again. Then for a?* + y* substitute 82. 

24. To solve a; — y = 3, and a;« — y« = 3093. 

Sxjg's. — ^Divide the second by the first, and proceed in a manner similar to 
that given for the last. 

25. To solve x* —xy -hy* = 7, and x^ + x*y^ H- y* = 133. 

guo. — Divide the second by the first. 

26. To solve (3 - -^Y + (^ + -^)* = 82, and xy = 2. 

\ X + y/ \ x — y/ 

8uo'8.-Write the firat (^=M)% ('^±%)'= 88; and put |^=,. 
Whence 9t)» + -5 = 82. 

27. To solve x^ ■\- y {xy — 1) = 0, and y^ —x (xy + 1) = 0. 

Sug's. — ^Write a;* + a?V — a?y = 0, and y* — a^V — «y = 0, and subtract the 
second from the first. Whence a?* — y* + 2a?y^ = 0, or a;* +a«»y' +y* = 2y*, and 

ofi + 1^ z= >y/2 y*, or - = Vv2 — 1. From the given equations we get h ,^ 

= ^. H«i€e J-^^^ = 8 - 2 V2. or ajy = i V2. 
y* 1 -^ xy ^ » *r .-v 

28. Given xy = a(x -f y), a» = J(a; 4- 5?), and yz = c(y + 2J). 

SuG.— These are readily put into the forms - = - + -, - = -4--, and - = - 

*'*^ a y X . z X c z 

1 

+ -. 

y 

29. Given ar(a;-hy+s) = 18, y(a;+y+s) = 12, and z{x-\-y'\'Z) = 6. 

30. Given xyz = 48, — = ^^ > a-nd — = ^ . 

^ ^ yz 12 z 3 

31. Given a; + y 4- 2 = 6, 4a? + y = 2^;, and a;^ + y« + «« = 14. 

32. Given 2Vx^ - y* + a:y = 26, and ^ - | = 20* 
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33. Given ^^^ + 10?-=^ = 7, and xy^ = 3. 

x-y X -hy ^ 

34. Given y{x* + y«) = 4(a; + y)», and xy = 4(a; + y). 

35. Given x^y = 10, and i/^ + i/| = |. 

36. Given V5 — Vy = 2Vxy, and a; + y = 20. 

37. Given Vx* + y« + Va;« — y« = 2y, and a;* — y* = a*. 

38. Given a/^ + |/ | = --= + 1, and Vx^y -f Vxf^ = 78. 

39. Given Va; + y + 2 y x — y = \ ^ , and — -^-^ = — . 

Vx — y xy IS 

( y— 4=2y»a;*. (rc*+y*=a;. ( a;*y*=2y*. 



APPLICATION&. 

1. The plate of a looking-glass is 18 inches by \% and it is to be 
surrounded by a plain frame of uniform width, and of surface equal 
to that of the glass. Eequired the width of the fi*ame. 

2. A person bought some fine sheep for $360, and found that if he 
had bought 6 more for the same money, he would have paid $5 less 
for each. How many did he buy, and what was the price of each ? 

3. A traveller sets out for a certain place, and travels one mile the 
first day, two the second, three the third, and so on : in 5 days after- 
ward another sets out, and travels 12 miles a day. How long and 
how far must he travel before they will come together ? 

4. Divide the number 48 into two such parts that their product 
may be 432. 

5. Divide the number 24 into two such parts that their product 
may be equal to 35 times their difference. 

6. For a journey of 108 miles, 6 hours less would have suflBced, 
had the traveller gone 3 miles an hour faster. At what rate did he 
travel ? 
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7. The fore wheel of a coach makes 6 revolutions more than the 
hind wheel in going 120 yards; but, if the circumference of each 
wheel be increased by 1 yard, the fore wheel will make only 4 revo- 
lutions more than the hind wheel in the 120 yards. What is the cir- 
cumference of each wheel ? 

8. The product of two numbers iap; and the diflference of their 
cubes is equal to m times the cube of their diflference. Find the 
numbers. 

9. Find two numbers whose product is equal to the diflference of 
their squares, and the sum of their squares equal to the diflference of 
their cubes. 

10. There are 4 numbers in arithmetical progression. The sum of 
the extremes is 8 ; and the product of the means is 15. What are 
the numbers ? 

Sua. — In Bolying examples involving several quantities in arithmetical pro- 
gression, it is usually expedient to represent the middle one of the series, when 
the number of terms is odd, by x, and let y be the common difference. If the 
number of terms is even, represent the tioo middle terms \iy x — y, and x + y, 
making the common difference ^. 

•ft 

11. Five persons undertake to reap a field of 87 acres. The five 
terms of an arithmetical progression, whose sum is 20, will express 
the times in which they can severally reap an acre, and they all 
together can finish the job in 60 days. In how many days can each, 
separately, reap an acre ? 

12. There are three numbers in geometrical progression, the sum 
of the first and second of which is 9, and the sum of the first and 
third is 15. Eequired the numbers. 

Sug's. — In solving examples involving several quantities in geometrical pro- 
gression, it is sometimes expedient to represent the first by x, and the ratio by y, 
so that the numbers will be x, xy, xy^, etc. In other cases it is expedient, if the 
number of numbers sought is odd, to make xy the middle term of the series and 

P X* V* 

^ the ratio. Thus 5 terms will be represented - , a?«, xy, y«, — . When the 

number of numbers sought is even, it is sometimes expedient to represent the 

11 x^ v^ 

two means by x and y, and the ratio by -. Tlius 4 terms become — ,x, y,~. 

X y X 

13. Tliere are three numbers in geometrical progression whose 
continued product is 64, and the sum of their cubes is 584. Eequired 
the numbers. 10 



* * • w <• 
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14. The snm of the first and second of four numbers in geometri- 
cal progression is 15, and the sum of the third and fourth is 60. 
Bequired the numbers. 

15. There are three numbers in geometrical progression, whose 
product is 64, and sum 14. What are the numbers ? 

16. It is required to find four numbers in arithmetical progression, 
such that if they are increased by 2, 4, 8, and 15 respectively, the 
sums shall be in geometrical progression. 

17. It is required to find four numbers in geometrical progression 
such, that their sum shall be 15, and the sum of their squares 85. 

18. The sum of 700 dollars was divided among four persons, A, B, 
C, and D, whose shares were in geometrical progression ; and the 
difference between the greatest and least, was to the difference be- 
tween the two means, as 37 to 12. What were the several shares? 

19. The sum of three numbers in harmonical proportion is 191, 
and the product of the first and third is 4032 ; required the numbers. 

20. The 2i and 6th terms of a geometrical progression are respec- 
tively 21 and 1701. What is the first term, and what the ratio ? 

21. A and B travel on the same road, at the same rate, and in the 
same direction. When A is 50 miles from the town D, he overtakes 
another traveller who goes at the rate of 3 miles in 2 hours; and 
two hours after, he meets a second traveller who goes at the rate of 
miles in 4 hours. B overtakes the first traveller 45 miles from D, 
and meets the second 40 minutes before he (B) reaches the 31st mile- 
stone from D. How far are A and B apart ? 

22. The joint stock of two partners, A and B, was $2080. As 
money was in trade 9 months, and B's 6 months, when they shareil 
stock and gain, A receiving 11140 and B $1260. What was each 
man's stock ? ^ ! 

23. There is a number consisting of three digits, the first of which 
is to the second as the second is to the third; the number itself is 
io the sum of its digits as 124 to 7; and if 594 be added to it the 
digits will be inverted. What is the number ? 

24. A person has 11300, which he divides into two portions, and 
loans at different rates of interest, so that the two portions produce * 



^ 
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equal returns. If the first portion had baen loaned at the second 
i*ate of interest, it would have produced 136, and if the second por- 
tion had been loaned at the first rate of interest, it would have pro- 
duced $49. Bequired the rates of interest. 

25. A person traveling from a certain place, goes 1 mile the first day, 
2 the second, 3 the third, and so on ; and in six days after, another 
sets out from the same place to overtake him, and travels uniformly 
15 miles a day. How many days must elapse after the second starts 
before they come together ? 
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CHAPTEB IV. 

IJN^SQ UALITIE8. 

128. An InequcUUff is an expression in mathematical sym- 
bols, of inequality between two numbers or sets of numbers. 

III. — ^Thus a> b (read "a greater than b")iB an inequality ; also a*x^3 
< 5 + 2 (read "a*x - 8 lees than 5 + 2"). (See Pakt L, 4^.) 

129. Fundamental JPrinciple. — ^In comparing two posi- 
tive numbers, that is called the greater which is numerically so. 
Thus 5 > 3. But, in comparing two negative numbers, that is 
called the greater which is numerically the less. Thus — 5 < — 3. 
Of course any negative number is less than any positive number. In 
general, we call a>b when a — J is positive, and a <b when a — b 
is negative. 

130. The part of an inequality at the left of the sign >, or <, 
is called the first member , and the part at the right, the second mem- 
ber of the inequality. 

131. For the purposes of mathematical investigation, inequali- 
ties are subjected to the same transformations as equations, but with 
certain characteristic differences in the results, which will be pointed 
out in the following propositions. 

132. If, in transforming an' inequality, the same member that 
was the greater before the transformation is the greater after, the 
inequality is said to continue to exist in the same sense; but, if the 
transformation changes the general relation of the members, so that 
the member which was the greater before the transformation is the 
less after, the inequality is said to exist m an opposite sense in the 
two inequalities. 

133. Prop. — 27ie sense in which an inequality exists is not 
changed^ 

1st. By adding equals to both memberSy or subtracting equals from 
both; 
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2d. By multiplying or dividing the members by equal positive 
numbers / 

3d. By adding or multiplying the corresponding members of two 
inequalities xohich exist in the same sense^ if all the members are 
essentially positive / 

4th. By raishig both members to any power whose index is an odd 
number ; * 

5tli. By raising both members to any power^ if both members are 
essentially positive ; 

6th. By extracting the same root of both m,emberSy if w?ien the de- 
gree of the root is even^ only the positive roots be compared. 

III. and Dem. — ^The 1st is, in general, an axiom. Tlias if a > 5, it is evi- 
dent that a ±c>h ±c, Wlien c> a, a — c is negative, but since & < a, & — c 
is also negative and numerically greater than a — e. Therefore, in this case, 
a-Ob-c (129). 

2d. This is wholly axiomatic. If a > & it is evident that ma > mb, and that 

a h 

— > — . 

m m 

3d. This, too, is an axiom. If a > &, and c> d, a, h, c, and d being each + , 
it is evident that a -hO b + d; and that ac > bd. 

4th. This becomes evident by considering that if a > &, raising both members 
to any power whose degree is odd will leave the signs of the members as at the 
first, and also the sense of the numerical inequality the same. 

5th. This appears from the fact that neither the signs nor the sense of the 
numerical inequality of the members is changed by the process. 

6th. This is evident from the fact that the greater number has the greater 
root, if only positive roots are considered. 



13 dm Prop. — The sense in which an inequality exists is changed^ 

1st. By changing the signs of both members ; 

2d. By mfultiplying or dividing both m,emb€rs by the same negative 
quantity ; 

3d. By raising both members to the sams even power^ if the members 
are both negative in the first instance; 
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4th. By comparing the negative even roots {the members^ in the first 
instance^ being both essentially positive). 

III. and Dem. — ^The first is evident, since if o > 6, — a < — 6 by (129). 
That is, of two negative quantities the numericallj greater is really the less. 

2d. These operations do not change the numerical relation of the members, 
Imt do change the signs of the members ; hence it falls under the preceding. 

8d. and 4th. EssentiaUy the same reasoning as in the last. 



Exercises. 

1. When a and b are unequal, show that a* 4- J*>2aJ. 

Solution. — Let a> b; whence a— 6>0, or a*— 2a6+6*>0, ora*+6*>2a&. 
Simihirly if a <b, 

2. Prove that the arithmetical mean between two quantities is, 
in general, greater than the geometricaL How if the quantities are 
equal ? 

3. If o, by Cy are such that the sum of any two is greater than the 
third, show that a» + J* + c» <2(ai •{- ac ■¥ be). 

4. If a* 4- J* + c«= 1, and m* + n« + r^= 1, show that am +bn 
+ cr < 1. How ita = b = c = m = n = r? 

5. Show that, in general, (a+J--<?)*+ (a + c— J)«+ (ft + <?—«)• 
>ab-{-bc+ac. Howifa=ft=c? 

6. Which is greater, 2x^ or a: + 1 ? 

Solution.— 1st. If a? > 1, ««>!(?), 2a?» > 2a; (?) ; but a« > « + 1 (?). 
.'. 2cB=»> aj + 1. 

If a? < 1, a similar process shows 2x'* < a? + 1. 

7. From 5a; — 6 < 3a? + 8, and 2a; + 1< 3a? — 3, show that x 
may have any value between 7 and 4 ; i. e., that the limiting values 
are 7 and 4. 

8. What are the limiting values of x determined from the con- 
ditions 3a; -2 > ia; - f , and J — |a; < 8 — 2a; ? 

9. The double of a number diminished by 5 is greater than 25, 
and triple of the number diminished by 7 is less than the double 
increased by 13. What numbers will satisfy the conditions? 



PART III. 



AN ADVANCED COURSE IN 

ALGEBRA. 



CHAPTEfi I. 

INFINITESIMAL ANALYSIS. 



SECTION I. 

DIFFERENTIATION. 

13S. In certain classes of problems and discussions the quantities 
involved are distinguished as Constant and Variable. 

136* A Constant quantity is one which maintains the same 
value througbout'the same discussion, and is represented in the 
notation by one of the leading letters of the alphabet 

137. Vairhible quantities are such as may assume in the same 
discussion any value within certain limits determined by the nature 
of tbe problem, and are represented by the final letters of the 
alphabet. 

III.— If X is the radios of a circle and y is its area, y =z itx*, as we learn from 
Geometry, n being abont 3.1416. Now if x, the radius, varies, y, the area, will 
yary ; hut ic remains the same for all values of x and y. In this case x and y 
are the variables, and ^r is a constant. 

Again,, if y is the distance a body falls in time x, it is evident that the greater 
X is, the greater is y, i. e., that as x varies y varies. We learn from Physics that 
y = 16-,^*, for comparatively small distances above the surface of the eartli. 
In the expression y = 16iV^', ^ <^i^d V <^^ ^1^® variables, and I67V ^ & constant. 

Once more, suppose we have y* = 25a;' — Zx* — 5, as an expressed relation 
between x and y, and that this is the cnl/y relation which is required to exist 
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between them ; it is evident that we may give values toxiU pUamre, and thus 

obtain corresponding values for y. Thus if oj = 1, y = ± Vvi, if x = 2, y 

= ± Vlfi3, etc., etc. In such a case x and y are called variables. But we notice 
that if we give to x such a value as to make 3a;' + 5 > 25x^ (as, for example, i, 
i, etc.), y will be imaginary. This is the kind of limitation referred to in our 
definition of variables.* 

138 » ScH. — ^The pupil needs to guard against the notion that the terms 
eofutant and varicMe are synonyms for hnown and wnknoton, and the more so 
jis the notation might lead him into this error. The quantities he has been 
accustomed to consider in Arithmetic and Elementary Algebra have aU been 
constant. The distinction here made is a new one to him, and pertains to a 
new class of problems and discussions. 

139 • A Function is a quantity, or a mathematical expression, 
conceived as depending for its value upon some other quantity or 
quantities. 

III. — ^A man's wages /^ a given time is a function of the amount received per 
day, or, in general, his wages is a function of the time he works and the amount 
he receives per day. In the expression y = 16i^' {137), second illustration, 
y is a function of x, i. e.y the space faUen through is a function of the time. The 
expression 2ax* — 8ic + 5&i or any expression containing x, may be spoken of as 
a function of x, 

14:0. When we wish to indicate that one variable, as y, is a func- 
tion of another, as x^ and do not care to be more specific, we write 
y =f{x)y and read "y equals (or is) a function of xJ' This means 
nothing more than that y is equal to some expression containing the 
variable x, and which may contain any constants. If we wish to 
indicate several different expressions each of whicli contains a?, we 
write /(a;), q^{x), or f{x), etc., and read " the / function of x^^ "the 
(p function of a:," or " the/' function of a." 

Ili^.-— The expression /(a?) may stand for «' — 2aj + 5, or for 3(a* — a?*), or for 
any expression containing x combined in any way with itself or with constants. 
But in the same discussion f(x) will mean the same thing throughout. So again, 
if in a particular discussion we have a certain expression containing x (e. g., 
Zx* —ax ■{- %ih), it may be represented by /(a?), while some other function of x 
{e. g., 5{a'* — x^) + 2a;*) might be represented hyf'{x), or <p(aj). 

141. In equations expressing the relation between two variables, 
as in y^ = Sax^ — x^, it is customary to speak of one of the variables, 
as y, as a function of the other x. Moreover, it is convenient to think 

^ • 

* The limiU of this volamc do not permit the Interpretation of imaginarieei as other than im- 
poFsihlu quantiticf), i. «., inconf^istent with the restricted view taken of the particular problem 
which may be nnder coiiBideration. 



BIFFEBEMTIATION. 163 

of a; as varying and thus producing change in y. When so con- 
sidered^ X is called the Lidepmdent and y the Dependent yariable. 
Or we may speak of y as a function of the variable x. 

142. An Infinitesi^nal is a quantity conceived under such 
a form, or law, as to be necessarily less than any assignable quantity. 

Infinitesimals are the increments by which continuous number, or 
quantity {8), may be conceived to change value, or grow. 

III. — Time affords a good illustration of oontinuous quantity, or number. 
Thus a period of time, as 5 liours, increases, or grows, to another period, as 7 
hours, by infinitesimal increments, t. 6., not by hours, minutes, or even seconds, 
but by elements which are less than any assignable quantity. In this way we 
may conceive any continuous, variable quantity to change value, or grow, by 
infinitesimal increments. 

143. Consecutive Values of a function, or variable, are 
values which differ from each other by less than any assignable 
quantity, i. e,, by an infinitesimal part of either. 

144. A Differential of a function, or variable, is the differ- 
ence between, two consecutive states of the function, or variable. It 
is the same as an infinitesimal. 

III. — ^Resuming the illustration y = IQ^fgX* (137) f let x be thought of ao 
some particular period of time (as 5 seconds), and y as the distance through, 
which the body falls in that time. Also, let sa' represent a period of time infini- 
tesimally greater than x, and y' the distance through which the body falls in time 
a;'. Then x and x' are consecutive values of x^ and y and y' are consecutive 
values of y. Again, the difference between x and x', as x^ — x, is & differential 
of the variable x, and ^ — ^ is a differential of the function y. 

145. Notation. — A differential of x is expressed by writing the 
letter d before x, thus dx. Also, dy means, and is read ^' differen- 
tial yr 

Caution. — Do not read dx by naming the letters as you do ax ; but read it 
" differential x." The d is not a factor, but an abbreviation for the word differ- 
enticU. 

146. To Differentiate a function is to find an expression 
for the increment of the function due to an i|ifinitesimal increment 
of the variable} or it is the process of finding the relation between 
the infinitesimal increment of the variable and the corresponding 
increment of the function. 
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Rules for Dipfbrentiating. 

147. RULE 1. — To diffbrbntiatb a singlt? variable, sim- 
ply WRITE THE LETTER d BEFORE IT. 

This is merely doing what the notation requires. Thos if x and z' are conse- 
cutive states of the variable x, i. e., if x' is what x becomes when it has taken an 
infinitesimal increment, x'—xiB the differential of x, and is to be written dx. In 
like manner, y'— ^ is to be written dy, y' and y being consecutive values. 



14:8 • RULE 2. — Constant factors or divisors appear in 

THE DIFFERENTIAL THE SAME AS IN THE FUNCTION. . 

Dbu. — ^Let us take the function ^ = oo;, in which a is any constant, integral 
or fractional. Let x take an infinitesimal increment dx, becoming x + dx; and 
let dy be the corresponding* increment of y, so that when x becomes x + dx, y 
becomes y + dy. We then have 

Ist state of the function ...- y r=:aa\ 

2d, or consecutive state y + dy = a(a? + dx) = a« + adx. 

Subtracting the 1st from the 2d - dyz=i adx, 

which result being the difference between two consecutive states of the function, 
is its differential {14^. Now a appears in the differential just as it was in the 

function. This would evidently be the same if a were a fraction, as — . We 

should then have, in like manner, dy = —dx as. the differential of ^ = —a?. 
Q. £. D. 



149. RULE 3. — Constant terms disappear in differen- 
tiating ; OR THE DIFFERENTIAL OF A CONSTANT IS 0, 

Dem. — Let us take the function y = oa; + d, in which a and & are constant. 
Let X take an infinitesimal increment and become a; + <£v ; and let dy be the 
increment which y takes in consequence of this change in a;, so that when x 
Ijecomes x •\- dx^ y becomes y + dy. We then have 

1st state of the func^ioft ys=a9 + &; 

2d, or consecutive state . - - - y + (fy = «(« -f cfo) + 6 = oo? -|- adx + &. 

Subtracting the 1st from the 2d - • - - dy=^ OLdx, 

which being the difference between two consecutive states of the function, is its 
differential {14:4:), Now from this differential the constant h has disappeared. 
We may also say that as a constant retains the same value, there is no differ- 

III II ■ I I III. I I .1 I I I II I I . . I «!■ I ■ II II. 

* The word **coiitemponmeoaa^* is often uBed in this connection. 
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ence between itB consecutive states (properly it has no consecutive states). 
Hence the difierential of a constant may be spoken of (though with some lati- 
tude) as 0. Q. B. D. 

150. RULE 4 — To differentiate the algebraic sum of 

SEVERAL VARIABLES, DIFFERENTIATE EACH TERM SEPARATELY AND 
CONKECT THE DIFFERENTIALS WITH THE SAME SIGNS AS THE TERMS. 

Dem. — ^Let t£ = o; + ^ — 2, u representing the algebraic sum of the variables 
X, y, and —z. Then is du •=;. dz ^^ dy — dz. For let dx, dy, and dz be infinitesimal 
increments of x, y, and z ; and let du be the increment which u takes in conse- 
quence of the infinitesimal changes in x, y, and z. We then have 

1st state of the functtcm - « = ip + y — «; 

2d, or consecutive state « + di«=aj + d{» + y + ^ — (e + (2flr)» 

Or w + dw = a? + <to+y + <iy — « — <?«. 

Sabtraeting the Ist state from the 2d • - - du ^ dx •{• dy — dz, q. s. D. 



ISl, RULE 5. — The differential of the product of two 

VARIABLES IS THE DIFFERENTIAL OF THE FIRST INTO THE SECOND, 
PLUS THE DIFFERENTIAL OF THE SECOND INTO THE FIRST. 

Dem:. — Let u = xyhe the first state of the function. The consecutive state is 
u-\- du = (x -{■ dx){^ + dy) =:xy + ydx + xdy + dxdy. Subtracting the Ist state 
from the consecutive state we have the differential, i. e., du = ydx + xdy + dxdy. 
But, ajBdxdyiB the product of two infinitesimals, it is infinitely less than the 
other terms (pdx and xdy), and hence, liaving^o value as compared with them, is 
to be dropped.* Therefore du = ydx + xdy, Q. e. d. 



1S2, RULE 6. — The differential of the product of sev- 
eral VARIABLES IS THE SUM OF THE PRODUCTS OF THE DIFFER- 
ENTIAL OF EACH INTO THE PRODUCT OF ALL THE OTHERS. 

Dem. — Let u = xyz ; then du = yadx + xzdy + xydz. For the 1st state of the 
function is u s= xyz, and the 2d, or consecutive state, u + du :=z (x + dx)(2^ + dy) 
{z + dz), ot u -^ du^ xyz + yzdx + xzdy + xydz + xdydz + ydxdz + zdxdy 



* It will doubtleBP appear to the pupil, at flret, as if this gave a result only appmclTnaidi/ cor- 
rect. Sucb is not tli? feet. The result is absotutdy correct. No error is introduced by dropping 
dxdy. In fact this term mmt be dropped according to the nature of infinitesimals. Notice 
that by definition a quantity which is infinitesimal with respect to another is one which has m 
assignable magnitude with reference to that other. Henco we must so treat it in our reasoning. 
Now dX'dySs an infinitesimal of an infinitesimal (i. «., two infinitesimals multiplied together), 
and hence is infinitesimal with reference to ydx and xdy^ and mnat be treated as having no as- 
signable value with rcppect to |;hem ; that ie, it must be dropped. 
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+ dxdydz. Subtracting, and dropping all infinitesimals of infinitesimals (see 
preceding rule and foot-note), we have du= yzdx + xzdy + ijcydz. 

In a similar manner the rule can be demonstrated for any number of varia- 
bles. Q. £. D. 



153. RULE 7. — The differential of a FRAcrioiir having 

A VARIABLE NUMERATOR AND DENOMINATOR IS THE DIFFEREN- 
TIAL OF THE NUMERATOR MULTIPLIED BY THE DENOMINATOR) 
MINUS THE DIFFERENTIAL OF THE DENOMINATOR MULTIPLIED BY 
THE NUMERATOR, DIVIDED BY THE SQUARE OF THE DENOMINATOR. 

9/ vdos •— Tdv 
Dem. — Let u = - ; then is du = 5-^—^ . For, clearing of fractions, 

y y* 

yu = x. Differentiating this by Rule 5th, we have udy + ydu — dx. Substi- 
tuting for u its value -, this becomes — - + ydu = dx. Finding the value of 

9 if 

vdiX — " tdt/ 
du, we . have du = ^ ' ' . Q. e. d. 

IS 4:. Coi^,—T}ie differential of a fraction Jiavirig a constant 
numerator and a variable denominator is the2>roduct of the numera- 
tor with its sign changed into tlie differential of the denominator^ di- 
vided by the square of the denominator. 

Let -u = — , Differentiating this by the rule and calling the differential of 

^1. ^x/N/^ V J — ady — ady 

the constant (a) 0, we have du = 5—^ = — ^-^. Q. e. d. 

\ / ' yt yt 

li$5» ScH. — ^If the numerator is variable and the denominator cdastant, 
it falls under Rule 3. 



156. R TILE 8. — The differential of a variable affected 

WITH AN EXPONENT IS THE CONTINUED PRODUCT OF THE EXPO- 
?S^ENT, THE VARIABLE WITH ITS EXPONENT DIMINISHED BY 1, AND 
THE DIFFERENTIAL OF THE VARIABLE. 

DEM.--rlst. When the exponent is a p^^iHve integer. Let y :=zas^, m being a 
positive integer ; then dy = msf^—^dx. For y = »» = x-x-x-x- to m factors. Now, 
differentiating |;his by Rule 6, we have dy = {xxx - - to m — l factors) dx 
+ {xxx - - to wi — 1 factors) dx + etc., to m terras ; or d!y = oiS^-^dx + aj""— 'da? 
+ ii^-'^dx + etc., |>o m terms. Therefore dy = mjf"^^dx. 

m 

Sd. W7ien the exponent is a positive fraction. Let y = a? «^, ^ being a positive 

fraction ; then (!y = ^a;* dx. For involving both members to the «th power we 
have y« = a?". Differentiating this as just shown, we have ny*-^dy = maj'"-'daj. 
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Mil— M 



Now from y = a?" we Lave y"-» = a? • . Substituting this in the last it be- 

comes nx • dy=:mx^^^dx; wlience dy = ^"^ » dx = -x* dx. Q. E. D. 

8d. WJien the exponent is negative. Let y = x-*, n being integral or 
fractional ; then dy ^ — nxr*-^dx. For y = ar* = — , which differentiated by 

Rule 7, Cor., gives dy =i -^ — = — nxr^-^dx, Q. K. D. 



Examples. 

1. Differentiate y = 3a;' — 2a; + 4. 

Solution.— The result is dy = dxdx — 2tto. Which is thus obtained : By 
Rule 1, the differential of y is dy. To differentiate the second member we dif- 
ferentiate each term separately according to Rule 4. In differentiating 3a;*, we 
observe that the factor 3 is retained in the differential. Rule 3, and the differen- 
tial of x* is, by Rule 8, ^dx. Hence, the differential of 8a;* is ^dx. The differ- 
ential of — 2a; is — %dx. By Rule 8, the constant 4 disappears from the differen- 
tial, or its differential is 0. 

2. Differentiate y = %aQi? + ^of — a; + m. 

Result, dy = ^axdx + VHaafdx — dx. 

3. Differentiate y = bhoi? — 30a;* + 4a;. 

4. Differentiate -y = ^a;* + ^a;* + Gr*. 

157* ScH. — It is desirable that the pupil not only become expert in writ- 
ing out the differentials of such expressions as the above, but that he know 
what the operation signifies. Thus, suppose we have the equation y = 5aj. 
This expresses a relation between x and y. Now, if x changes value, y must 
change also in order to keep the equation true. In this simple case it is easy 
to see that y must change 5 times as fast as x in order to keep the equation 
true. This is what differentiation shows. Thus, differentiating, we have dy 
= ^dx. That is, if a; takes an infinitesimal increment, y takes an infinitesi- 
mal increment equal to 5 times that which x takes ; or, in other words, y 
increases 5 times as fast as x. 

Now let us take a case which is not so simple. Let y=3aj*— 2aj4-4, and let 
it be required to find the relative rate of change of x and y. Differentiating, 
we have dy = ^xdof — 2dx = (6a; — 2)dx. This shows that, if x takes an infini- 
tesimal increment represented by dXy y takes one (represented by dy) which 
is 6a; — 2 times as large ; i. e., that y increases 6jj — 2 times as fast as x. 
Notice that in this case the relative rate of increase of x and y depends on 
the value of x. Thus, when a;=l, y is increasing 4 times as fast as x ; when 
x=2y y is increasing 10 times as fast as a;; when ie=3, y is increasing 16 
times as fast as x ; etc. 



158 ABYAKGED OOUBSK IN ALGBBBA. 

5. Differentiate y = a;* — a;*, and explain the significance of the 
result as above. BesuU^ dy = (5a;* — 3a;*)da:. 

6. In order to keep the relation 2y = 3a:* trne as x varies, how 
must y vary in relation to a; ? What is the relative rate of change 
whena; = 4? Whena; = 2? Whena;=l? Whena:=J? When 

Answers. When a; = 4, y increases 12 times as fast as x. When 
a? = ^, y increases at the same rate as a^ In general y increases 3a; 
times as fast as x. When x is less than ^, y increases slower than x. 

7 to 12. Differentiate the following: u = -^r— ; u = -r-^ — : 

^ 3y ' a:* + 1 ' 

jl=x^7?'y w = a;*y* + 6a;; y = a;'— 3a^ + 4a:* — a:* + l; and 
y = ^a:* - |a:» + x. 

13 to 17. DifGerentiate y-{a^^x^y ; y={a^-x^)^i y=(3a:~2)*; 
y = (2 — a;2)-2 ; and y = (1 + xf^. 

Sno's. — Such examples shoald be solved hj considering the entire quantity 
within the parenthesis as the variable. This is evidently admissible, since any 
expression which contains a variable is variable when taken as a whole. Thus 

to differentiate y = (a + a;*)* we take the continued product of the exponent (§), 

the variable (a + «•) with its exponent diminished by 1, [t. «., {a + «*)"*], and 
the differential of the variable (i, e.y the differential of a + a;', whidi is 2xdx). 

This gives us dy = §<« + x*)''^2xdx, or (Zy = ix(a + x*y^dx = 



4a;dx 



Zi^a + x* 



18 to 22. Differentiate :r~; — ; 7^ — ; — r^; -p: rzi —m— r-. 

l + a;' (1 + a:)*' (1 + a;)*' (1 + ic)» 

and — m 



(1 -f ^y ' 

23. In the expression Sx^, when x is greater than 1 does the func- 
tion {6o!^) change faster or slower than x? How, when x is less 
than i ? What does the process of differentiating 6x* signify ? 

Armoer to the last. Finding the relative rate of change of 6x^ and x, or find- 
ing what increment 6a;''* takes when x takes the increment dx. 

Or, in still other words, finding the difference between two consecutive states 
of Qx^, and hence the relation between an infinitesimal increment of sp and the 
corresponding increment of 6a;^. 
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SECTION II. 

INDETERMINATE COEFFICIENTS. 

158. Indeterminate Coefficients are coefBcients assnmcd 
in the demonstration' of a theorem or the solution of a problem, 
whose values are not known at the outset, but are to be determined 
by subsequent processes. 

159. Prop.— If A + Bx + CxH Dx» + efc. = A'+B'x + CV 
+ D'x'+ etcly in which x is a variable* and the coefficients A, B, 
A', B', etc. are constants^ the coefficients of the like powers of x are 
equal to each other. That is^ K-=: hi {these being the coefficients ofx^), 
B = B', C = C, etc. 

Bem. — Since the equation is true for any value of a;, it is true for a?=0. Substi- 
tuting tliis value, we have ^=-4'. Now as A and A' are constant, they have the 
same values whatever the value assigned to x. Hence for a7iy value of x, A^A', 
Again, dropping A and A\ we have Bx -h C&* + 2>a;'4- etc. = B'x -h Cx*+D'x^ 
•+■ etc., which is true for any value of ar. Dividing by «, we obtain B-\-Ox+Dx* 
4- etc.= J?* -+■ C'x + D'x' H- etc., likewise true for any value of x. Making a? = 0, 
^ = ^', as before. In this manner we may proceed, and show that C=C, 
i) = i)', etc. <4. B. D. * 

160. Cob.— j(/^ A -h Bx + Cx* + Dx' + etc. = 0, is true for all 
values of x, each of the coefficie7its A, B, C, etc., is 0. 

For we may write A-^ Bx-^Ge*-hDx^+ M*-^Fx'^-\-etc.= -\- (^v -{-Ox^ 
+ (te^-l- (te^H- Oa)*-h etc. Whence by the proposition ^ = 0, ^ = 0, C= 0, etc 



Developmeih: op Functions by means of Indetebminate 

Coefficients, 

161. A Function is said to be Developed when the indicated 
operations are performed ; or, more properly, when it is transformed 
into an equivalent series of terms following some general law. 

Ill's. — ^Division affords a method of developing some forms of functions. 

* Saying that a; is a variable, is equivalent to eiaying that the equation mnst be true for any 
▼alac of X, This is an essential thing in this discassion. The members of such an eqnatioa 
are Bometiroes said to be Identically equal. 



\ 
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Thus y = 



l-a? 



when developed by division becomes y = l + a;4-aj*-faj'4- etc. 



The binomial formula (Complete School Aloebba, 195, or 1C8 of this 
treatise) is a formula for developing a binomial. Thus ^ = (a + xY when devel- 
oped becomes y = a^-\- 5a*aj-flOa'*«*4-10a*a;'-h 5aa?*-f a?*. The subject is one 
of great importance in mathematics, and the method of Indeterminate Coeffi- 
cients forms the basis of most that is valuable upon it. 



Examples. 



1-a: 



1. Develop -j- into a series by the method of Indeterminate 

Coefficients. 



1- 


-x=iA+B 


x^G 


x'+D 


«?+iy 




+^ 


+5 


+C 


+i? 






-\-A 


+B 


+(7 



1—x 
Solution.— Assume j z^A-^Bz + Cx*-^ Dx* 4- Fx* -h etc. Clearing 

X "T^X "rX 

ot^fractions, 

«*-*- etc. 
-h etc. 
-h etc. 

Equating the coefficients of the corresponding powers of x by (159), we have 
the following equations from which to find the values of ^4,^, C, 2>, etc. : 
A=l; A+B=-l; u4+J?+C7 = 0; B+C+D = 0; C-¥D-^E=0, Solving 
these, we have A=l, B= — 2, C=J, 2>=1, and E= — 2. . • 

Substituting these in the assumed development, we have 

1— a? 

i=l-2ic+a;*+aj»-2a?*-|- etc. 

This can readily be verified by actual division. 

2. Develop, or expand into a series («'— x^y by means of Inde« 
terminate Coefficients. 

Solution. — Assume 

(a*— «*)*== A+Bx+Ox'-^-Bx^-^Ex^-hF^-^Gx^-h etc 

Squaring both members and expanding (a*— a?*)', we have 



a"-8a*a?+8aV-a;«=^»+^J5fa?+^(7a^4-^i? 



-^AB 



-{-AC 



■^BC 
-{-BC 
-^AD 



x'-Jt-AE\ 
-\-BD 

■^BD 

+AE 



x*+AF 
-i-BE 
+CB 

-k-BE 

-{■AF\ 



x'^-\'AO 
-hBF 

■^CE 

-\-CE 



->tAQ 



«*+etc. 
+etc. 

-Hetc 
+etc. 
-fete. 



-JrBF +etc. 



-fete. 



Equfrting the coefficients of the corresponding powers of j», we find -4* = a®, 
or^=a*; 2^ i? = 0, whence B = ; 2^Ch- J5*= — 3a*, whence (7= — J<7 ; 

2(AD + BC) = 0, whence 2> = 0; 2(AE + BD) + (?*= 8a* , whence E- ^; 
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2'AF+-Bi?+ CD)^Of -wlience F=0 ; and in like manner G = --— |, etc. (If the 

expansion of the second member had been carried farther, each of the succeeding co- 
efficients would be equated with 0, as there are no terms in the first member contain- 
ing higher powers of ir than the 6th.) Substituting the values of ^, B, C, 2), etc, as 

now found, we have (»*— af)* =a'— o ^ "*" 8a "*" 16a» "*" ®*^* 

3. Expand, or develop (1— a;')» by means of Indeterminate Coeffi- 
cients. Also 7» -i , and 



SuG. — To expand the last, put the expression equal to the usual series, square 
both members, and then clear of fractions. 

162 » ScH. — ^In' using the method of Indeterminate j^loefficients, as the 
series A + Bx+ Cx*+ etc., is merely hypothetical at the out^t, we must 
carefully observe whether the subsequent processes develop any inconsist- 
ency. For example, perhaps a particular expression will not develop in the 
form assumed. If so, some inconsistency will appear in the process. Thus, 

2 3 

were we to attempt to develop -j 5 by assuming -5 5 = il 4. JSu + (7aj* 

+ I>x^-\- etc., we should find, after clearing of fractions, that the first mem- 
ber had only the term 2, which is 2x° ; and as there would be no correspond- 
ing tenn in the second member, we should have to write 2 = 0, which is 
absurd. In general, we observe that, when we equate the coefficients, the 
second, or assumed member, must have a term containing as low a power of 
the variable as the lowest in the first member. This may be secured either 
by putting the expression to be developed into a proper form before assum- 
ing the series, or by assuming a series of proper form. Thus, in the above 

case, we may write for -5 , -j- • , and then develop by 

X "— XXL ~~ X X "^ X 

assuming :; = ^ -h ^ + Ox'-^-Bx^ 4- etc., and finally multiplying by 

1 —X • 

1 2 

~ ; or it may be developed by assuming ~ 5 =: Ascr* -\-B3r^-\- Cx^ -{- Dx 

+ Ex* -h etc, 
4. Expand — ^ r- by tlie method of Indeterminate Coeffi- 

X ~~ X "T" X. 

. , .- 1 -h 2a; ., l — x 
cients. Also tt-o. Also 



5. Expand \/l •— x. Also (1 + x)^. 

11 
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Decomposition of Fractions by means of Indeterminate 

Coefficients. 

163. For certain purposes, especially in the Integral Calculus, 
it is often necessary to decompose a fraction into partial fractions. 
There are three principal cases. 

164. Case 1. — A fraction which is a function of a single varies 
blCj whose numerator is of lower dimensions than its denominator, 
and whose denominator is resolvable into n real and unequal fac' 
tors of thefrst degree^ can he decomposed hito n partial fractions of 

the form — ; — + — -^ + — ;— — ; — , x4-a,x+b, 

^ x+a x+b x+c x+n 

x + c, - - - - - x+n being the faxstors of the denominator, 

Dem. — ^Assume ^W = + r + , in 

q3{x) x + a a + ft x + c x-i-n ^ 

which f(x) is of lower dimensions f than <p(x), and q3{x) = (a? + a) (a? + b) (a? + e) 

A B 
(a; + «). t Reducing the partial functions , r , etc., to 

X "T* V* X "^ o 

forms having a common denominator, this denominator will be the product of all 
the denominators a; + a, x + h, x + Cy etc., and hence will be <p{x\ and each 
numerator will contain one less of these factors than the common denominator, 
and hence will be of the {n — l)th degree, the denominator being of the nth de- 
gree.§ Then, as the denominators of both members will be equal, the numera- 
tors will also be equal. Placing them so, we can find the values of the indeter- 
minate coeflficients -4, 5, (7, etc., by the principle in (159), The necessity for 
having y(a;) of lower dimensions than ^a;) is the same as is pointed out in (l€i2). 
Thus, if f{x) contained a term like 5aj* while €p{x) contained none higher than 
3a;*, we should be required to write 5 = 0, as there would be no term in the sec- 
ond member having an x^ in it. Finally, having obtained the values oi A,B, C, 

etc., we can substitute them in , - — r , , etc., and have the 

X + a X + o X + e 

partial fractions sought. 



16S. Case 2. — A fractioti which is a function of a single varies 
bUy whose numerator is of lower dimensions than its denomina^tor^ 

and whose denominator is resolvable into n REAL and ^(^vaJj factors 

»■ ,. — I . 

* See (139, 140). 

t That 1g, does not contain bo high a power of x. 

X The proposition assumes that (p{x) is resolvable into n real and nneqnal factors of the 
first degree. 

S That is, containing x to the nth power, and no higher power. 
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of the first deffreey can be decotnposed into n partial fractions of the 
. ABC N 

•^^* (x + a)- "^(x + a)"^-* "^ (x + a)— T^v! 

X + a being one of the equal factors of the denominator. 

in wliich f(x) is of lower dimensions than g>{x), and ^a?) = (a? + a)». Reducing 

the partial fractions to forms having the common denominator (x + a)* (». e. <piit)), 

and placing the numerators of the members equal, we find that the second mem« 

her is not of lower dimensions with respect to the variable x, than the first mem- 

iV 
her, since the numeratdr of the fraction will contain the highest power of 

X 'r €t 

X of any of the terms, and this will have no higher power than a;^^ as (a;+a)*~^ 

N 
is the factor by which the terms of the fraction will be multiplied in the re- 
duction. Hence, we can find the values of A, B, C, etc., by (159), and these 
substituted in the assumed series will give the required partial fractions. 



IdG. Case 3. — ^A fraction which is a function of a single varia- 
ble, whose numerator is of lower dimensions than its denominator^ 
and tohose denominator is resolvable into n real and equal qjjKH- 
UATic factors, can be decomposed into n partial fractions of the form 

Ax + B Cx +D Ex + P 



[(x + a)* + b*]- '^ [(X + a)^ -r V]-» ' [(x + a)» + b»]»-» 

Mx + N 

: -2 — rs, (x + a)' + b' being one of the equal 

(x + a)* + b* ^ ' 

factors of the denominator. 

Bbm. — Assume 

f{x) _ Ax + B Ox + D Ee + F 

<p{x) " [{X + a)* + 6«]» "^ [{X + a)« + 6«]— » "*" [(a? -t- a)* + 6«]"-» 

Mx + IT 
{X + a)* + b* ' 

Bringing the terms of the second member to a common denominator gf{x), or 
[(x + a)* + 6*]*, we find tihat the highest power of x involved in the numerators 
is aj»»-J, which will arifae'in multiplying Jfa; + -^by [{x + a)* + h*]—K But, as 
f[x) IS oi lower dimonsions than (pix), and g)(x) is of 2n dimensions, the numera- 
tor of the second member will not be of lower dimensions than fix), and hence 
equating theTii,the values of A, B, C, etc., can be determined and substituted in 
the assumed series of partial fractions. 

167. ScH.— When the denominator of the fraction to be decomposed is 
composed of factors of two or more of the forms referred to in the three given 
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cases, the forms of the assumed partial fractions must be made to correspond. 

Thus were it required to decompose ^^^i,y^j^ay(x*+a* ' )* ' *^^® assumed par- 

tial fractions would be — + 7 + 7 77 + 7 r* + + , ^ ^ ■ . - 

X x — b (a? + a)* (a; + a)* a? + a («* + a*)* 



Examples. 

:c* — 2 
1. Decompose -5 into partial fractions. 

Solution. — Assume — ^^- = — + + , 05, 1 — aj, and 1 + a? being 

x — x* X 1 — ajl + aj ® 

the unequal factors of a; — x' {115, 117)' Bringing the terms of the second 

member to a common denominator, we have 

x*-^2 A- Ax* -H J?a; + jga;' + Og - Cfe* 
x — x*'' aj(l — aj)(l + x) 

Hence aj« — 2 = -4 -f (J? -f (7>» + (B — -4 — C)x* ; from which we get -4 = — 2, 
B -^ C=0, and B -^A — C=l. Solving these equations we find A = —2, 
B= —i, and C = i. These values inserted in the assumed forms give 

«^--2_--2 i_ _i_=_^ ^ 1 

x-^x^^ X l-aj"*"l4-af x 2(1 - x) ^ 2(1 -h x)' 

2 to 6. Decompose the following : -5 ^ ; —. ^ ; 

a: + 1 3a; — 5 , a;' 

a;* - 7a; + 12 ' a;*- 6a; + 8' a;» + 6a:* + 11a; + 6 * 

Sua. — In case the factors of the denominator are not readily discerned, place 
the denominator equal to and resolve the equation. Thus the last example 
gives a?* + 6aj* + lla? +6 = 0. From which we have aj = — 1, — 3, and — 3 
(119), and the factors are a; + 1, a; + 2, and a; + 8. 

7 to 11. Decompose the fractious ^^_^^, ; a;..^ o^^.2y^.,.ay J 

and 



a;^{l - a;*)(l + a;)' a:* - 1' ^ (x - 2)»{a; + 3)*' 

a;*-2a; + 3 3a;»- a;*- 10a;* 4- 15a;* + 2a; -8 



12 to 18. Decompose 



(a;* + l)' ' a;(a;»-2)*(a;-l) 



x^—x + l 11 1 , 6a:«— 4a;— 6 

; and 



a;»(a; + 1)' a;^- 1' a* - a?*' a;^- (a+J)a;+o*' """^ ic«-6a;*+ lla;-6 
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SECTION III. 

THE BINOMIAL FORMULA. 

lG8m Theorem. — Letting x and y represent any qtuintities 
frhcUever (i. e. be variables) and m any constant^ 

_., m(m—l) ^^ . , m(m—l)(»i^fi) _ . , 
{X + y)' = Jf- + mar-'u + -^—^«r-!f'+ -^ j^ -'aT-'y* 

^ m{m - 1) (m - 2) (m - 3)^^, ^ ^^ 

Dem. — We may write (a!+y>» = a^ f 1 + - ) . Now put - = « and assume 

(1 H- e)» = ^ 4- 5« + Cfe* + 2>»* 4- jEfe* 4- l?V» + etc., (1) 

in which A, B,C, etc., are indeterminate coefficients independent of e (t. e. con- 
stants), and are to be determined. To determine these coefficients we proceed 
as follows : 

Differentiating (1), we have 

wKl+«)*~**5==5(to4-8(S»fc+32>8*&+4fife'(foH-5^tfe+ etc. 

Dividing by dz, we have 

l»(l^_^)«— i=J54.2CiB + SDz"" + 4^*4-6Jk*4- etc. (2) 

Differentiating (2) and dividing by dz, we have 

«*(m-l)(l-|-2)"-«=2a+ 2 . Slh 4- 3 4^«-|- 4 - 5jPi*+ etc. (3) 

Diifferentiatlng (8) and dividing by dz, we have 

w(w-lXw-2Xl4-«)*-«=2 - 32) -f 2 - 3 . 4^ 4- 3 . 4 . 627fe«+ etc. (4) 

Differentiating (4) and dividing by dz, we have 

ot(w-1X«»-2)(w~3X1 +2)«-<=2 . 8 . 4J^ + 2 . 8 - 4 . i5^« + etc. (5) 

Differentiating (5) and dividing by dz, we have 

m(m-lXwt-2Xm-3Xm-4Xl +«)'— »=2 -8.4. 6ii^+ etc. (6) 

We' have now gone far enough to enable us to determine the coefficients A, 
B, C, B, E, and F, and doubtless to determine the law of the series. 

As all the above equations are to be true for all values of 2, and as the coeffi- 

* This form is read *^ factorial 3,^* " Dnctorial 4," etc. ; and eiguifies the product of the nat- 
ural nambers from 1 to 3, 1 to 4, etc. 
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donts A,B,C, etc., are constants, i. e,, have the same valaes for one valae of » 
as for another, if we can determine tlieir values for one value of z, these will 
be their values in all cases. Now, making e=0, we have from (1) ^=1 ; from 

(2), J)=m ; from (3), C = —^-jn — (*^® factor 1 being introduced into the de- 

nominator for the sake of symmetry) ; from (4), D = — ^ j~ ; from (5), 

^_ w(m-lXm-2Xm~3) ^ ^^^ ^ ^_ m(m-lXw-2Xffl--3X^~4) ^ 

These values substituted in (1) give 

|2 |3 |4 

^ f>i(m~lXm-2Xm-3Xm--4) ^ ^ . 

-J — ar + etc 

o 



Finally, replacing e by its value -, we have 

TO(m - IXw - 2Xw - 3) y* m(m - IXm - 2Xw - 3X«» - 4) y» 
+ — - -I — _ 4- etc, 

[4 . a;* j5_ ar 

=^ +mx-y+?2<|=l>=r-y+ «»(">-lX>H-2)^.y^»;>(m-l)(m-2Xm-8) 

Jf6&. Cor. 1, — TTie nthy or general tenn of the series is 
m(m ^ 1) (;// - 2) {m ~ n 4- 2) ^.,, -i 



• 



■r 



For we observe that the last factor in the numerator of the coefficient of any 
particular tenn is w — the numl^er of the term less 2, i, €., for the nth term, 
m -^ (ft— 2), or w — » H- 2 ; and tlie last factor in the denominator is the number 
of the term — 1, t. e., for the ;ali term, n — 1. Tlie eicponent of x in any par- 
ticular term is m — the number of the term less 1, i. e,, iot the nth term, 
wi— (ft — 1), or m — 71 + 1 ; and the exponent of y in any term is one less than 
the number of the term, i. e,, for the 7ith term, n — 1. 

170* T)ef. — In a series the Scede of Relation is the relation 
which exists Ijetween any tenti or set of terms and the next tenn or 
set of terms. 

171. CoR. 2. — The scale of relation in the bifiomial series is 

(m 4- 1 \v 
— ly-f since the nth term multiplied by this jyroduces the 

(n + l)th term. 
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This is readily seen by inspecting the series, or by writing the (n + l)th term 
and dividing it by the nth. Thus, substituting in the general term as given 

above, n-hl for n, we have — ^ ^af»-*y», as the 

(n+l)th term. This divided by the »th^ or preceding term,* gives - " * 



n X 



. /W4-1 
or 



\ n )x 



Examples. 



1 to 6. Expand the following : (tst — S) • ; (^ — y) ' ; (a — a;)* ; 

7 to 11. Expand {x + y)-' ; (a; - y)-» ; (a - x)-' ; -^^qr^)! > 

-^, or (x^yr. 

x + y' V ^^/ 

[NoTB. — For practical suggestions in the use of this theorem, see Complete 
School Algebra, pages 148-154, or Part I. of this volume, pages 58, 59.] 

12. Expand (a -f x)^ by using the scale of relation. 

SOUJTION. — ^The scale of relation ( 1)- becomes in this case 

\ n /x 

1 1- . Now the first term is a'^. To obtain the next n = 1, whence 

n J a 

f» 
the scale of relation 5 - . Multiplying a^ by this scale of relation, we find the 

a 

X 

second term ba^x. For the next the scale of relation is 2 - . Hence the 3d 

a 

X 

term is lOa^x*. For the next the scale of relation is - , giving for the 4th 

a 

(6 \x X 

-r — 1 I- or i— , 
4 /a a 

giving for this term 5ax*. For the 6th term the scale of relation equals 

(6 \ X X /6 \ X 

^ — 1 j— or i -, giving x'^. For the 7th term the scale of relation is ( ^ — 1 j - 

or 0. Hence the series terminates. 

13. Expand {m. — n)~^ by using the scale of relation, and also 
by the general fonnula. 

14 to 17. Expand j[l - a« )* ; (2 + a;»)*; {x - y)~^ ; {a 4- a;)"*. 

_ ■ , , I — I — - ■ ■ ,— 

♦ The numerator of the rnefficicnt of the preceding, or wth term, contains all the factors of 
the nnmerator of the (n + 1 )t li e xcept m — » + 1 , as the factor in the (n + 1 )th preceding m — n + 1 
is m — n -I- 2, etc. Similarly in the dt^uomluator. 
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18 to 20. Expand (a« - a;«)* ; (3a - ««)"' ; (a* + c*)*. 

Suo's. — ^In cases in which the terms of the binomial are not single letters or 
figures, it will be best to substitute single letters, expand and then replace the 

values. Thus, to expand (a;* — 8a) % put x^ = y, and da=b, and expand (y— ft) ■ ; 
and in this expansion restore the values of y and b. In like manner the for- 
mula may be applied to any polynomial. Thus, to expand (1 — aj*+ 3y)', put 
(1 — a?*) = «, and J^ = v, expand (« -f- «)', and then restore the values. 

21. Expand — into a series. 

= fl(ft*— g*a?*) '. Put 6*=«, and c*x*=p, and expand 



SUG'B. 



Vo*- 



c*x* 



(c — p) *, etc. The result is 

^ - ® i 1 1^ ^ • ^ ^^ 13-5 c*^ 1-357 cV ) 

tTTip"" 6 r'*'rF"*'2Tl • i;r+2rTT6 ' 1*""*"2 .4.0-8 ' 'W'^ ''^'\ 



VS 



22. What is the 4th term of the development of (a* + zy ? 
(See 169.) 

SUG.— The general term is ^^ - 1) (m - n + 2) ^_»+,y._, j^^ ^j^ 



71 — 1 



case w = J, » = 4, «=»•, y = 0. Whence the 4th term is 



23. What is the 7th term of (a«- J«)*? The 10th term? 



•-•- 



SECTION- IV. 

LOGARITHMS. 

J7)2. -4. Logarithm is the exponent by which a fixed number 
is to be affected in order to produce any required number. The 
fixed number is called the Base of the System. 

III. — Let the Base be 3 : then the logarithm of 9 is 2 ; of 27, 3 ; of 81, 4 ; 
of 19683, 9 ; for 3* = 9 ; 3'= 27 ; 3* = 81 ; and 3^= 19683. Again, if 64 is the 

base, the logarithm of 8 is i, or .5, since 64*^, or 64*'= 8; i.e., i, or .5 is the 
exponent by which 64, the base, is to be affected in order to produce the num- 
ber 8. So, also, 64 being the base, J, or .333H- is the logarithm of 4, since 64% 



I 



LOGABTTHMS. 169 

or 64*''*+=r 4 ; ». e., 4, or .3384- is the exponent by which 64, the base, is to be 

affected in order to produce the numl>er 4. Once more, since 64* or 64*''^*+ =16, 

f , or .666-h is the logarithm of 16, if the base is 64. Finally, 64"^, or 64-« 
= t, or .126 ; hence — i, or —.5 is the logarithm of t> or .125, when the base ia 
64. In like manner, with the same base, —J, or —.833+ is the logarithm of i, 
or .25. 

173. Cor. — Since any number with for its exponent is 1, the 
logarithm of 1 is 0, in all systems. Thus 10®= 1, w/ience is the 
logarithm of 1, ^n a system in which the bcuse is 10. 

174. A System of Logarithms is a scheme by which all 
nambers can be represented, either exactly or approximately^ by 
exponents by which a fixed number (the base) can be affected. 

175. There are Two Systems of Logarithms in common use, 
called, respectively, the Briggean or Common System, and the Na- 
piertan or Hyperbolic System.* The base of the former is 10, and of 
the latter 2.71828 +. In the present treatise we shall confine our 
attention to systems whose bases are greater than 1. 

176. Cob. 1. — Neit/ier 1 nor any negative number can be used 
as the base of a system of logarithms. 

For all nambers cannot be represented either exactly or approximately by ex- 
ponents of such numbers. Thus with 1 as a base we can represent no other 
number than 1 by its exponents, for 1 with any exponent is 1. Moreover, with a 
negative base the logarithms which were odd numbers would represent negative 
nambers, and those which were even numbers would represent positive numbers. 
For example, with —2 as a base, 8 might be considered as the logarithm of —8, 
since (—2)'= — 8 ; but no number could be found as a logarithm to correspond 
to 8 (*. e. +8), since —2 cannot be affected with any exponent which will pro- 
duce 8. 

177. One of the most important uses of logarithms is to facilitate 
the multiplication, division, involution, and the extraction of roots 
of large numbers. These processes are performed upon the following 
principles : 

178. JProp. 1. — TTie logarithm of the product of two numJbers 
is the swn of th^ir logarithms. 

Deh. — Let a be the base of the system. Let m and n be any two numbers 
whose logarithms are x and y respectively. Then by definition a^'—m, and a^=n, 

♦The common system is the one nucd for practical pnrpnpcs. and the only onn of whi h 
There are tabloB in common use. Napierian logarithms arc usually implied in abstract mathe- 
matical discussion. 



170 ADVANCED 00UB8B IN ALGEBRA. 

HtJtiplyiiig the corresponding members of these equations together we have 
a*+i'=j»ft. Whence a; +y is the logarith of mn, <^ B. D. 

179, "Prop. 2. — 7%« logarithm of the quotient of two numbers 
is the logarithm of the dividend minus the logarithm of the divisor. 

Dbm. — Let a be the base of the system, and m and n any two numbers whose 
kgmri^ms are, respectively, x, and jf. Th^i by definition we liave a^=m, 

and afzsn. Dividing, we have o^-* = — . Whence a; — y is the logarithm 

n 

of --. Q. B. D. 

n 

180* IPTOp. S. — The logarithm of a power of a number is the 
logarithm of the number multiplied by the ifidex of the power, 

Dem. — Let a be the base, and x the logarithm of m. Then 4i'=m ; and raising 
both to any power, as the sth, we have a'^^n^. Whence xz is the logarithm of 
the eth power of m, Q. B. D 

18 !• JPvop» 4. — The logarithm of any root of a number is the 
logarithm of the number divided by the number expressing the degree 
of the root, 

Deh. — liet a be the base, and x the logarithm of m. Tlien dF=m. Ex- 



«/ -r^ri X . ,. . ... . »/— 



tracting the 2th root we have a*= ^m. Whence - is the logarithm of /y/m 
q. B. D. 

182. It is evident that in any system, the logarithms of most 
numbers will not be expressed in integers. Thus in the common 
system the logarithm of 100 is 2, and of 1000 3 ; hence the loga- 
rithm of any number between 100 and 1000 is between 2 and 3, i, e. 
2 and some fraction. This fraction is usually written as a decimal 
fraction, and, as we shall seejnore clearly hereafter, can in general be 
expressed only approximately. 

183. The Integral Part of a logarithm is called the ChamcteT" 
istic, and the decimal pai;^ the Manti88a. 

18d. JProp. — The Mantissa of the logarithm of a decimal frao- 
tion^ or of a mixed number^ is the same as the mxintissa of the num- 
ber considered oa integral^ ^ 



♦ UHiially, In speaking of logarithms, if no parlicular system is mentioned, the common 
system is to be understood as meant, especially when practical uumericul oporations ar« 
referred to. 



LOOABITHHS. 171 

Dbm.— It will be found hereafter that log 2845072=6.454185. Now this 
meana that 10»*«*» "=2845672. Dividing by 10 successively we have 

10»"«»«» = 284567.2, or log 284567.2 = 5.454185, 

10*-4«*>««=: 28456.72, or log 28456.72 =4.464185, 

103.45 4 1 8 5 -. 3845.672, or log 2845.672 = 3.454185, 

10**»*> " = 284.5672, or log 284,5672 = 2.454185, 

101.48418* -- 28.45672, or log 28.45672 =1.454185, 

100. 4 5 4 1 8 5 _ 2.845672, or log 2.845672 = 0.454185. 

Now if we continue the operation of division, only writing 0.454185 — 1, 

1.454185, meaning by this that the characteristic is negative and the nmntisflft 
positive, and the subtraction not performed, we have 

lOT. 4 » 4 1 8 a -- .3845672, or log ,2845672 = 1.454185, 
lOT. 4 « 4 1 8 5 _ .02845672, or log .02845672 = 2.454185, 

103-.4«4i88_, 002845672, or log .002845672=3.454185, 
etc., etc. <^. E. D. 

18S* Cor. 1. — 77ie cJiaracteriatic of the logarithm of an integral 
number, or of a mixed integral and dedm^aZ fractional number^ is oite 
less than the number of integral places in the number. 

The characteristic of the logarithm of a number entirely decimal 
f rational is negative and numerically one greater than the number 
of 0'« immediately following the decimal point. 

Thus the characteristic of the logarithm of any number between 1 and 10 
is 0, between 10 and 100 1, between 100 and 1000 2, etc. Or let it be asked, 
" Wliat is the characteristic of the logarithm of 5126 ? " Now this number lies 
between 1000 and 10000, hence its logarithm lies between 3 and 4, and is, there- 
fore, 3 and some fraction. 

Again, as to the numerical value of the characteristic of the logarithm of a 
number wholly decimal fractional, consider that 10"* .=-,^-=.1 ; 10"«=TiTy=01 ; 
10 ~3 = yoHjit = .001. Thus it appears that any number between 1 and .1, i. e., any 
number expressed by a decimal fraction having a significant figure in tenth's 
place, as .2564, .840, .1205, etc., will have its logarithm between (the logarithm 
of 1) and —1 (the logarithm of .1). Hence such a logarithm will be — 1 -h some 
fraction (the mantissa). In like manner, any number between .1 and .01, i, c, 
any decimal fraction whose first significant figure is in lOOth's place, as .02568, 
J0D56, .01203, etc., will have for its logarithm —2 -H some fraction. 

186. Cor. 2. — The common logarithm ofOis — oo. 

Since a number less than unity has a negative characteristic, and this char- 
acteristic increases numerically as the number decreases, when the number 
decreases to 0, the logarithm increases numerically to oo. Hence log 0=— oo. 

To illustrate, lop: .l=rl, log .01= 2, log .001 = 3, log .0001=4. Hence when the 
numbr^r of 0*8 becomes infinite, and the number therefore 0, we have log 
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Computation of Logarithms. 

187* The JHodtUtis of a system of logarithms is a constant 
factor which depends upon the base of the system and characterizes 
the system. 

188* JProp^ — The differential of the logarithm of a number is 
the differential of t/ie number multiplied b^ t/ie modulus of the system^ 
divided by the number ; 

Or^ in the Napierian system^ the modtdus being 1, the differential 
of the logarithm of a number is the differeiitial of the number divided 
by the number. 

Dem. — ^Let X represent any number, i. 6. be a variable, and ti be a constant 
each that y=a;". Then log y=n log x {180), Differentiating y=a;", we have 
dy=nit^^^dx; whence 

^- dy _ dy _ dy _^y_ 
^"'^ "^dx ^dx ^' 

XXX 

Again, whatever the differentials of log y and log x are, n being a constant 
factor, we shall have the differential of log y eqaal to n times the differential of 
log X, which may be written 

dilog y)=n - dilog xl whence n = |g^. (2) 

Now equating the values of n as represented in (1) and (2), we have ^ ' 

= -^. Whence dQog y) bears the same ratio to -=-, as d(log x) does to — . Let 
cLx y X 

X 

m be this ratio. Then dJi}og y)= — -^ and d(log x)= . 

We are now to show that m is constant and depends on the base of the 
system. 

dJ(\os v) 
To do this, take i/=2»', from which we can find as above n'= \;, ' , 

dilog z) 

dy 

V dy 

= ~^. • Now as m is the ratio of d(log y) to --, it is also the ratio of (f(log e) to 

z 
— ; and ^(log 2)= . Thus we see that in any case the same ratio exists be- 
tween the differential of the logarithm of a number and the differential of the 
number divided by the number. Therefore w is a constant factor. 
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That m depends upon the base of the system is evident, since in a system of 
logarithms the only quantities involved are the number, its logarithm, and the 
base. Of these the two former are variables ; whence, as the base is the only 
constant involved in the scheme, m is a function of the base* 



189. JPvob. — 2'o produce the logarithmic series. 

Solution. — ^The logarithmic series, which is the foundation of the usual 
method of computing logarithms, and of much of the theory of logarithms, is 
the development of log (1 + x). To develop log (1 + x), assume 

log (l'\-x) = A-{-Bx+ Ox* + Dx^ + Ex* + Fx'^ + etc., (1) 

in which a; Is a variable, and A, B, C, etc., are constants. 

Differentiating (1), we have 

^^ =Bdx + 2Cxdx 4- 3Dx*dx + 4i2u«(fe + 5Fx!*dx + etc. 

1 + X 

Dividing by dx, 



m 



=:B + 2Gp + SDx* + 4fi&' + 6Ec* + etc. (2) 



X + x 

Differentiating (3), and dividing by dx, we have 

-m — I — =2C+2 SDx + B AEx* + 4 6i^» + etc. (8) 

(1 + X)* 

Differentiating (3))and dividing by 2 and by dx, we have 

m — - — = dD + S'AEx + 2 8 52?Jb* + etc. (4) 

(1 + xy 

Differentiating (4), and dividing by 8 and dx, we have 

- m ^^ ^ ^ r= 4J^ + 4 5^ 4- etc. (5) 

(1 4- X)* 



m - ^, = 5J^ + etct (6) 



Differentiating (5), and dividing by 4 and dx, we have 

(1 + xY 

We have now gone far enough to enable us to determine the coefficients A, 
Bi Gf D, Ey and F, and these will probably reveal the law of the series. 

As all the above equations are to be true for all values of x, and as the coeffi- 
cients Ay B, C, etc., are constant, i. «., have the same values for one value of x as 
for another, if we can determine their values for one value of x, these will be 
their values in all cases. Now, making a? = 0, we have, from (1), A = log 1 = 0; 

^ What the relation of the modalnei to the base is, we are not now concerned to know ; it 
will be determined hereafttT. 

t The number la 1 + aj ; hence the diflferentlal is m times the dlflTerentlal of 1 + a? divided by 
the nnmber 1 + a?. 

t Of conrse the stndcnt will observe what forms the sncceedingr terms In this and the other 
similar cases would have. Thus here we ehoold have 6i''+6-66^ + 8-6- IHx* + etc. 
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from (3), B=:m; from (8), 0= — i^ ; from (4), 7> = if» ; from (5), E=: — Jw ; 
from (6), F= im. These values substituted in (1) give 

0?* a?' a?* a?* 
log (1 + x) = m(x-^ + ^ _ — + _ - etc.), 

the law of which is evident. This is the Logarithmic Series^ and should be fixed 
in memory. 

ScH. — ^The Napierian system of logarithms is characterized by the modu- 
lus being 1 (m = 1). Hence the Napierian logarithmic series is 

SB* a;* X* ar* 
log(l + aj) = a.--^ + 3--^+--etc. 

190* Cor. 1. — The logarithms of the same number in different 
systems are to each other as the moduli of those systems^ 

This is evident from the general logarithmic series. Thus the logarithm of 
1 + a; in a system whose modulus is m, is expressed 

log«(l + a?)» = w(a?- ^ + ^ -^ + ?^ - etc.); 

« o 4 O 

and the logarithm of the same number in a system whose modulus is m' is ex- 
pressed 

log^(l + «)» = w'(a?-^ + ^ -^ + ^ - etc.). 

2 o 4 o 

Now, as the number (1 + a?) is, by hypothesis, the same in both cases, x is the 
same. Hence, dividing the members of the first by the corresponding members 

of the second, we have log, (1 + a;) _ m^ 

log«Xl + ») nh' 

191. Cor. 2. — Having the logarithm of a number in the Napierian 
system^ we have but to mtUtiply it by the modulus of any other system, 
to obtain the logarithm of the same number in the latter system. 

Or, the logarithm of a number in any system divided by the loga-- 
rithm of the same number in the Napierian system^ gives the modvhia 
of the former system,. 

192, Pvoh. — To adapt the Napierian logarithmic series to nu- 
merical computation so that it can be conveniently used for computing 
the logarithms of numbers. 

Sol. — ^Tliat log (l + a;) = a;— — + — — 1- + -=- - etc., is not in a practica- 

4© o 4 O 

ble form for computing the logarithms of numbers will be evident if we make 
the attempt. Thus, suppose we wish to compute the logarithm of 3. Making- 



* The sabscriptfi m and m' are need to distingiiish between the systcmsi, as log (1 + a;) is not 
the same in one system as in the other. Bead logm(l + a;), "logarithm of 1 + a; in a system 
whose modalos is m," etc. 
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2* 2' 2* 2* 
a; = 2, we have log (1 -h 2) = log 3 = 2 — — -h -- — — -f- -- — etc., a series 

«9 (S 4 

in which the terms are growing larger and larger (a diverging series). 

We wish a series in whicli the terms will grow smaller as we extend 
it (a converging series). Then the farther we extend the series, the more 
nearly shall we approximate the logarithm sought. To obtain such a series, 
substitute —xioix in the Napierian logarithmic series, and we have 



X* x^ X* a?* 
8" 



log (1 - «) = - a? - ~- - y - ^ - y - etc. 
Subtracting this Irom the former series, we have 

log (1+ar) - log {l-x) = log (j^) = 2(aj+4«' +i«' +!«' + etc.). 

1 1 2»+2 2« 

Now put X = ^ . ^ , whence 1 +a?=l + ^_ . ^ = sitt > 1~^ = Km » ^^^ 



22 + 1 



2«+l 2g + l' 



2e + l 



. Hence, as log ( ) = log (1 + e) — log e, substituting, and trtins- 



l+a; _ 1+g 
1— aj"~ 2 
posing, 

log(l+e) = log.+2(^+^^^,4-g^^ (A) 

This series converges quite rapidly, especially for large values of e, and is 
convenient for use in computing logarithms. 

193. JProb. — To compute the Napierian lagarUhm$ of the natural 
numbers 1, 2, 3, 4^ etc.f ad libitum, 

SoLunoN. — In the first place we remark that it is necessary to compute th© 
logarithms of prime numbers only, since the logarithm of a composite number 
is equal to the sum of the logarithms of its factors (178). 

Therefore beginning with 1, we know that log 1=0 {173), 

To compute the logarithm of 2, make 2=1, in series (A), and we have log (1 + 1) 

,.,«ft/ll 11 1 1 1 l.*\ 

-logl=log2 = 2(^g+g^.+^. + ^,+^,+j3-^,+jg-^+jy^^ 

The numerical operations are conveniently performed as follows : 

3 2.00000000 




9 
9 
9 
9 
9 
9 



.66666607 
.07407407 
.00823045 
.00091449 
.00010161 
.00001129 
.00000125 
.00000014 



1 


.66666667* 


3 


.02469136 


5 


.00164609 


7 


.00013064 


9 


.00001129 


11 


.00000103 


13 


.00000009 


15 


.00000001 



.-. log 2 = .69314718* 



oThonghthedcdmalpftrt of a logarithm la generally not exact, it is not caetomary t« 
annex the -t- sign. 
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Second, To find log 3, make e =r 2, whence 

kg 3 = log 2+fi(i+^+^^+^,+^+ ete). 



C(mipntaHan, 



5 


2.0(]MOO(^ 


25 


.40000000 


25 


.01600000 


25 


.00004000 


25 


.00002560 




.00000102 



1 

3 
5 

7 
9 



.40000000 
.00533333 
.00012800 
.00000366 
.00000011 



.40546510 
log 2= .69314718 



/. log 3 = 1.09861228 



TMrd, Tofindlog4. Log 4 = 2 log 2 = 2 x .69314718 = 1.38629436 
JPburth. To find log 5. Let z = 4, whence 



Dg u = log » -r- 


^9 


' 39* ' 5- 


9*-* 


'7-9^^''''^ 


Cofnputatian, 


9 

81 


2.00000000 






.22222222 


1 


J32222222 




81 


.00274348 


3 


.00091449 




81 


.00003887 


5 


.00000677 






.00000042 


7 


.00000006 






.22314354 






log 


4 = 


: 1.38629436 



.-. log 5 = 1.60948790 

In like manner we may proceed to compute the logarithms of the prime num. 
bers from the formula, and obtain those of the composite numbers on the prin- 
ciple that the logarithm of the product equals the sum of the logarithms of tlie 
factors. 

Thus, the Napierian logarithm of the base of the common system, 10, = log 5 
-f log 2 = 2.30258508. 



194* Prop. — The modvkis of the common system is .43429448 +• 

Dem. — Since the logarithm of a number, in any system, divided by the Na- 
pierian logarithm of the same number is equal to the modulus of that system 
{191), we have 

m. og u _ jnod^i^g of common system. 
Nap. log la 
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But com. log 10 = 1, and Nap. log 10 = 2.30258506, as found above. Henoe« 
M&diUtis of common system = sis^sssSiis = .43429448. 



Tables of Logarithms. 

195. As one of the mosfc important uses of logarithms is to 
facilitate the performance of multiplication^ diyision^ inyolution^ and 
evolution, when the numbers are large, according to (178^181), 
it is necessary to have at hand a table containing the logarithms 
of numbers. Such a table of common logarithms is usually found 
in treatises on trigonometry and on surveying, or in a separate 
volume of tables.* These tables usually contain the common loga- 
rithms of numbers from 1 to 10000, with provision for ascertaining 
therefrom the logarithms of other numbers with sufficient accuracy 
for practical purposes. Four pages of such a table will be found 
at the close of this volume. 



196. JPvob. — To find the logarithm of a number from the table. 

Solution. — The logarithm of any number from 1 to 100 inclusive can be 
taken directly from the first page of the table. Thus log 2 = 0.301030, and 
log 21 = 1.322219.t 

To find the logarithm of any number from 100 to 999 inclusive, look for the 
number in the column headed N, and opposite the number in the first column at 
the right is the mantissa of the logarithm. The characteristic is known by 
(185), Thus log 182 = 2.260071 ; log 136 = 2.180384. 

To find the logarithm of any number represented by 4 figures, find the first 3 
left-hand figures in column N, and opposite this at the right in the column which 
has the fourth figure at its head, will be found the last four figures of the man- 
tissa. The other two figures of the mantissa wiU be found in the column, oppo- 



* Mathematidans and practical computers generally nee more complete and extended tables 
than those found in connection with such elementary treatises. The common tahles give five 
places of decimals in tlie mantissa. Those in connection with this series give six. Callet's 
tables edited by Hasler are standard eight-place logarithms. Vega's tables are among the best 
Dr. Bremlker's edition, translated by Prof. Fischer, is a favorite. EOhler's edition of Vega's 
contains Gaussian logarithms. Vega's tables are seven-place. Ten-place logarithms are neces- 
sary for the more accurate astronomical calculations. Prof. J. Mills Pelrce, of Harvard, has re- 
cently issued an elegant little folio edition of rabies containing among other things a table of 
three-place logarithms which is veiy convenient for moi^t uses. 

t This page is really unnecessary, since nothing can be found from it which cannot be found 
with equal ease flrom the succeeding part of the table. Thus, the mauti!<i>a of log % is the same 
as the mantissa of log 800 ; and the mantissa of log 21 is the same as that of log 210. 

i2 
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cite the first three figures of the number or Just above, unless heavy dots have 
been passed or reached iu running across the page to the right, m which case the 
first two figures of the mantissa will be found In the column just bdoto the 
number. The places of the heavy dots must be supplied with O's. The charac- 
teristic is determined bj (18S), Thus log 1316=8.119256 ; log 2042=3.310056 ; 
log 1868 = 3.271377. 

To find the logarithm of a number represented bj more than 4 figures. Let 
h be required to find the logarithm of 1934261. Finding the mantissa correspond- 
img to the first four figures (1934) as before, we find it to be .286456. Now in the 
same horizontal line and in the column marked D, we find 225, which is called 
the TaMUar Difference. This is the difference between the logarithms of two 
consecutive numbers at this point in the table. Thus 225 (millionths) is the 
difference between the logarithms of 1984 and 1985, or, as we axe umng it, 
between the logarithms of 1934000 and 1935000, which differences are the same. 
Now, assuming that, if an increase of 1000 in the number makes an increase of 
225 (millionths) in the logarithm, an increase of 261 in the number will make an 
increase of -fSih* or, .261, of 225 (millionths) in the logarithm,* we have .261 
X 225 (millionths) = 59 (millionths), omitting lower orders, as the amount to be 
added to the logarithm of 1984000 to produce the logarithm of 1934261. Adding 
this and writing the characteristic {185) we have log 1934261 = 6.286515. In 
like manner the logarithm of any other number expressed by more than four 
figures may be found. 

197 • ScH. — As the mantissa of a mixed integral and decimal fractional 
number^ or of a number entirely decimal fractional, is the same as that of an 
integral number expressed by the same figures [1S4\ we can find the man- 
tissa of the logarithm of such a number as if the number were wholly inte- 
gral, and determine the characteristic by (ISS)- 

19 8 . JProb* — To find the nvmber eorre^onding to a given 
logarithm. 

Solution. — Let it be required to find the number corresponding to the log- 
arithm 4234567. Looking in the table for the Tuxt less mantissa, we find .234517, 
the number corresponding to which is 1716 (no account being taken as to 
whether it is integral, fractional, or mixed ; as in any case, the figures will be the 
same). Now, from the tdbula/r difference, in column D, we find that an increase 
of 253 (millionths) upon this logarithm, would make an increase of 1 in the 
number, making it 1717. But the given logarithm is only 50 greater than the 
logarithm of 1716 ; hence, it is assumed (though only approximately correct) 
that the increase of the numlier is A^j of 1, or .1976 + . This added (the figures 
annexed) to 1716, ^ves 17161976 + . The characteristic of the given logarithm 
being 4, the number lies between the 4th and 5th powers of 10, and hence has 5 
integral places. .*. 4.234567 = log 17161.976 + . In like manner the number 
corresponding to any logarithm can be found. 



* This a»8amptioii, though not strictly correct, ie sufficiently accnrate for all ordinary 
purposes. 
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199. Prop.— The Napierian base is 2.71828182a 

DsM. — Let e represent the base of the Napierian system. Then by {190) 

com. log 6 : Nap. log e : : .43429448 : 1. 

But the logarithm of the base of a system, taken in that system is 1, since 
a* = a. Hence, Nap. log e = 1, and com. log e = .43429448. Now finding from 
a table of oomnK« logarithms the number corresponding to the logarithm 
.43429448, we have e = 2.718281828. 

^ Examples. 

1. If 3 were the base of a system of logarithms, what would be the 
logarithm of 81 ? Of 729 ? If 5 were the base, of what number would 
3 be the logarithm ? Of what 2 ? Of what 4 ? 

2. If 2 were the base, what would be the logarithm of J ? Of ^? 

Of A? -' ' ^ ' ' 

3. If 16 were the base, of what number would .5 be the logarithm ? 
Of what .25 ? 

^4 In the common system we find that log 156=2.193125. Show 
that this signifies that 10^**^*=156. 

5. Log 1955=3.291147. To what power does this indicate that 
10 is to be raised, and what root extracted to make 1955 ? 

6. Find from the table at the close of the vohime what root of 
what power of 10 equals 2598. 

7. Multiply 1482 by 136 by means of logarithms, using the table 
at the close of the volume. (See 178.) 

8. Perform the following operations by means of logarithms: 
1168 X 1879; 2769 -r 187; 15.13 x 1.3476; 257.16 -^ 18.5134; 
.126-7-6.1413; .11257 x .00126; (1278.6)^; (112.37)1 

9. Perform the following operations by means of logarithms : \/2 
to 5 places of decimals ; ^/b to 3 places of decimals ; ^^2341564273 
to two places of decimals ; V3015618 to 4 places of decimals. 

10. Perform the following operations by means of logarithms: 
V.01234 to 4 places of decimals ; V.03125 to 5 places of decimals • 
V^.0002137 to 5 places of decimals. 

SxTG'B.— Log .01234=2.091315. Now to divide this by 3, we have to remember 
that the characteristic alone is negative, i, e. that 8.091315 = — 2+. 091316, or 



180 ADVANCED GOtrBfiE IH ALaEBBA. 

-1.906685, which is all negative. Dividing this by 8, we have —.636228, oi 

0— .636238=1.963772. Bat a more convenient way to effect the division is to 

write 2.091315 = 3 + 1.001315, and dividing the latter by three we obtain 

1.363773, in which the characteristic cUone is negative, thus conforming to the 
tables. 

To divide 13.341652 by 4, we write for 13.341652, -16+3.341652, and dividing 
the hitter obtam 4.835413. 

11. Divide as above 11.348256 by 3 ; 17.135421 by 6 ; i.341263 
by6- 

12. Given the following to compute x by logarithms : 

201.56 : 134.201 : : 18.654 : x ; 2350.64 : .212 : : 1.1123 : x ; 

X : 234.008 : : 15.738 : 200.56 ; 123 : a; : : 2 .01 : .03. 



13. Having y = A/ -^ to express the equivalent operations 

in logarithms. 

Suo's. y = V(a — x)(a + a5)-*-(l + x). .-. log y = i [log (a — a?) -f- log {a+x) 
-log(l+a?)]. 

1. i • 

14 Given y=a;'(l— a;*)* to express the equivalent operations in 

logarithms. Also y = A/ j-. Also y = a/ ^-^ — -. 



^/x — x^ ., •/arb^ ., . or c* 

Also y = ^ ^ — Also y=:A/-—. Also given ts : — : : 



^m^—x* : y to express log y. 
15. Differentiate y = log(a*— a;*). 



gUG's. — ^Write y = log {a-\-x)-\- log (a — x). Then differentiating, we have 
= . Or diif erentiatlng without factoring, we have dy =— ^-; j- 



sr =. Wlien reduced the results are the same, but the former is usually 

a*—x* 

the more elegant method. 

16. Differentiate the following: ^ = log (1 — a:) ; y = log ax\ 
y = log a;3 ; y = log ?; y = log vTT». 

* This form fignifies that a< -a;> is to be differentiated. The operaUon is only indicated, not 
performed. 
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Su(^*8. — Remember that log 0' = 8 log a; ; and also that log yT+a; = 
Jlog(l,+ a?). 

17. Find from the table at the close of the volume that Nap. log 
1564=7.3550018. Find in like manner the Napierian logarithms of 
5, 120, and 2154372. 

18. Knowing that the Napierian logarithm of 22 is 3.0910425, how 
woald you find the common logarithm of 23 from the logarithmic 
series (192) ? 

19. The common logarithm of 25 is 1.39794. What is the modu- 
lus, and what the base of a system which makes the logarithm of 
25 2.14285? 

QuBRT. — ^How do you see at a glance that the required haee is a little less 
than 5? 



^♦^ 



SECT/ON V. 

SUCCESSIVE DIFFERENTIATION, AND DIFFERENTIAL 

COEFFICIENTS. 

200. Fvop. — Differentials^ though infinitesimals^ are not neces- 
sarUy equal to each other, 

Dem. — ^Thus, let y=2aj'. Then dy=^*dx. Now, for all finite yalues of x, 
d;^ is an infinitesimal, since no finite number of times the infinitesimal dx 
can make a finite quantity, and dy is Ox* times dx. But for a;=l, d$f is 6 times 
dx ; for x=2, dy\B2i times dx; for 2r=8, (^ is 54 times dx, 

201* CoR. — When y=:f (x), dy is generally a variable^ and hence 
can be differentiated as any other variable, 

202. Notation. — The differential of dy is written rf*y, and read 
" second differential of y." The differential of d^y is written ePy, and 
read " third differential of y/' etc. The superiors 2 and 3 in such 
cases are not of the nature of exponents, as the d is not a symbol of 
number. 

203. In differentiating y=f{x) successively, it is customary to 
regard dx as constant This is conceiving x to change (grow) by 
equal infiniteshnal increments, and thence ascertaining how y varies. 
In general, y will not vary by equal increments when x does, as 
appears from the demonstration above. 
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204. A Second I>ifferential is the difference between two 
consecutive states of a first differential. — A Third Differential 

is the difference between two consecutive states of a second differ- 
ential, etc. 

III. — In the function y=z%x'*^ if x pusses to the next state, we have diy=fla!^dx» 
Now dy^ though an infinitesimal, is still a variable, for it is equal to Sdv times 
^, and xSsK variable. Hence if x takes an infinitesimal increment, dy will pass 
to a consecutive state. In other words, we can differentiate dy=z6dzx*, just as 
we could u = mx*, dy being a variable function, 6dx a constant factor, and x the 
variable. Representing the differential of dy by d*y, we have d*y = Qdx ■ 2xdx, 
or d*y=12xdx*, dx* being the square of (27, not the differential of x*. To indi- 
cate the latter we would write d(ir'). 



Examples. 

1. Given y = 3x* — 2a;* to find the third differential of y, or d?y. 

Solution. — Differentiating y=ar*— a»*, we have dy=15x*dx—4xdx. Now, 
regarding dx as constant, and differentiating again, we have d*yz=iJOx^dx* 
—4dx** Differentiating again in like manner, we obtain d^y=:WOx*dx^, the 
second term disappearing, since 4dx* is constant. 

2. Given y = 2^;* — 3a? + 5 to find the second differential of y^ 
i. e. d*y, 

3. Given y = {x — a)* to find the third differential of y. 
Bug's. dy=d{x-a)*dx, d*y=e(x-a)dx* , d^y=fidx^, 

4. Given y =z Ax + Boi? -^ Co? + Dt^^ to find the 4th differential 
of y, J, By C, and /), being constant d*y = 4 • 3 • 2 Dda^. 

5. Differentiate y ^ A ^^ Bx + Ct? -{■ D^ ■{- Eof -\- Faf -{■ eta, 5 
times in succession. 

6. Differentiate y = (a; — \){x — 2){x — 3) (a; — 4) twice in suc- 
cession without expanding. 

SuG'a. dy = (aj-2)(a?-3){aj-4)dj!+(aj-l)(aj-3)(aJ-4)(laj+(a;-l)(«-2)(a;-4) 
dx + (a?— 1) (a;— 2) (x—2)dx, 

= [(«-2) («-3) (aJ-4) + (a?-l) (aJ-8) (aJ-4) + (»-!) (a;-2) (a?-4) 
+{«-l) («-2) (a;-3)]<te. 

rf«y == t(af-3)(a;-4) dr4-(aJ-2)(a?-4)<&+(a?-2){aj-8)(to+(aj-8)(aj--4)<to+(«-l) 
(a?-4) dx + (»-l) (a?-3) (to+ {a?-2) (a?-4) dr+{aj~l) (a;-4) (&;+(«- 1) (a:-2) 
dx +(a?-2) (a?-3) dp+(«-l) (a?-3) dx+(x-l) (x-%jdx\da. 



* To differentiate l&c^dte. calling cto oonetant, we may write \lSdx x^. Now ISdx is con- 
Btant. Hence differentiating x*^ we have 4ii;Sda;, which mnltiplied hy the conetant ISete, gives, as 
above, fiOjp'rfar*. The dx'^ is* " tlic square of dx,""" not the differential of «•. 
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= [(a!^8)(«-4) H- (aj-2)(aj-4) + («-2)(«-8) + (a-3)0r-4) + (aj-l)(«-4) 
4- (a!-l)(a;-3) + («-2) (aj-4) + (aj-l)(af-4) + («-l)(aj-2)-f («-2)(«-3) 
-f (a?-l) (aj-3) + (fu-1) (aj-2)](te«. 

7. As above, differentiate y = {x -- a){x — b){x ^ c) twice in suc- 
cession without expanding. 



DlFFB&£in:iAL COEFFICIEKTS. 

205. The First Differential Coejfflcient is the ratio of 
the differential of a function to the differential of its variable. Thus, 

if y=:f(x), and dy=f'{x)dxy -^=f\x)y and -~y or its equivalent 

f'{x)y is the first differential coefficient of y, orf{x). 

III.-— The meaning of this is simple. Thus* if ^ = ^*, ^ = ^^i that is, if 

X takes an infinitesimal increment dx, y takes an infinitesimal increment dy, 
whicli is to cLr, as %jr^ is to 1, or tlue ratio of dy to dx is Sx^, In still other words, 
y increases Bx^ times as fast as x. The reason for calling this a differential 
coefficient, is that it is th.e caeffldent by which the increment {dx) of the variable 
mast be multiplied to give the increment {dy) of the function. 

206. The Second Differential Coefficient is the ratio of 
the second differential of a function to the square of the differential 
of the variable. Thus, if y=zf{x)y dy=f\x)dxy and d'y=zf(x)da^, 

d^ti d^i/ 

—^z=f"{x)y -t4 or its equivalent /"(«), is the second differential coef- 
ficient of y, 0Tf{x). In like manner Third, Fourth^ etc., differential 
coefficients are the ratios respectively of the third, fourth, etc., dif- 
ferentials of a function, to the cube, fourth power, etc., of the dif- 
ferential of the variabla Thus, if y=f{x)y dy=f'{x)dx, d^=f'\x)da^y 
cPy=Lf'\x)doi?, and d^=:f''{x)dx^y the successive differential coeffi- 

cients are |=/'(^), g=/"(*), g=/"'(*), «»d g=r(*). 

III. — ^Too much pains cannot be taken by the student in order to get a clear 
conception of the meaning of the various symbols f{x), f'{x), f"{x\ f"'{x), etc 

To illustrate, suppose we have y = 2aj*— «'H-6, whence— = 8aj'— 8a;*, ^~ 

* To produce the snccessive differential coefficients we may produce the corresponding enc- 
ccssive differentials as in the preceding examples, or wc may proceed thus: ^=Sa;»— fte^ can 

be differentiated, remembering that dy is variable and dx constant, and it gives -^=i%4x'^dx 

(jPy 

-ftrcTar, whence ^=94a?'-to. 
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= 24aj«-fia?, ^ = 48a;-6, and ^ =48. Now in this case y =flx\ t. e., y is a 

function otx; so ^ is also a function of x, being equal to Sx^—9x* ; but, as it 
is not the same function of x that y is, we call it tlie / prime function, and write 
-^ =/'(«). In like manner -^ = f"{^) means that -r-f is some function of a*, 

hii a different one from either y, or ~- . It may be observed that, in this example^ 

d^V 

■^ is not a function of x, and hence the inquiry arises as to the propriety of the 

d^y 
notation -=-f =/'^ {x\ It must be remembered that this form of notation is the 

general form, and it is the general fact that ^-^ is a function of x, though in 
special cases it may not be. 



Examples. 

1. Produce the 1st, 2Af Sd, and 4th differential coefiScients of 

dy 
Opebation. dy = 5a?*cte — ^x^dx + da?, whence ^^ = 5«* — ft»* + 1. Differ- 

ax 

entiating the latter* -^ = aOu'da? — larcto, whence ^ = gOu' — !&». Agau^ 

differentiating, = (60aj« - 18)(faJ, whence = 6(te* - 18. Fmally, 
= 12<te. 

2. If y=^6Q!?—3x, what is the ratio of the increase of y to that of a;, 
in general? What is it when a;=l? Whena:=2? Whena;=3? 

^ A71S. In general, y increases lOrr— 3 times as fast as x. When 
x=l, y is increasing 7 times as fast as x. When x=2y y is increas- 
ing 17 times as fast as x. 

m 

3. If y=a:^ + 2a^'-x+10, what is the ratio of the 3d differential of 
y to the cube of the differential of a;? What is it when x=l? 
When x=j^ ? When x=^ ? What is the name of this ratio ? 

4. If «/=(« + a;)"*, what is the 1st differential coefficient of the func- 
tion? What the 2d? What the 3d? What the 5th? What 
the 11th ? 

^ = m(m-l)(m--2)(m-3)(m-4){a + a;)— ». 



* Sec root-note on preceding page. 
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5. Produce the first 5 successive differential coefficients of 

207 » ScH. — ^The successive differential coefficients of a function of the 
form A+Bx+Cx*-i-Dx''^+ etc., ora»-|-Jaj"-»+J9a?»-«-+- etc., are readily writ- 
ten by inspection. Thus, calla?*— aaj*+5»'-|-aj— 12,/(a;). Let /'(jc) mean the 
first differential coefficient, f"{x) the second, f"'(x) the third, etc. We have 

fix) = aj* - 2a?'» H- 5a;« + « - 13. 

fix) = 4^3 « ea;* H- 10a; + 1. 
fix) = 12x* - 12a; + 10. 
/"'(a;) = 24a; - 12. 
f^x) = 24. 

/'(a?) = 0. Here the processes terminate. 

Each of the above is produced from the preceding by multiplying the 
coefficient of x in each term by the exponent of x in that tenn and diminish- 
ing the exponent by 1. 

6. According to the method indicated in the last scholium, write 
out the successive differential coefficients of the function 2a;" -h3a^ 
-5ic'+10. Also of 2a;«-3ic"+a;". Also of 3-h2a:-4ar»+3a;*. 



«^ 



SECTION VI. 

TAYLOR'S FORMULA. 

• 

208. Dep. — Taylor^s Formula is a formula for developing 
a function of the sum of two variables in terms of the ascending 
powers of one of the variables, and finite coefficients which depend 
upon the other variable, the form of the function, and its constants. 

209m Dep. — If u =f{x + y), i. «., if w is a function of the sum 

of the two variables x and y, and we differentiate as though one of 

the variables, as x or y, was constant, the differential coefficients thus 

formed are called Partial Differential Coefficients. The 

partial differentiifl coefficients of w, when x is considered variable 

, , . i •« .1 du cPu d^iv d^n , 

and y constant, are represented thus: ^, ^, ^, -t-j, etc. 

When y is considered variable and x constant, we write the coeffi- 
. , du d^u d?t(. df'u , 

'^'""^^ ^' df' df' ^' '*^ 



186 ADVANCED GOUBSE IN ALGEBRA. 

210. ZefnfHa*—Jy u = f(x + y), the partial differential eo^ 

du , du , 

ctents Y~ ^^^ y ^^^ eqtuiL 

DsM. — Having t* =/(« 4- y), .if x take an increment, we have u-\-dxU* 
rry^a;^-daJ-^-y)=/[(J?^-y) + <to]; whence d*tt = /[(«-|-y) + cte]-/(a; + y), 
aince a differential is the difference between two consecutive states of the func- 
tion. Again, if p take an increment, we have u + dpU =f(x + y + dy) 
=/[(« + y) + dy\ ; whence d^u =/[(J? + y) + dy\ —J[x + y). Now the form of 
the values of dgU and dyU, as regards the way in which x and y are involved, is 
the same ; hence, if it were not for dx and dy, they would be absolutely equaL 
Passing to the differential coefficients by dividing the first hy dx and the second 
bydy.weh.ve ^ =-^t(^^y)+dr]-/(x+y) ^^^ ^ ^/[(^+y)+dy]-^x+y) 

•^ * du cb; dy dy 

But, in differentiating, the differential of the variable enters into every term ; 
hence /[(aj + y) H- dx] ^f[x + y), as it would appear In application, would have 
a dp in each term which would be cancelled by the dx in the denominator in the 

du du 

coefficient, and — would be independent of dx. In like manner -=- is independ- 
ent of dy. Hence, finally, as these values of the partial differential coefficients 
are simply functions of {x + y)$ of the same form, and not involving dx or dy, 
they are equal, q. B. D. 

III. — To make this clear, let -w = (a? + y)". Then dxU = 8(a? + y^dx, or 

du du 

— = 3{aj + y)*. Again, dyU =8(iiJ + yYdy, or ;=- = 8(a;H- y)\ Hence we see that 

ux dy 

du du „ ... _ , . du 1 . du 1 , 

;;5- = :r- . So, agam, if « = log (x -f- y), -j- = — ; — , and -=- = — ; — ; hence 

dx dy ^ ® ^ *'' da? a; -i- y dy x-hy 

du __ du 

dx ~" dy' ,.,.««^ 

211. Prob. — To produce Tayloi^s Formula. 

Solution. — Let u ==f(x 4- y) be the function to be developed. It is proposed 
to discover the law of the development when the function can be developed in 
the form 

u -f{x + y) = ^ + Py + Cy* + Dy^ H- ^* + etc., (1) 

in which A,B,G, etc., are independent of y» and dependent on x, the form of the 
function, and its constants. 

Supposing X constant and differentiating with reference to y as variable, re- 
membering that, as A,B, (7, etc., are functions of x, and not of y, they will be 
considered constant, we have 

^ =5-f2Q^-f32)y«-f4J%3-fetc. (2) 

dy 

* As we are to consider the effect pix)duced upon u by an increment in x, and also by an in- 
crement in y, we adopt a form of notation to diptlngaish between the increments of u. Tbns 
cfxv means the increment which u takes in couseqnence of x having taken the increment dXy 
whilo y remained constant. So (fvu represents the increment of u oonseqnent upon the incrs' 
ment dy of y. 
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Again, differentiating (1) with respect to x, y being supposed constant, and re* 
membering that A,B,C, etc., are functions of x, we have 

Hence by [210) 

B+20ff+9D}f*+^Jiif'. etc. = *4 + ^y + ^yt + ^v*+ ^»«+etc (4) 

ux dx dx ux ux 

Now, by the theory of indeterminate coefficientSi the coefficients of the like 
powers of y are equal, and we have 

B = ^, 20=^. 8i)=^. iE=^, etc 
dx dx dx dx 

But as (1) is true for all values of y, we may make p = 0; whence 
A =/(ir) = u' ; letting u' represent the value of the function «, when y = 0. 
Now, as A is independent of y, it will have the same value for one value of y as 
for another ; hence A =/(«) = w' is the general value of A, 

dA du* 

Again, J? = -— . But as ^ = t^', a function of x, dA = du\ and JB = — . 
dx dx 

In hke manner 20=:—-, But as B = — , dB = d{—-]=z-- — , and 

dx dx \dx/ dx 

^^%dx*' 

So, also, as 82) = -=-, and dC = id[ -^-; ) = ^-rs, -^ = tt -^t-t- 

do^ * \dx* J 2 dx** |8_ dx^ 

Similarly we find -^ = rr ""^r' *™* *^^® ^*^ ^' *^® series is apparent. 

Finally, substituting the values of A, B, C, etc., in (1), we obtain 

, du' y d*u' y* d^u' v* d^u' v* 
«=/(*4-y) = «' + ^f + ^|+^|+^t + etc.. (5) 

which is Taylor's Formula. 

212^ SCH. — Taylor's Formula develops u =f (x -{-y) into a series in 
which the first term is the value of the function when y = ; the 8€ea7id 
term is the first differential coefficient of the function when y = 0, into y; 
the third term is the second differential coefilcient of the function when 

y = 0, into j= ; etc., etc. 
IS. 

du* 
As «' is/(a?4-y) when y = 0, we may write/(a?) for u', and for — , /'(a?) ; for 

d*u' d'^u' 

-3-T' /"(*) J '®' TTii' / "W > ®*^-» ** before explained. The formula then be- 
ax dX' 

comes 

^Toeee forms are Indicated operations. Thas, as il is a ftinction of a;, when wo differentiate 
With respect to a; we write dAy and to pass to the differential coefflcieut have to divide by dx. 
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i*=/(a'+y)=/W+/X«)f+/>)^4-rw^+/-W^^ (6) 

This is a very important method of writing Taylor's Formula, and should be 
clearly understood, and firmly fixed in memory. 



Examples. 

1. Develop {x+y)^ by Taylor's Formula. 

Solution.— Putting u = (aj+y)', we have u' = a?*, -^ = &»•, ^ = 20a^,. 

*Pu' d*u' d*w' 

V^ = 60a^. = 120^» ^^^ TT = 120. Here the coefficients terminate, as 

ojr dx* dar 

the differential of a constant is 0. 

Substituting these values in (5) {211\ or (6) {212), we have 

u = (a?4-y)'= aj'^H- 5x*y + 10aj^y*+ 10a:*y®+ 5a!y* + y«. 

The same as by the Binomial Formula. 

2. Develop (x—yy by Taylor's Formula, and compare the result 
with that obtained by means of the Binomial Formula. Also (a?H-y) . 
Also {x—y)'\ Also (x-j-y) *. 

3. Show that 

:t. = log(:.+y)=loga:+|-^ + g-;^ + etc 

4. Develop (x+y)"* by Taylor's Formula, thus deducing the Bi- 
nomial Formula. 



213. Taylor's Formula is much used for developing a function 
of a single variable after the variable has taken an increment. When 
so used the increment may be conceived as finite or iufinitesimali 
only so that it be regarded as a variable. 

Ex. 1. Given y = 2x^ — x^+6x— 11, to find y', which represents 
the value of the function after x has taken the increment h. 

Solution. — In the function as given, we have y = f(x), and are to develop 
y'=f(x 4- A). By Taylor's Formula we have 

dy^ d'yh* d^'y h^ d*yh* 
Fromy = a»^— »«+ 5« — 11, we have ^ =to«— 2« + ^» ^ == 12«— 3, 
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— ^ = 12, and subsequent differential coefficients 0. Substituting tlxese values 

in the formula, we obtain 

y'=(aB'-«»+5jj-ll)+(eaj»-a»+5)A+(12a;-2)~+(12)— 

= 2aj»-a5«+5a?-ll +(6x«-3a?+5)^+(&B -1)7a«4-2A». 

Tliis result is easily verified by substituting x+h for x in the value of y, as 
given in the example. Thus, 

y'=2(aJH-;i)'-{aj+;i)«+5(a?-f/0-ll ; 
a result which will reduce to the same form as the other. 

2. Given y=3a;*— 2a;*, to develop y', the value of y when x takes 
the increment h. 



SECTION VIL 

INDETERMINATE EQUATIONS. 

214:. An Indeterminate liquation between two quan- 
tities, as X and y, is an equation which expresses the only relation 
which is required to exist between the two quantities. 

III. — Suppose we have 2a?+3y=7, and that this is the oidy relation which is 
/required to exist between x and y. Then is 2a; + 3^=7 an indeterminate equa- 

X 

kioD. So also, if h-=iey is the only relation required to exist between x and y. 

Of 

this is an indeterminate equation. In like manner y* = 2a;^ — ^ is an in- 
determinate equation if it expresses the only relation which is required to exist 
between x and y. 

The propriety of the term indeierminaie is seen if we observe that such an 
equation does not fix the values of x and y, but only their relation. Thus, in the 
equation 2x + 3y=7,x may be 2, and y 1, and the equation be satisfied. So x. 
may be 3, and y i, and the equation be satisfied. In fact, any value may be 
assigned to one of the quantities and a corresponding value found for the other. 
Hence the equation does not determine the values of the quantities. 

21S. An equation between three quantities is indeterminate if it 
expresses the only required relation between the quantities, or if 
there is but one other relation required to exist. 

III. — Thus, ii2x + 3y— 5«=:10 is the only relation which is required to exist 
between x, y, and z, it is evident that the equation does not determine particular, 
definite values for a?, y, and z. So also if, in addition to the relation expressed 
by this equation, it is required that 2x shall equal 6y, or 2aj=6y, these two 
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equations will not fix the values of x, y, and £. For if 2iE=6y, the former 
equation becomes ^—52=10, which may be satisfied for any value of z, and 
a corresponding value of y, as shown above. 

216. In general, if there are n quantities involved in any 
number of equations less than n> and these are the only relations 
required to exist between the n quantities, the equations are in- 
determinate. 

217* In indeterminate equations the quantities between which 
the relation or relations are expressed are properly variables^ t. e., 
they are capable of having any and all values.* 

III. — Thus in the indeterminate equation 5y — 3a; = 12, any value may be 
assigned to x, and a corresponding value found for y\ or any value may be 
assigned to y, and a corresponding value found for x, 

218. There are, however, many classes of problems which give 
rise to equations which are called indeterniinat^e, although they are 
not absolutely so: in such problems there is some other condition 
imposed than the one expressed by the equation, but which con- 
dition is not of such a character as to give rise to an independent, 
simultaneous equation. Such an equation may have a number of 
values for the variables, or unknown quantities, involved, but not an 
unlimited number. 

III. — Let it be required to find the positive, integral values of x and y which 
will satisfy the equation 2aj + 3y = 35. Now, if 8a; -f ^ = 35 were the only rela- 
tion required to exist between x and y, there would be an infinite number of 
values of each which would satisfy the equation, as shown above. But there is 
the added condition that x and y shall be positive integers. This greatly re- 
stricts the number of values, but does not furnish another equation between x 
and y. We may usually solve such a problem by simple inspection. Tims, in 

this case, we have y = -- — ~ . Now, trying the integral values of x till %x be- 

comes greater than 35, i. e. till x = 18, we can determine what integral values 
of X give positive integral values for y. For a; = 1, y = 11. For aj = 2, 
y = lOJ ; hence a; = 2 is to be rejected. For a; = 3, y = 9$, and a; = 3 is to be 
rejected. For a? = 4, y = 9 ; hence a; = 4 and y = 9 are admissible; etc. 

[Note. — ^This subject is not of sufficient importance to justify our going into 
a general discussion of it. We shall content ourselves with a few practical 
examples concerning simple indeterminate equations between two or three 
quantities, and these restricted to positive integral rolutions. The chief thing of 
importance ia thai the student comprehend the nature of an indeterminate equa- 
tion.'] 

* This statement requires as to iaclodc imtiginary values. 
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Examples. 

1. What positive, integral values of x and y will satisfy the equa- 
tion 5.1;+ 7y= 29? 

Solution.— We may wnte x = — ^-^ = 6— yH — =-^ = 5— y + -^— • Now 

to make x positive we must have 7y<29; and as y is to be an integer it can 

2— V 
only have values less than 5f Again, to render x integral —^ must be integral, 
• /^ o 

or 0. Finally, as no value for y less than 5 will render —^ integral or 0, ex- 
cept y=2, this is the only value of y which fulfills the conditions. Hence the 
answer is y =2, jr=3. 

2. What positive, integral values of x and y will satisfy the equa- 
tion lla;-17y=5? 

Solution. — We have x = — ~ — = y + -,^ — • From this we see that any pos- 
itive value of y which will render -^f— integral, will meet the conditions. Put 

\: =m (an integer) ; whence y = — 2 — =wH-5 ^ . To make this value 

11 I O D 

of y integral — jr— must be integral. Put — jr- = 8 (an integer) ; whence m 

=6«+l. Now any positive integral value for s will fulfill the conditions. Thus, 
put « = ;* whence w = 1, y = 1, and x = 2. Again, put « = 1 ; whence m=7, 
^=12, and'a;=19. For «= 2, m=:13, y=23, and aj=36, etc. Hence there is an 
infinite number of positive, integral values of x and y which satisfy the equation. 

3. What positive, integral values of x and y will satisfy the equa- 
tion 21a;+17y =2000? 

„ , 2000-17y , .^o A . 2000--17y r.^, 5-17y 
Sua's, x = oT* ' ''• ^^^ ^ ^^^' ^8^^^ * = 21 — ~ "^ — 21"^ ' 

, 5— 17y . ^. , 5— 4m ..., 5— 4m 

and — ^r-^ = m, .'. m is negative, and y= — m+ i,y . Whence — j= — = s, 

and m = — j — = 1 — 4« + -j- . .-. « is 4-., and any value of 8 which renders 

l-« 

- J- > or integral, and gives y < 118, will meet the conditions. 

8 = If gives m = — 3, y = 4 and x = 92. 



«= 5, 
«= 9, 
« = 13, 
« = 17, 
» = 21, 



m = — 20, y = 25 and x = 75. 

m = — 37, y = 46 and x = 58. 

m = — 54, y = 67 and a? = 41. 

m = — 71, y = 88 and x = 24. 

wi=--88, y =109 and a? = 7. 



* is coiisidtTcd an integer. 
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Since any greater value of s makes y > 118, tliefie are all the values of x and y 
which fulfill the conditions. 

4. Find the positivey integral Talues of x and y which satisfy the 
following : 



(a) 5x + lly = 254 ; 

(c) 9x -h 13y = 2000 ; 

(e) 11a: + 352^= 600; 

iff) 117a;- 128y = 95; 

(i) 5x ± 9y = 40 ; 



(b) 7x + 13y = 71; 
{(l) nx = 542 - lly; 
(/) 19a; - 117y = 11 ; 
(h) 39a; + 29y =050; 
(k) 6x±9y = 37. 



Applications. 

1. In how many ways can I pay a debt of $2 with 3-cent and 
5-cent pieces ? 

SuG*8.-r-Let X = the number of 3-cent pieces and y = the number of 5-cent 
pieces required. Then we are to determine in how many ways the equation 
3a; +5^ =200 can be satisfied for positive, integral values of x and y. 



We find it to be In 13 ways, as follows : 



y= 1 

aj = 65 



4 
60 



7 
55 



10 
50 



18 
45 



16 
40 



10 
35 



22 125 
30 125 



28181 
201 15 



84 
10 



87 
5 



This means that 1 5-cent piece and 65 8-cent pieces will pay the debt, or 4 
5-cent and 60 8-cent, or 7 5-cent and 55 8-cent, etc. 

2. A man hands his grocer $5 and tells him. to put up the worth 
of it in 11-cent and 3-cent sugars. Can the grocer do it in even 
pounds? If so, in how many ways? What is the greatest number 
of pounds of the poorer sugar that he can use ? What the least ? 

3. In how many ways can a debt of £60 be discharged with guineas 
and 3-shilling pieces ? Ans., Not at all. 

4. If my creditor has only 3-shilling pieces and I only guineas, can 
he so make change with me that I can pay him £50? Can I pay him 
£201 ? In how many different ways ? What is the least number of 
guineas and 3-shilling pieces? How is it if I have crowns instead of 
guineas ? How if I have guineas and my creditor crowns ? How if 
I have crowns and my creditor pounds ? 

5. In how many ways can a debt of £1000 be paid in crowns and 
guineas ? 

Suo. — Having obtained a few of the possible values of x and y, the law will 
become evident. 
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219* Indeterminate Equations between Three Quanthibs. 

1. What are the positive integral values of x, y, and z which 
satisfy dx'\'6y + 7^;= 100 ? 

SoiiirriON. — We have x = ^ ; wlience as 1 is the least value that y 

^or z can have, x cannot be greater than 29. Also y = — — ~^ ; whence y 

cannot be greater than 18. Also «= ^ ; whence « cannot be greater 

than 14* 

Write X = m=^ =83-y-2e+ 1^:^^ . Hence 1=^^ must be an 

integer. Put ~ — =m ; whence y = — m H » . From this we see 

that m is negative. 

Let us now proceed to examine in succession for z=l, z=2, 2=3, etc. 

For «=1. — For this value of z, aj=31— y — J^, and y= — m — -jr . From the 

o « 

latter we see that m must be an even negative number ; and from the former, 
that y must be a multiple of 8. Hence the following computation : 

For m = 0, y = 0, wnich is inadmissible. 

For m = — 2, y = 8, and x = 20. 

For w c= — 4, y = 6, and a; = 21. 

For 7» = — 6, y = 9, and a; = 16. 

For w = — 8, y = 12, and x = 11. 

For w = -- 10, y = 15, and su = 0. 

For w = — 12, y = 18, and x= 1, 

Since the values of x decrease as m increases numerically, and 1 is the least 
admissible value of x, we have all the values of y and x which correspond to 
« = 1. 

For z = 2. — ^For this value of 2, « = 28 — y H- ^ ,7- , and y = — w 

o 

1 -I- «i ' 

5 — . From the latter we see that m must be a negative odd number ; 

2 

and from the former, that y must be 1, or a unit more than a multiple of 3. 

Hence the following computation : 

Form=— 1, .y= 1, and a? = 27. 

For m= — 3, y = 4, and aj = 22. 

For m= — 5, y = 7, and x — V7. 

For m= — 7, y = 10, and x = 12. 

For w = — 9, y = 13, and a; = 7. 

For w = — 11, y = 16, and a? = 2. 

Hence, these are all the values of y and x which correspond to 2 = 2. 



\ 



* Of coarse the qoantities need not come up to these limits. 
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The other valaes aie as follows : 



= 2 
23 



■=» {'.zi 



5 


1 8 


11 


18 13 


8 


4 


7 


10 


15 


10 


5 



3 






r= 3 

:12 






9 
2 



5 

4 



16 



5 
11 

4 

8 



9 


12 


9 


4 


8 


11 


6 


1 



7 
3 



. 3. What positive, integral values of x, y, and s satisiy 17a; + 19j 
+ 21z = 400 ? 

Sua. — ^There are 10 sets of values. 

3. What positive, integral values of x, y, and z satisfy 5x + 7y 
+ 11;2 = 224? 

4. What positive, integral values of a;, y, and z satisfy 6x + 8y 
+ 5^; = 12 ? Also 2a; + 3y + 5^; == 41 ? 



220* If the conditions of a problem furnish less equations than 
unknown quantities, the problem is indeterminate^ and in general 
can have an infinite number of solutions. But if the solution be 
limited to positive, integral values, it can be effected as above. Thus, 
if there are two equations and three unknown quantities, one of 
the unknown quantities can be eliminated and the resulting equation 
solved as heretofore. In like manner if there are three equations 
and four unknown quantities, a single equation between two may be 
found and solved; or if four unknown quantities and but two equa- 
tions, a single.equation between three unknown quantities may be 
found and solved. , 

Examples. 

1. Given 2x + 5y + 3z — 51, and 10a; -hSy + 2z= 120, to find all 
the positive, integral values of a:, y, and z. 

2. Given dx + 5y+7z = 560, and 9a; + 2oy + 49^; = 2920, to find 
all the positive, integral values of x, y, and z, 

3. Given 2x + Hy — 3z=z 10, and 3a; - 2y + 3« = 30, to find all 
the positive, integral values of x, y, and z. 
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Applications. 

1. I wish to expend 1100 in tlie purchase of three grades of sheep, 
worth respectiyely $3, $7, and $17 per head. How many of each kind 
can I buy ? In how many different ways can I madce the purchase ? 
How many of the first two kinds must I take in order to get the least 
possible number of the third kind ? 

2. A merchant has three kinds of goods. The value of 20 yards 
of the first, less the value of 21 yards of the second, is $38 ; while 
the value of 3 yards of the second and 4 yards of the third is $34. 
What is the price per yard of each kind, the question being restricted 
to even dollars ? What if the latter restriction be removed ? 

3. In how many ways can I pay a debt of $171 with $20, $15, and 
$6 notes ? What is the least number of $20 notes that I can use ? 
Of $15 notes ? What the greatest number of $6 notes ? 

4. A farmer has calves worth $10, $11, and $13 per head. What 
relative number of each must he take and sell them at the uniform 
rate of $12, without gain or loss ? If he is to sell only 15 animals, 
how must he select them ? 

5. A man bought 124 head of cattle, viz., pigs, goats, and sheep, 
for $400. Each pig cost $4i^, each goat $3^, and each sheep $1J. 
How many were there of each kind ? 

6. A grocer has an order for 150 pounds of tea at 90 cents per pound, 
but having none at that price, he would mix some at 75 cents, some 
at 87J cents, and some at $1.00 per pound. How much of each sort 
must he take ? 

Sug's. — The nature of the 4th and 6th problems restricts their solutions to 
positive integers. The 6th is, however, only restricted by its nature to positive 
numbers ; they may be fractional as well as integral. 

[See Complete School Algebra, subject AUigatian.] 

7. What quantity of raisins, at 10 cents, 18 cents, and 20 cents per 
pound, must be mixed together to fill a cask containing 150 pounds, 
aud to be worth 19 cents a pound ? 

8. Awheel in 36 revolutions passes over 29 yards; and in a of 
these revolutions it describes z yds., y ft., and 5 in. What are the 
values of ar, y, and z ? 
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LOCI OF EQUATIONS. 

[NOTB. — ^This subject, though properly geometrical, is introduced here for the 
purpose of the elegant and dear illustrations which it affords of the abstract 
principles of the subject of Higher Equations. It is thought that the aid which 
it will afford the pupil in comprehending the principles of the succeeding chapter 
will more than compensate for the time required to master this. Moreover, the 
subject of Loci of Equations is of prime importance in a mathematical course, 
and is always pursued with pleasure by the pupil. No geometrical knowledge 
is required in reading this chapter, farther than the ability to draw and measure 
straight lines.] 

221. PTOp. — Every equation between two variables^* having 
real root8^\ may be interpreted as representing some line either 
straight or curved. 

This proposition will be made sufficiently evident for our present purpose, if 
we show how such equations can be made to represent lines. This we shall do 
by means of particular examples. 

Examples. 

1. Draw the line represented by the equa- 
tion y = 2a; + 6. 

Solution. — First, in all cases, draw two straight 
lines, as X'X and YY',at right angles to each other, 
as in the figure. Then, in the equation y = 2x-h6, 
assign values (arbitrarily) to x, and fiud the corre- 
sponding values of y. Thus, 

Also, if x=—l, y= 4, 

a;=-2. y= 2, 

a?c=-3, y= 0, 

«=-4, y=-2, 

aj=— 5, y=-4, 

etc., etc. 



-6-4 h 



f 



X' 



•8-« -M 



1 S « 4 



If 05=0, 


y= 6, 


" x=l, 


y= 8, 


" aj=2. 


y=io. 


" aj=3, 


y=12. 


" aj=4, 


y=i4. 


etc.. 


etc. 



it 



tt 



tt 



u 



r 

Fie. 1. 



Having computed a few corresponding values 
of X and y in this way, we proceed with the figure, 
as follows : Measure off a distance A 1 to the rigJit 



♦♦ 



♦ This means i^imply, ** having two variables, and only two/m it.' 

t The geometrical interpretation of imaginary loci dooa not come within our present 
purpose. 
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of A, of Bome coDTenient length, and call it the unit of diatancefl. Draw b 1, 

at 1, perpendicular to AX, and make it S units long (t. e., 8 tlmee aa long as A 1). 

Now, A is at a distance 1 to tlie ligbt of the line YY', and S abate the line X'X, 

and 13 hence a point in the lino which our equation representB. In like nuuner, 

find the point e, 2 to the right of YY', and 10 above ^ 

X'X ; and e ie another point in the line tepresented 

by our equation. Again, when z = 3, y = 13. 

Hence, laj off three nnite to the right, aa to 3 in the 

fignre, and draw<f8 perpendicular to X'X and IS in 

length. Then ia d another point In the line we 

seek. Vrhenie = 4^y = li. Hence e Is a point in 

the line ; since it is 4 from YY', and 14 from X'X. 

"When X = 0, y = G ; whence a is a point In the 

line, as it is diatance from YY', and 8 from X'X. 

For negative values of a;, we liare, when x = — 1, 
P = i. Now, laying oS negative values of x to the 

f^ from A, since we laid ott positive values to the ^ -r: 

right, we measure from A to —1, the unit's distance, 
take /I equal to 4 units, and thus find the point /. 
"When x~—2,y — 2, and g is the corresponding 
point. When z = — 3, y = ; whence A la a polDt 
in the line, as it is 8 to the left of YY' and above ' 
X'X. When a = - 4, y = — 2. As this value o( g 
is negative, we lay it ofl bdoie X'X. Thus, taking , 
from A to —4, a distance of 4 units, and from —4 to I, a distance of S units, i la 
a point in the tine. Thus also J; is a point in the line, since when i = — 5, 
}/ = —i, and k is taken 5 to the left of YY' and 4 
below X'X. 

This process might be continned indefinitely, 
both for podtive and negative values of w. We 
might also use fractional values of x, eo x = i, 
a=:i,x = 2i,etc.,and, finding the corresponding 
values of !/, locate points between those found bj 
taking integral values. 

Finally, joining the points e, d, e, b, a,f, g, h, i, x' 
i, we have the line MN, which is represented by 
the equation y = 2x + (i. This lino does not stop 
at M and N, of course, since we might produce 
it indefinitely either way, by continuing to take 
larger and larger values of x (numerically). In 
this case It is easy to see that the line is an indefi- 
nite straight line. 

S. What line is represented by the equa- ^°- *■ 

tion y = 3a; - 6 ? (See Fig. 3.) 

gpo'g. — First compute a table of corresponding values of sc and y, a 
preceding example; and then locate the points thus designated. 
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8. What line is represented by the equation y = — 2aj+4? (See 

Fig. 4.) 

222. D£FiKrnoN& — ^The assumed fixed 
lines XOC and YY' are called the Axes of 
Reference, or simply the Axes. A is 
called the Origin. X'X is the Actis ofAb^ 
scissasy and YY' the Axis of Ordinates. 
The distance of a point from the axis of ab- 
scissas is called the Ordinate of the point ; 
and the distance of a point from the axis of 
ordinates is called its Abscissa. The ordi- 
nate and abscissa of a point taken together 
are called its Co-ordinates. 

Abscissas measnred to the right from the axis of ordinates are +9 
and those to the left — . Ordinates measured above the axis of 
abscissas are +9 and those below — . 

4 to 13. Draw as above the lines represented by the following equa- 
tions: y=ic+6; y=a:— 6; y= — ^+5; y= — a;— 5; y=4a;+6; 

^=4^;— 6; y= — 4a; + 6; y= --4ic— 6; 




2.-3y=-6;^=3. 



Bug. — ^Put Buch equations as the last two into the same form as the others 
before proceeding with the solution as above. 



223. Def. — The line which is represented by an equation is 
called the Locus of the equation ; and drawing the line in the 
manner indicated, is called Constructing the Locus of the equation. 

14. Construct the locus of the equation y = ^ . 

Y 












Y' 
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Solution.— For 


fl; = 0, 


y = o. 


For aj=^-- i. 


y= -1, 


M 


x = h 


y = A, 


" a:=-l. 


y=-i. 


« 


x = h 


y = f, 


" jc = - 2, 


y=-f. 


n 


x = h 


y = h 


" a? = - 3, 


y= -A, 


€i 


aj = 2, 


y^h 


« oj = - 4, 


y= — tV, 


U 


a; = 3. 


y = A, 


etc. 


etc. 


t< 


aj=4. 


y = A, 






( 


BtC. 


etc. 
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Now, laying off on tho axis of abscissas to the right distances equal to i, i, 
1, 2, 3, and 4, on some convenient scale, and at these points erecting ordinates 
equal respectively to -,^, |, i, f , ^^, and -fj of the same scale, we find the points a, 
b, e, d, e, and /of the locus. We also see that if we continued to give x greater 
and greater values, y would continually grow less, but would only become when 

X JC* 1 1 

« = 00, for then we should have y = z s = -5=-=— = 0. 

In like manner laying off the negative values of x, and the corresponding: 
values of y, we find the points a\ b', e', d', e', and/', and also find that y dimm- 
ishes numerieaUy as x increases numerically, and that for x negative y i.s 
always negative, and only becomes when x= — 00. Hence, the curve ap- 
proaches the axis of abscissas to the left from below, as it does to the right 
from above, reaching it in either direction only at an infinite distance from tho 
origin. 

A line sketched through the points found represents the locus sought. 





15 to 18. Construct the loci of the following equations: y=a* 
+a;— 6f (see Fig. 6); y=3-^x—^a^ (see Fig. 7); y=a'*— 4a:+4 
(see Fig. 8) ; y=a:^—dx + b (see Fig. 9). 




i i 8 4 6 5c 




)(' -S-V) 1234 6 



Fio. 9. 



* Dropping the finite qnantity 1, as prodadng no effect when added to the infinite a;*. 

t In determining points in the locus, it is often necewary to attribute fractional values to x. 
Thus, in this case, to sketch the curve from a to (/, we need an Intermediate point. If there id 
any doubt about the character of the curve between two points, resolve the doubt in this way. 
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19 to 33. Construct the loci of the following equations: y=:f 
-Ja:'+3a!+2 (see Fig. 10) ; y=a?-Q:^ 
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+ 13a:-10(8ee^5f. 11); y-a»-2a;-5 (se 
Fig. n); y=2?(6-ie) (aee ^>. 13); and 
S=a^-6s'+ll2:-6 (see i*%. U). 
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S4 to 38. Construct the loci of the following equations : $=2* 
-Sa^s+i {Bee Fig. ^6); y=x* + 2a:'-33?— 4a:+4 (see Fig. 16); 
y^a^^ij^+ix + n (see /V(?. 17) ; ff=ai'-2a;'-7a^-8a:+16 (see 
Fig. 18) ; nnd y=ai*+a^+a?+x+l (see JVy. 18). 
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89. Constrnot the locnsof the eqnstioD ff=«'+4a^— 14a;'— 17x— 6. 

Bdo'b. — In attemptlsg Xo oODetract thici 
locns, It JB seceEsarjr to ^va x values from 
—3 to +a, Including these valneB, and also 
lo olMUTe tlie cbamcter of the locos beyond 
these liniita. But it will be found that for 
aome Talnee of x between these limltB,jr is in- 
eonTcniently luge. In ekelching the BgDre, 
we may tiae one Bcale for laying off valoes of 
X, and another for laying oif Talaes of y. 
Thus in the figure giTen, the unit used for « 
1b 6 times as great as that used for g. Thia 
la aqnlvalent to eouBtmcting the locos iy=9' 
+ 4st*~ 14**— Vtx — 6, or y = ^+\i!^—'iX* 
— V — 1- This locufl has all the pecoliar- 
hioB of the one reqnlred (that Is, all the tarns, 
fleznres, ox bends), bat is not of the same pro- 
portions. The portion represented is 6 times 
as wide in relation to Its leogtb as the re- 
quired locus would have been. 

30 to 41. CoDBtruct the loci of the 
following equations, using a smaller 
scale for y than for x^. as explained in 
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the suggestions above, when more convenient : y = rr*— 2x — 15 ; 
y = ir*+2a;+2; y = a? — 10x+26; y = a;* — Sa:* — 8a; — 10; 
y = 2a;»— 12a;* + 13a? — 15 ; y = a:* — a^— 8a: + 12; y=za^—2a^ 
— 25a; + 50; y = a^— 2a;»+ 8a; — 16 ; y = a^+ 2a;»— 3a;*- 4a; + 4; 
y = a^— 6a;» + 5a;» + 2a; — 10; y = a;* + 5a?»+ a;*— 16a;*— 20a;— 16 ; 
and y = 5a;» — 4a?* + 3a;*— 3a?+ 4a; — 5. 



X' 



J3i24« Prob. — To construct the real roots of an equcUiori contain- 
ing only one unknown quantity. 

Solution. — Put the equation in the form /(a;)=:0, then write y=f(x). 
CouBtruct this equation, and the abscissas of the points where the locus cuts the 
axis of abscissas are the roots of the equation f{x) = 0. This is evident, since 
for these points, and for these only, y = 0, and we have f{x) = 0. 

Examples. 
1. Construct the real roots of the equatipn a;*— 3a; — 2 = 0, 

Solution.— We will first write y = aj« — 8aj — 2. Now, for a; = 0, y = — 2 ; 

for a; = 1, y =: — 4 ; for a; = 2, y = — 4 ; 
for aj = 3, y — — 2 ; and for aj = 4, y=2. 
Hence we see that the locus of the equa- 
tion y = a;'— 3a; — 2, cuts the axis of ab- 
scissas between a; = 3, and a; = 4, since it 
passes from below the axis of abscissas 
~7( (where y is —) to above this axis (where 
y is +). There is therefore a root of x* 
— 8a; — 2 = between 3 and 4. To con- 
struct this root, we sketch the curve be- 
tween aj = 3 and a? = 4, by finding the 
values of y for a few Intermediate values 
of X, and then sketching the curve. Thus 
for a; = 3J, y = — i ; f or a; = 3}, y = fj- Sketching the curve mn through 
these points, we find by measurement Aa = 3.56, as an approximate value of x 
in the equation a;* -- 3a; — 2 = 0. (Verify by solving the equation.) , To construct 
the other root, we notice that for a; = 0, y = — 2, and the curve cuts the axis of 
abscissas again at the left of the origin (probably, as it certainly does not cut it 
again at the right). Now, for a; = — 1, y = 2 ; whence we see that the locus 
cuts the axis between a; = 0, and a; = — 1. For ajr=— t, y=-.J; and for 
a; = — f , y = H- Sketching the curve through these joints, we have m'n' ; 
and measuring A a', we find the other value of a; to be —.56. 

Suo. — ^For constructing the approximate roots in this manner, as we only 
need to sketch a small portion of the locus, in the vicinity of its intersection with 
the axis, we can use a much larger scale than would otherwise be practicable, 
and thus obtain a nearer approximation. With good instruments and some care, 
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we can ueually construct the root with tolerable accuracy to hundredths. When 
the locus cuts the axis quite obliquely, the approximation cannot be made as 
accurate. 

2 to 7. As aboYe^ construct the real roots of the following: 
a:*-8a;=14; ar* - 12ji:« + 36a; - 7 = ; a:» -a;* - 10a; + 6 = 0; 
a^ - 7a; + 7 = 0; a;* - 12ar^ + 50a;* - 84a; + 49 = ; and 

2a;» - 7a;» + lOa; = 9. 

225, ScH. — ^This method of approximating the roots of equations geo- 
metrically is not given as a good practical method ; but simply to assist tho 
learner in comprehending some subsequent processes, and for its geometrical 
unportance. 



^♦^ 



CHAPTER III. 

HIGHER EQUATIONS. 



SECTION I. 

SOLUTION OP NUMERICAL HIGHER EQUATIONS HAVING COMMEN- 

SURABLE (OR RATIONAL) ROOTS * 

226m Equations of higher degrees than the second are called 
Higher Equations {6-10, or same in Complete School Algebra). 
No ggag^; practicable method of resolving such equations is known. 
Theoretical solutions of equations of the third, and fourth degrees 
(cubics and biquadratics) are known ; but these solutions are 
attended with p ractical difficulties in many cases, which render 
them nearly or quite useless. We are, however, able to obtain the 
rggj ^roots of Nu merical Higher Equations, in all cases, either exactly, 
or to any required degi'ee of approximate accuracy. 

227* TJie Real, CoDimenstirable Boots of numerical equations are 
usually found with little difficulty by the methods given in this 
section. 



* A commensQrable root (or namb«r) is one which can \)e es^tly expressed in the decimal 
notation, either in an integral, fractton^l} or ii^ized fo|in. Thus, 4, ^}f V25f etc., are com* 
men8iiral>le, But ^%tf y^» etp.^ ^ye incommensprable. 
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228* Prop. — Ifhery equation with ofie unknown quantity ^ 
having real a7id rational eoeffUdents^ can he transformed into an 
equation of the form 

x"+ Ax»->+ Bx»-*+ Cx— • - - - - L=0, 

in which the exponents are aU positive integers^ the coefficient of x^is 
1, and the coefficients of the other terms^ A, B, C, etc^ and also the 
absolute term L, are integers. 

Dbm. — ^Ist. If the unknown quantity oocutb in any of the denominators in the 
£^ven equation, remove it to the numerator by dealing of fractions. If there 
are then any n^ative exponents, multiply each term by the unknown quantity 
with a positive exponent equal to the numerically largest negative exponent. 
Then unite the terms with reference to the unknown quantity, and write them 
in order with the term containing the highest exponent, at the left, and so that 
the exponents shall diminish toward the right, transposing all the terms to the 
first member. The most complicated form which can then occur is 

Jy-+5y'+}** - - - - < = o, (1) 

fn r 
in which any or all of the exponents may be fractions ; and —>-> t, etc. 

n s 

is supposed. 

2d. To free the equation of fractional exponents, substitute for the unknown 
quantity a new unknown quantity with an exponent equal to the least common 
multiple of the denominators of the exponents in the equation. Thus, in (1) 

put y = 2~ , whence y* = :^, y* = «^, and y« = tf^. These values substituted 
in the equation, will evidently give an equation of the form 

fef.4.^««-i+|«-«. .... i = 0, (3) 

o a J 

in which all that is essential concerning the exponents is that they should be 

fill positive integers, decreasing in value from left to right, since in (1) 

m r 

I- > ->ty etc. 

n « 

8d. Now divide by the coefficient of s", and let the resulting equation be 
frepresented by 

«»+^ «->+—«--» - - - . r=0. (3) 

OS 

pinally, put z-^-jr, and substitute in (3), thus obtaining 



^+3r7:;;zi+-5;rTiir, .... r=0. (4) 



Multiplying (4) by ifc», and representing the absolute term by L, we have 
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U now Ar be 80 taken that these nnmeiatoTB will be diTieible by the denomina- 
tors, and the quotients represented by A,B, 0, etc., we have 

the form required. 



Examples. 

!• Transform - + |a;-» + |a;* = 2a?* 4- ia;"* ^-z^ — ^y i^*^ a forna 

haying positive inte^al exponents and coefficients, and having the 
coefficient of the highest power 1. 

Solution. — ^Multiplying by aj", we have 

aJ+Jaj-»H-Ja?*=aa;*H-i«"*+3-2»«. (1) 

Multiplying (1) by x^, we have 

aJ*4-|+|«^=2aj^+i«*+3aj*-2aj». (3) 

Putting x=y^, there results 

Arranging with reference to the highest power of if, 

2|y**-8y"-2y"-y«*+3y"»+ty»-|=0, or 

y"-i^"-y''-iy**4-iy"4-iy»-i=0. (8) 

Finally, put y = t . whence 

ifc«* 12A;*» *>• 2*" "*■ 2Aj" 4A» 8 *" ' ^' 

Now, if it; be made 12, this equation will be of the required form.* 

s s" 

Notice that as a; = ^, and y = t^ , » = Trsve ; «> t^t» i' the value of z could 

be found, the value of x would be known by implication. 

2. Show as above how to transform the following: 

(a) 2y"-'»' + f j^"* + ^ - iy"* = i + |y» - tSrr^; 

(^) VT==^= i - 3a;* ; ^ (/) V2a;~3a;» - a: = vT^. 

* ThU 8iib1»tltntl(m would be tedions, and as it is onr present purpose simply to show the 
pouibUUy of the traiusformatlon, and the method of making it, the Bubstitntlon is unnecessary. 
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229* — Since every equation with one unknown quantity^ and real 
and rational coefficients, can be transformed into one of the form 

a^-h^ai""'+-Baf-'+C2;*"* i=0, (1) 

this will be taken as the typical numerical equation whose solution 
we shall seek in this and the succeeding sections; and we shall 
frequently represent it by/(a;)=0, read " function x equals 0." The 
notation/(a;) signifies in general^ashas been before explained, simply 
any expression involving oc. Here we use it for this particular form 
of expression. We shall also use f\x) as the symbol for the first 
differential coefficient of this function. 



230* Prop* — WJien an equation is reduced to the form x" 

+ Ax"-* + Bx— • + Cx"-» Jj — 0, the rootSy with their signs 

changed^ are factors of the absolute {known) tenn, L. 

Dem. — Ist. The equation being in this form, if /i is a root, the function is 
divisible by r-^a. For, suppose uix>n trial x—a goes into the polynomial x» 
+ vl jr"-* + , etc., Q times tcUh a reirMuider R, (Q represents any series of terms 
wliidi may arise from such a division, Jind R any remainder.) Now, since the 
quotient multiplied by the divisor + the remainder, equals the dividend, we 

have (x—a)Q+ R=:x^ + -4a?»-> + Bx^-^ + Cir"-' L. But this polynomial = 0. 

Hence (r—a) Q+i2=0. Now, by hyijothesis a is a root, and consequently «— a 
=0. Whence R=0, or there is no remainder. 

2d. If now x—a exactly divides ar*» 4- ^a^^-' + J?**-* +(>•-• X, a must 

exactly divide L, as readily appears from considering the process of division. 
Hence —a la a factor of L, a being a root of the equation. Q. E. D. 

231. CoR. 1. — If€k is a root o/*f(x)=0, f(x) is divisible by x— aV 
and, conversely y if f(x) is divisible by x—v^ 2k is a root of f(x)=0. 

Dem. — ^The first statement is demonstrated in the proposition, and the second 
is evident, since M>f{x) i» divisible byar— /i, let the quotient be q>{x)\ whence 
{x--a)q^x)=^0. Now a; = a will satisfy this equation, since it renders «— rt=0, 
and does not render qjip:) infinity, since by hypothesis x does not occur in the 
denominator.* 



232. JProp. — If the coefficieiUs and absolute fer»» in x"+Ax''* 
+ Bx"~'+Cx""'- - - - L=:0, are all integers, the eqtiation can have 
9i o fractional root. 

* Could there be a tenn of the form In <p (ar), x^a wonld render it o», and ix^<p {x} would 

be X 00, which is indetermioatc, since x oo =0x }=$• 



NUMERICAL HI0HEB EQUATIOKS. 207 

8 S 

Dem. — Suppose in this equation a; = — , - being a simple fraction in its lowest 
terms. Substituting this value of x, we have 

** A^~^ r>«"~' ^«*~' r ^ 

? + ^ iiZT + ^^-izi + C7 — - . - . Z=0. 
Multiplying by <»-* we obtain ^ 

Now, by hypothesis, all the terms except the first are integral, and the first is a 
simple fraction in its lowest terms, as by hypothesis 8 and t are prime to each 
other. But the sum of a simple fraction in its lowest terms and a series of in- 

tegers cannot be 0. Therefore x cannot equal -, a fraction. 

t 

233 • ScH. — This proposition does not j)reclude the possibility of surd 
roots in tliis form of equation. These are i)0S8ible. 



234m Frop.-^An equation f (x) =0 (^229) of the nth degree^ 
has 11 roots {if it has any *), a7id no more. 

Dem. — Let a be a root of f(x) ^ 0, which is of the nth degree. Dividing 

f{x) hyx — a (231), we have qiix) = 0, an equation of the (»— l)th degree. 

Let ft be a root of <p{x) = 0, and divide q3(x) by x-^h (231), Call the quotient 

• g>'(x), whence qt' (x) = 0, an equation of the (ti— 2)th degree. Li this way the 

degree of the equation can be diminished by division until, after n— 1 divisions, 

there results 9)" (x) \ of the first degree, and the equation is x— /=0. Therefore , 

f(x) = (a? — a) (p{r) = (x—a) (x — h) cp' (x) = (x — a)(x -- b) (x — e) <p" (x) 
= (a? — a) (a? — ft) (a? — c) (a? — Z) = ; 

i. «., /(aj) is resolvable into n factors, of the form aj — m. 

* We Bhall OHume that cyery equation has a root real or imag:iiiary ; i. «., that there 1b some 
form of exprceaion which enbetituted for the nnknown quantity will satisfy the equation. It 
is shown Id works treating more largely npon the theory of equations, that the general form of 

a root Is a+P 4/^. When ^ = 0, the root la real. The general demonstration of this propo- 
sition Is too abstruse for an elementary treatise. That every equation of the form x»+ Ax*-i 
+ Sa?*~«+ (7ar»-» - - - - X = {2fi9) has a real root when n is an odd number, and aleo 
~*'when n is an even number if L be negative, is very simple. Thus, if n is odd, and L +, when x 
is made - oo the value of the first member is - ; and when x is 0, the value is +. Hence while 
X passes from - oo to 0*, the function changes sign, and hence must pass through ; i. e., for 
some value of x between - oo and 0, the equation is satisfied. In like manner, if L is -, when 
a;= 0, the function is -^^ and when a; = -t 00 the function is + . Hence some value of a; between 
- and + 00, satisfies the equation. It follows from this that in an equation of an odd degree, 
if the absolute term is +, there is at least one real, negative root ; and if the absolute term is -, 
there is at least one real, positive root. 

If n is even and £ -, a; = make? the Ainctlon - , and x = ±00 makes it +'. Hence while x 
passes from - oo toO, the function changes sign flrom + to -, and there is at least one real, 
negative root ; also, while x passes from to + 00, the function changes sign from - to + « and 
there U at least one real, positive root. Therefore every equation of an even degree In which 
the absolute term is -, has at least two real roots, one negative, and one positive. 

The difficulty occurs in proving that an equation of an even degree has a root when X is + . 
The roots of such an equation may be all imaginary. 

t This Is read "the nth <p function of a?." 
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. Now, as a: = a, or x=:b,oTX = any one of the quantities a, 5, c • • - - I, 
will render /(or) equal to 0, each one of these will satisfy the equation /(2)=:0. 
Therefore this equation has n roots. 

Again, since it is evident that we have resolved f(x) into its prims factors 
with respect to x, there can be no other factor of the form x—m in f{x), hence 
no other root of f{x)z=0, and this whether m is equal to one or more of the roots 
a,b,e - - - - n, or not. Therefore f(x) = has only n roots* 

235. Cor. 1.— The polynomial x*+ Ax"-'+ Bx— •-!- Cx"-* 

L, or f (x), = (X — a) (x — b) (x — c) - - - - (x — 1), in which 
a,b, c---- 1 are the roots q/* f (x) = 0. 

236. Cor, 2. — The equation f (x) =0 may have 2, 3, or even n 
equal roots, as there is no inconsistency in supposing/ a = b, a = b 
= c, or a = b = c = - - - - l, wi the above demonstration. 

237* Cor. 3. — Imaginary roots enter into equations having only 
real coefficients, in conjugate pairs {223, Part I.) / t/iat is, if f{x)=0 

has only real coefficients^ if it has one root of the form a + /^V— 1| 

it has another of the form a — fi^/— 1 ; or, if it has one of the form 

fiV— 1, it has another of the form — /3^ — 1. 

This is evident, since only thus can/(a;)=r(flj— a) («— ft) («— c) - - - - (x—n) ; 

that is, if one root, a for example, is a^/3 V— 1, there must be another of the 

form a-^fi V— 1, in order that the product of these two factors shall not involve 

an imaginary. Thus, [x-(a+/3 V^)] x [x-{a-/S V-i)]=x* -^ax^ia* -^ fi*), 

a real quantity. So also (x — ft V— 1) (x-^fi V—1) = «•+/?*, a real quantity. 
But if the assumed imaginary roots be not in conjugate pairs, the product of the 
factors {x — a) (x —6) (a? — c) - - - - (a? — 1) will involve imaginar^es. 

238. Cor. 4. — Hence an equation of an odd degree must have ai 
least o?ie real root ; but an equation of an even degree does not neces- 
sarily have any real root. 

239. Cor. 5. — J^an equation has a pair of imaginary roots, the 
known quantities entering into the equation may be so varied that the 
two imaginary roots shaU first give place to tvyo equal roots, and then 
these to two real and unequal roots 

As shown above, imaginary roots arise from real quadratic factors in f(x), 
Jjet x*—2ax + b he such a quadratic factor, whence «*— 2a« + & = satisfies 
/(.f) = 0, and a ± Va* — 6 are the corresponding roots of f{x) = 0. Now, if 
^ > (**, these roots are imaginary. If, however, b diminishes or a increiasea (or 
both change thus together), when d = a* the two imaginary roots disappear and 
we liave in their place two real roots, each a. If the same change in a and b 
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eontinueB, bo that a* becomes greater than h, the two real, equal roots in turn 
give place to two real, unequal roots. Now as a and b are functions of the known 
quantities of the equation /(a;) = 0, such changes are evidently possible. 

240. Sen. 1. — That an equation has a number of roots equal to its 
degree, is illustrated geometrically by the fact, that, if we write y-=f(x) and 
constinict the locus, we shall always find that a straight line can be drawn 
so as to.cut tlie locus in 1 point and only 1, if f{x) is of the 1st degree 
(Ex's. 1-13, Chap. II.) ; in 2 and only 2 points, if f(x) is of the 2d degree 
(Ex's. 15-18, Chap. XL); in 3 and only 3 jwints, if f(x) is of the 3d degree 
(Ex's. 19-23, Chap. II.) ; in 4 and only 4 points, if f{x) is of the 4th degree 
(Ex's. 24-28, Chap. II.), and specially illustrated by the line Xi' X„ {Fig, 20), 
etc, 

241* ScH. 2. — The fact that imaginary roots enter real equations in 
pairs is also beautifully illustrated by the loci of equations. Thus the equa- 
tion aj*— 3aj+6=0 has two imaginary roots, and no real roots. Now, by ref- 
erence to Fig, 9 of the preceding chapter, we see that the locus of y=x^—Zx 
+ 5 does not cut the axis of abscissas at all; i, «., that no real value of x will 
givcyi[a;)=0. But, if the equation were so modified as to make each ordinate 
only -y" less than it now is, i, «., if y=aj*— 3aj-f-}, we should 
have the same locus, but changed in position so as just to 
touch the axis of x^ as in e, thus giving f{x)=0 two real and 
equal roots. If, again, we wrote y=ji:»— Soj— 3, we should have 
the locus referred to the axis A"X", and /(a?)=0 would have 
two real and unequal roots. Thus we see, converaely, how 
two real, unequal roots can pass into two real and equal roots 
by a proper change in the equation, and how by a furtlicr 
change two equal real roots disappear at a time, passing into two 
imaginary roots as the equation changes form. All that is 
necessary in this change in the form of the equation is a pro- 
per change in the absolute term. 

Again, consider Fig, 14, and the coiTcsponding equation 
y=aj»— Ct^H-llaJ— 6. First we observe that as this locus cuts the axis of x 
three times, there are three real roots. Now change the absolute term —0 
by allowing it to increase gradually, becoming —5}, — 5i, —5, etc. We shall 
find that the axis of x moves down, and the two roots A d and A/ approach 
equality, first becoming equal when the axis just touches the lowest point e 
of the curve, and then both becoming imaginary together. 

Or, in conclusion, this matter is illustrated by the fact that whatever the 
degree of the equation /(a;) =0, if we construct the locus of y—f(x\ we shall 
find that we can draw a straight line which will cut the curve in a number 
of points equal to the degree of the equation, and that if the line gradually 
moves from this position so as to cut the curve in any less number of points, 
it will always be found first to run two intersections together, corresponding 
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• 

to a change of two unequal roots into two equal roots, and then drop out 
Jtoth these intersections, corresponding to the introduction of two imaginary 
roots at a time. 



24:2* Prop. — If the equation f(x) =0 has equal roots^ the highest 
common divisor of f(x) and its differential coefficient* f (x), being 
2nU equal to 0, constitutes an equation which has for its roots these 
equal roots^ and no other roots,\ 

Dem. — Let a be one of the m equal roots otf(x)=0, and let the other roots be 

b,c I; then/(«)=(aj-a)« (x-b)(x^c) («- l)(23S), Differentiating 

{152) and dividing by.tte, we have 

/'(aj)=m(a;-a>— *(«-&) {x-c) {x- ;)+(a;-a)- {x-c) {x— + - - 

. - . - + (a;— a)" (x—b) («— <j) - h etc. 

Now (a?— a)"-' is evidently the highest common divisor of /(«) and f{x), and 
(x—aY*-^ =0 is an equation having a for its root, and having no other. 

In a similar manner, if f(x)=0 has two sets of equal roots, so that 

f(x)=(x-ay{x-hy(x—e)(x^d) {x—l), 

differentiating and dividing by dx, we have 

f'(x)=:m(x-ay^-^{x-'by{x-e)(x-a)' - r -(a?- l)+(a;-a)«r(ir— 6)^»(a!— c)(aj-«Q 

.... (x—l) 
H-(aj— a)"»(a;— ft)'"(x-d) - - - - (a?— 7i)+(aj— «)•*(«—&)*■(«— c) - - - - («—/)+-- 
.... +(x^a)''^ (x—by (x—c) (x—d) - - - - + etc. 

Now the highest common divisor of /(aj) and /'(a;) is evidently (a?— a)*-i(a?— jy"-*. 
Putting this equal to 0, we have {x—aY*-^ {x-'by-^=0, an equation which is sat- 
isfied by aj=a and aj=6, and by no other values. 

Thus we may proceed in the case of any number of sets of equal roots. 

24S* ScH. — In searching for the equal roots of equations of high degree, 
it may be convenient to apply the process of the proposition several times. 
Thus, suppose that f{x)=0 has m roots each equal to a, and r roots each 
equal to b. Then the highest common divisor of /(a?) and f'{x) is of the form 
{x—ar~^{x—bY~^; whence (.u— «)"*"*(?— &)'"~'=0 is an equation having the 
equal roots sought. Therefore we can find tlie highest common divisor of 
{x^ay~^ (x—bY~^j and its differential coefficient which will be of the form 
{x^ay*~^{x—bY~\ and write (a?— a)**"'(«— ^•■"'rzO, as an equation containing 
the roots sought. This process continued will cause one of the factors (x—a) 
or (x—b) to disappear and leave (a?— a)*"'' =0, when m>r ; (a?— J)'-"* = 0, 
when r>m; or (ar— a) (aj—6)=0, when w=r. From any one of these forms 
we can readily determine a root. 

* The differential (xiefilcient of a f miction is sometimes called its first ilerlTed polynomial. 

t The Htadent must not suppose that the roots ot/{x)=0^ and its first differential coefficient 
fixy^Oy are necessarily alike. f^(x)=& series of terms some of which may be + and some >, and 
which may destroy each other, so as to render/'(a:)=0, for other valnes of x than rach as render 
A^)=0, and not necessarily forany which do render/(a;)=0, except the eqnal roots of the latter. 
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244:^ Prop. — In an eqtcation f(x)=0, f(x) mil change sign wlien 
Ti passes ihrmgh any real rooty if there is hut one such rooty or if there 
is an odd number of such roots ; but if there is an evbk number of 
such roots, f(x) will not change sign. 

Let a, 6, <5 - - - - tf be the roots of /(a;)=rO, so tliat/(.r)=(a;— a) (a;--J) («— c) 
... - (ar— d)=0 (235). Conceive x to start with some value less than tlie least 
root, and continuously increase till it becomes greater than the greatest root. 
As long as x is less than the least root, all the factors x—a, x—b, etc., are nega. 
tive ; but when x passes the value of the least root, the sign of the factor con- 
taining that root will become +,* and if there is no other equal root, this factor 
will be the only one which will change sign. Hence the product of the factors 
will change sign. But if there is an even number of roots, each equal to this, 
an even number of factors will change sign ; whence there will be no change in 
the sign of the function. If, however, there is an odd number of equal roots, 
the passage of x through the value of this root will cause a change of sign in an 
odd number of factors, and hence will change the sign of the function. 

Finally, as it is evident that the signs of the factors, and hence of the function, 
will remain the same while x passes from one root to another, and in all cases 
changes or does not change as above when x passes through a root, the proposi- 
tion is established. 

243 » ScH. — This proposition is illustrated by putting y=/(a^and con- 
structing the locus, as in the preceding chapter. Thus, Ex. 15, Fig. 6. In 
this case y=/(a;)=a?*-haj— 6. The least root is —3. Wlien x is less than —3, 
as —4, or — 3i (anything less than —3), y, or /(a;), is +. When ar is — 3, y, 
or/(a;)=0, and the equation /(ar)=0 is satisfied, and —3 is a root of tlie equa- 
tion. When X becomes greater than —3, as —2, y, or /(aj), becomes nega- 
tive, changing sign when x passes through the value of the root —3. As a? 
increases, y, or /(a:), remains — , till x reaches -h2, at which value of x, 
y=/(aj)=0, and the equation /(ar)=0 is satisfied. When x passes this value, 
becoming anything greater than 2, y, or f{x), becomes 4-, t. «., changes sign 
as X passes through the root 2. The same thing is illustrated by the loci 
in Figs. 7, 11, 12, 14, 15, and 18, with their corresponding equations. 

That /(a;) does not change sign upon aj's passing through the value of one 
of two equal roots of /(a?)=0, is illustrated in Fig. 8 and its corresponding 
equation, Ex. 17. In this case y=/(a')=aj*— 4a?-f-4, and the equation 
a?«— 4a?-H4=0 has two roots each equal to 2. Now when x is anything less 
than 2, y, i. e. f(x\ is + ; when a;=2, y, or/(ar), is 0, and the equation /(a?)=0 
is satisfied. But when x passes the value 2, f(x) does not change sign ; it 
remaina +. The same truth is illustrated by the loci in Fi^s. 10, 13, 16, 
and 17, and their corresponding equations. Fig. 10 illustrates the case in 
which there are two pairs of equal roots. 

* Suppose e bo the least root, and that & Is the next state of x greater than e\ then c'- c is 4^ 
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Ex. 29 will be foand Teiy instractiTe. The locos in .F!^. 20 illustrates the 
case of- 3 equal roots. Here y =/(«) = a?"+ 4aj*— lAx*— 17»— 6. The leaat 
root is — 3. When a? < — 3, f(x) is — ; when z = — 3,/(jr) = ; whena; passes 
— 3, increasing, f{x) dianges from — to +, and remains + till a; = — 1, when it 
becomes 0, and changes sign as x passes — 1, notwUhstandinff there are equcU 
roots. But there is an odd number of such roots, viz., three. 

Thus, if X/ X, were to revolve about c' until it took the position X'X, the 
intersections b' and d would nin into c', the three intersections becoming one» 



246* IPvap. — Changing the signs of the terms of an equation 
containing the odd powers of the unknown quantity changes the signs 
of the roots* 

Dem. — If x = a satisfies the equation a?*— Az*+ Bsd*— Cfc + 2) = 0, we have 
a^ ^Aa* + Ba^— Ga-h D = 0. Now changing the signs of the terms containing 
the odd powers of x, we have a?*— Ax*^ Bx*-^ Cfe H- -D = 0. This is satisfied 
by a; = — a, if the former is by x = a. For, substituting — a for x, we have 
a^ — Aa* + Ba*— C^ + 2> = 0, the same as in the first instance. 

24:7 • Cor. — Changing the signs of the terms containing the even 
powers will answer equallg weU, since it amounts to the same thing; 
and if toe are careful to put the equation in the complete form,, 
changing the signs of the alternate terms wiU accomplish the purpose. 

III. — The negative roots of «*— 7a; + 6 = 0, are the positive roots of — ar* 
4- 7aj + 6 = 0, or of a?' — 7aj — 6 = (0 being considered an even exxwnent) ; or, 
writing the equation a;' ± Ox*— 7a; + 6 =0, changing the signs of alternate 
terms, and then dropping the term with its coefficient 0, we obtain the same 
result. 

Again, the negative roots of a;«>*— 7ar*— 5aj*-|- 8aj'— 132aj* H- 508aj — 240 = 0, 
are the positive roots of x^+ 7a!«— 5a;*— 8a;'— 132aj«— 508» — 240 = 0, or of 
- x^- 7a;«-f 5a;*+ 8aJ«+ 132aj«+ 508a; + 240 = 0. 

248. JProh. — To evaluate * f (x)/or any particular value of x, 
Otf X = a, more expeditiously than by direct substitution. 

Solution.— As f(x) is of the form a?» -f -4a?»-> + Biff"-^ -h C5c"-» - - - . X, 
let it be required to evaluate x*-\-Ax^-\- J5a;*H- (7aj -f- 2> f or a; = a. Write the 
detached coefficients as below, with a at the right in the form of a divisor : thus 

1 -\-A +B -\-G +i) |a_ 

a a*-^Aa a'+^a*+J?a a*H-^a'+5a«-hC5» 

a+A a*-\-Aa-\-B a^-^Aa^-hBa+C a*+Aa^-\-Ba*-^Ca-^D 

* This means to find the value of. Tbns, sappose we want to find the value of x^— Sx^ 
•f 2x* -9x*+ Gx* - a; - 13, for a; = 5. We might sabstitate 5 for x^ of coarse, and accomplish tbe 
end. Bat there is a more expeditious way, as the solution of this problem will show. 
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Having written the detached coefficienta, and the quantity a for which f(ir) is 
to be evaluated as directed, multiply the first coefficient 1 by a, write the 
result under the second, and add, givibg a+ A. Multiply this sum by a, write 
the product under the third coefficient B, and add, giving a' + Aa + B. In like 
manner continue till all the coefficients (including the absolute term, which is 
the coefficient of x^) have been used, and we obtain a^ H- Ad^ 4- Ba^ -h Ca-^- D, 
which is the value of f{x) for x = a. 

Illustration.— To evaluate «*— 5aj*+ 2aj*— 8aj*H- 6aj* — « — 12, for a? = 5 « 

1 -5 +2 -3 +6 -1 -12|_5 

5 10 85 205 1020 



2 7 41 204 1008 

Now 1008 is the value of x^— Saj'^-t- 2ic< — 8x^4- 6x*— a; — 12, for a; = 5 ; and it 
is easy to see that much labor is saved by this process. 

TVe are now prepared for the solution of the following important 
practical problem : 

249. JProh. — To find the commensurable roots of numerical 
higher eqieations. 

The solution of this problem we will illustrate by practical examples. 

Examples. 

.1. Find the commensurable roots of ar*— 2a^— ISa^H- 8a;'+ 68aj 
+ 48 = 0, if it has any. 

Solution. — By (232), if this equation has any commensurable roots they 
are integral : — ^it can have no fractional roots. 

Again, by (230), the roots of this equation with their signs changed are fac- 
tors of 48. Now, the integral factors of 48 are 1,2, 3, 4, 6, 8, 12, 16, 24, 48. 
Hence, if the equation has commensurable roots, they are some of these num- 
bers, with either the -h or — sign. We will, therefore, proceed to evaluate 
f(x) (i. e., in this case a;* — 2a;*— 15aj'^4- 8a;«-t- 68x + 48), for a? = + 1, « = — 1. 
a; = -t- 2, aj = — 2, etc., by (248), as follows : 

1 .-2 -15 -f 8 +68 +48 1 +1 

1 - 1 -10 - 8 60 



-1 -16 - 8 60 108 

Hence we see that for a; =r + 1, f(x) = 108, and +1 is not a root of f(x) = (X 
Trying x= — 1, we have 

1 -2 __15 + 8 +68 +48 1 -1 

-1 3 12 -20 -48 



-3 -12 20 48 

Thus we see that for a; = — l,f(x) = 0, and hence that — 1 is a root of our equa- 
tion. 
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We might now divide f(x) by iCH-l (231) and reduce the degree of the oqua- 
tiun by unity.. But it will be more expeditious to proceed with our trial. Let 
us therefore evaluate /(a;) for 2;= +2. Thds : 

1-2 -15 +8 +68 +48 | +2 

2 -30 -44 +48 



-15 -22 24 96 

Hence for a?= +2, /(.r)=90, and +2 is not a root< Trying {r=— 2, we have 

1 -2 -15 +8 +68 +48 | -2 

-2 8 14 -44 -48 



-4-7 22 24 

Hence for a;=— 2,/(jr)=0, and —2 is a root. Trying aj=+3, we have 

• •■ 

1 -2 -15 +8 +68 +48 I +3 

3 3 -30 -84 -48 



1 -12 -28 -16 

Hence for 0?= +3, /(j:)=0, and +3 is a root. Trying «=— 3, we have 

1 -2 -15 +8 +68 + 48 | -3 

-3 15 -24 -132 



-5 8 44-84 

Hence for «=— 3, /(«)=— 84, and —3 is not a root. Trying a:=4, we liave 

1 -2 -15 +8 +68 +48 | 4* 

4 8 -28 -80 -48 



2 - 7 -20 -12 0' 

Hence for a?=4,/(«)=0, and 4 is a root. 

We have now found four of tlie roots, viz., —1, —2, 3, and 4. Their product 
with their signs changed is 24. Hence, by {230) 48-^-24=2 is tlio other root 
with its sign changed, i. e. there are tu)o roots —2. 

Tliat our equation liad equal roots could' liave been ascertained by the princi- 
ple in {24:2) ; but as tlic process of finding the H. C. D. is tedious, it is generally 
best to avoid it in practice. 

2 to 12. Find the roots of the following: 

(2.) Q^-7? - 39a:» + 24a; + 180 = ; 
(3.) ic» + 5a;» - 9a; •- 45 = ; 
(4.) af* + 2a;* - 23a; - 60 = ; 
(5.) a;* - 3a;» - 14a;« + 48a; - 32 = ; 
(6.) a;» - 8a;« + 13a; - 6 = ; 



* Of conree it is not necemary to retain the + sign, as ivc have done In the preceding opera- 
tions: it has been done simply for emphasis. 
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(7.) a-*-lla:*+ 18iB-8 = 0;* 

(8.) a* - 3a,-* 4- 6a;» - 3a;« — 3a; + 2 = ; ' 

(9.) a^ - 13a^ + 67x» - 171a^ + 216a; - 108 = ; ' 

(10.) ^ - 45a;» - 40a; + 84 = ; 

(11.) a;* - 3a^ - 9a;» 4- 21a:' - 10a; + 24 = ; 

(12.) a;* - 7ar' + 11a;* - 7ar» 4- 14ar» - 28a; + 40 = 0. 

13 to 20. Apply the process for finding equal roots {242, 243) to 
the following : 

(13.) a;» + 8ai» + 20a; 4- IG = ; 
(14.) a? - a;*- 8a; 4- 12 = ; 
(15.) a;* - 5a;» - 8a; 4- 48 = ; 
(16.) aJ* - 11a;' 4- 18a: - 8 = ; 
. (17.) a^ 4- 13a;» 4- 33a:' + 31a: + 10 = ; 

(18.) a:* - 13a^ + 67a:' - 171a,-' 4- 216a; - 108 = 0; 

(19.) a* + 33;* — 6a^ — Ga:» + 9a:' + 3a; — 4 = ; 

(20.) a;' 4- 5a;* 4- 6ar^- 6a:*- ISx-*- 3a:»4- 8a; + 4 = 0. (See 243.) 

21 to 27. Having found all but two of the roots of each of the fol- 
lowing by (248)y reduce the equation to a quadratic by {231)y and 
from this quadratic find the remaining roots : 

(21.) a:» - ea:* + 10a: - 8 = ; 

(22.) a:* - 4a;» - 8a: 4- 32 = ; 

(23.) ar»-3a:' + a; + 2 = 0; 

(24.) a:* - 6a:' 4- 24a: -16 = 0; 

(25.) a:* - 12a:' 4- 50a;' - 84a: 4- 49 = ; f 

(26.) a:* - 9ar^ 4- 17a,-' + 27a; - 60 = ; 

(27.) a:» - 4a:* - 16a,-' 4- 112a;' - 208a: -f 128 = 0. 

28 to 34. Apply the processes of {228) to reduce the following to 
the form a:^ 4- Aaf"^ + ^a,*"' 4- (7a;*"' - - - - L = 0, before searching 
for roots : 

(28.) 2a;' - 3a;' 4- 2a; - 3 = ; t 

* In order to apply the procoos of evaluatioOf the coefficients of the misBiujs^ powers muHt l)e 
sappliiKl. ThU8 we have 1+0 - 11 +18 -8. 

t Apply the method for finding equal roots. The method of trial based upon (230) as applied 
by (248) is likely to load to much unnecessary work when there are several equal roots, and all 
the others inoommensurablo. 

X We have oj*- ^x«+ a?--=0. Put ar=|, whence p-jpy* + j^-§=0tOry3- -g V* + **!' 

- -J- = 0. If now ifc=2, we have y8 -8y«-F4y-12=0, which can be solved as before, for one valu* 
of y,atid the equation then rednrcd !o a quadratic and solved for the other yahien. Finally, 
remembering that x= x y, we have the values of a: required. 
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(29.) 9af -2a:» - te + 4 = 0; 

(30.) 83^ - 260^ + 11a? + 10 = 0; 

(31.) a^ — ia; + A = ; (Look out for equal roots.) 

(32.)' ai* - 6a;» + 9Ja;* - 3a; + 4J = ; 



(33.) z = 19a;-> + ^/ 1 - - - 403a; 



(34.) 



i/a;»-3a5 + 22-^ = H^ + 1)^' 



2S0. By means of the property exhibited in (23S) produce the 
equations whose roots are given in the following examples : 



1. Roots 1, —3, 4. 

2. Boots V2, — V2, —1, 3; 

3. Roots 1, 2, 2, —3, 4. 

4. Roots -3, 2 + V^, 2-'/^l. 

5. Roots 3, —2, —2, —2, 1. 

6. Roots i, i, -f 

7. Roots l±>v/^, 2±V^. 



8. Roots li, 2, V3, —Vs. 

9. Roots V^, — V^, Vo", 

10. Roots 10, -13, I, 1. 

11. Roots 3-2^/3, 3+2\/3i 

2-3\/^, 2+3V^, 1, 
-1. 



SECTION II. 

SOLUTION OF NUMERICAL HIGHER EQUATIONS HAVING REAL, 
INCOMMENSURABLE, OR IRRATIONAL ROOTS. 



251. As all equations having real roots have real coefficients* 
(237), and as all such can be reduced to the form sf + Aaf""^ 
+ Bt^'^ + Ca;""' - - - - i = 0, which we represent by /(a;) = 
{229), we shall consider this as the typical form. Moreover, since, 
if an equation of this character has equal roots, they can be deter- 
mined by {24:2, 243), and the degree of the equation depressed 
by (231), we need only to consider tlie case in which /(a;) = has 
no equal roots. 

• This Is evident from the fact that f(x)=ix-a) (x-b) (x-c) - - - - (a;-n)=0,*ln which if 
c, 6, c, - - - - n are real, no imaginary quantity will be foand in the product of the binomials. 
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2S2» The best general method of approximating the real, incom- 
mensurable roots of such equations, is: 

Ist. To find the number and situation of such roots by Sturm's 
Theorem and the method based on it. 

2d. Having found the first figure or figures of such a root by 
Sturm's method, to carry forward tlie approximation to any re- 
quired degree of accuracy by Horner's method of approxima- 
tion. 

These methods we will now proceed to develop. 



Sturm's Theorem and Method. 

2S3» Sturtn^s Tlieorem is a theorem by means of which we 
are enabled to find the 7iumber and situation of the real roots of any 
numerical equation with a single unknown quantity, real and 
rational coefficients, and without equal roots.* 

III. — Thus, if we have the equation «'— 7a?H- 7 = 0, Sturm's Tlieorem 
enables us to determine tliat it has three real roots, i, €., that all its roots are 
real. It also enables us to ascertain that one root lies between 1.3 and 1.4, 
another between 1.6 and 1.7, and the third between —3 and —4. Hence it shows 
us that the roots are 1.3+, 1.6-H, and —3. with a decimal fraction. 

254. ScH. — Of course it follows from the above that if the equation has 
commensurable (227) roots, Sturm's Tlieorem will enable us to find them, 
or even when the roots are not commensurable, it will enable us to find any 
number of initial figures. Thus in the equation a;'— 7aj + 7 = 0, we might 
by Sturm's Theorem find that the first root is 1.35689+ ; but it would be 
too tedious an operation to be of any practical utility, as will appear hereaf- 
ter. We use this theorem only to find one or two of the initial figures, or, 
enough of the figures to enable us to distinguish between (separate) the roots. 
Thus, if we had an equation /(j) = 0, of which two roots were 2. 356^73 H- and 
2.3569564, we might use Stunn's Theorem to find the firet five figures of each 
root, i. e.y to distinguish between (separate) the roots; but this is not the 
best practical method, as will appear hereafter. 

2SS. T/ie Sturmian Futictions of f{z) = (v/hich has 
no equal roots) are functions obtained by treating f{x) and its first 
differential coeflficient f'{x), as in the process of finding their H. C. 
D., except that in the process Ave must not multiply or divide by a 
negative quantity, and the signs of the several remainders must be 

* If the equation which we wish to solve has equal roots, Ihey can be discovered by 
{242, 243), and the degree of the equation reduced by division. 
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dianged before they are used as diviflors. These reniainderM with 
their signs dutfiged are the Sturmian Functions.* 

lU,.— Let the equatioii f{z) = Obe«»— 4»*— aj + 4 = 0. The first differential 
coefficient of «=» - 4c* - a? + 4 ifl 3«* - 8* - 1 Dividing^ a;=»-4«*-aj + 4 by 
8«*— Br — 1, first multiplying the former by 3 to avoid fractions.f exactly as in 
the process of finding the H. C. D., we find the first remainder of lower degree 
than oar divisor to be — Ida; + IG. Henoe lito — 16 is the first Sturmian Func- 
tion of a; » — 4c« — a? + 4. Again, dividing ac« — So; + 1 by 19* - 16 (introducing 
such constant factors as necessary), we find the next remainder to be ~ 2025. 
Hence 2035 is the second Stttrmian Function of x^— 4x* — a; + 4. 

2S6m dotation, — As the fnnction which constitutes the first 
member of our equation is represented by f{x), and its first differ- 
ential coefficient by f\x), we shall represent the Sturmian Func- 
tiofis by fiix), /«{a:), f^{x)y etc., read "/sub 1 function of x/' "/sub 
2 function of Xy" etc., or simply " function sub 1,*' " function sub 2," 
eta 

357» In any series of quantities distinguished as + and — , a 
succession of two like signs is called a FermaTience of signs, and a 
succession of two unlike signs a Variation. 

III. — In the function jt®— 3x* — 2«*+ ar'+ aj*-f 5c — 4, the signs of the terms 

are 

+ -- + + + -. 

The first and second constitute a variation; the second and third a perma- 
nence ; the third and fourth a variation ; the fourth and fifth a permanence ; the 
fifth and sixth a permanence ; and the sixth and seventh a variation. Tlius, in 
this case, there are three permanences and three variations of signs. 

So also if we have 

fix) = «*-?«*+ 13a?' -+- ar«- lOr H- 4, 
f'(x) = &c* - S&c'-f- 39a?«-h au - 16, 
f^{x) = 11«'- 48aj«4- 61« + 2, 
/,(;ir) = 3a?*-8a: + 4, 
/3(x) = a; - 2, 
Ux) = 0. 

For a? = 0, f{x) = -f-4, or f{x) is H- ; f{x) is - ; f,{x) is + ; /,(aj)is + ; 
fi(x) is — ; and f^{x) being 0, its sign is not considered. Hence the series of 
signs of these functions, for a; = 0, is + — + + — ; and has three variationa 
and one permanence. 

■ ■ ■ « ■ ■ , ■ ■ ^ — ^ 

* I have Ihonghtit bef>t not to include /(x) and /'(jr) under the term Sturmian Faoctions. 
There oeems to be no propriety in including them, inasmuch as they are not peculiar to 
Sturm^s method ; and by excluding them an important dietinrtioit in marked. 

t We introduce or reject constant factors, just as in fin«lin{? the H. C. 1)., only we may not 
introduce or reject negative factors, since the sigfis arc an e^Hcntial thtnj? in these fnnclions, and 
tq multiply or divide by a negative number would chanj^e thu t^igns of the functifAui, 
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F«r« = l,wefind/(ar), -;/'<«?), +;/|(«), -h ;/,(«), -; and/aC*),-; the 
seriefl of signs being — -h + . This gives two variations and two per- 
manences. 



^58. JProp.— In the series of functiofis f(x), f'(x), fi(x), f,(x), 

f3(x), f4(x),»fft(x) fn(x), when f (x) = has no equal roots, if 

X be coiiceived to pass through aU possible real valueSfthat iSj to vary 
continuously y from, — oo ^o + oo , there will be no change in the number 
of variations and permanences in the signs of the functions, except 
when X passes through a root of f{x) = ; and when it does pass 
through such a root, there wiU be a loss of one variation, and only 
one.* 

DSM. — 1st. Any change in x which does not cause some one of the functions 
to vanish, cannot cause any change in tlie signs of the functions ; for no function 
can cliange its sign without passing througli or oo , and from the form of the 
functions whicli we are considering, they cannot be oo for any finite value of x, 
(These functions are all of the form A£^ + i?aj»-' + Cx*-^ X.) 

Sd. No Uto eonseetUive functions can taniA, i. e., beeome 0, for the »am« vaiue 
of z. For, in the process of producing the Stnnnian functions from f{x) and 
f'{t!), let the several quotients be represented by ^i ^, ^', <(" > ^t etc. ; whence, 
by the principles of division, we have 

f{x)=f'(i:)q -fM. (1) 

f\x) =f,{x)q' -f,(x), (S!) 

fM=ft(x)q" -f»{x), (3) 

^ft{x) =f,{x)q"'-Mx), (4) 

<f^(x) =A(x)q" -/.(«). (5) 

eic>, eic«j eiCa 

Now, if possible, suppose that some value of a;, as a; = a, renders two consecutive 
functions, as ft(^) and fsix) each ; that is, that they vanish simultaneously. 
Then, since from (4) we have fiix) =/a(ai)g'r— /«(a;), /^{x) = 0. So, also, from 
(5), /a (a;) ^fAifpyt" — fi(x)y and faix) = 0. Thus, as a consequence of the simul- 
taneous vanishing of any two consecutive functions, we could show that all the 
functions would vanish. But as, by hypothesis, f(x) and f\x) have no common 
divisor containing x, the last remainder found by the process of finding the 
H. C. D. cemnot contain x, and hence cannot vanish for any value of x. It is 
therefore impossible tliat any two consecutive functions of the series should 
vanish for the same value of x (i. e., simultaneously). 

3d. WJien any one of the functions, except f (x), vanishes for a particular value 

* This is tbe enhstance, thongh not the exact form, of the celebrated theorem discovered by 
M. Sturm in 1829, and for which he received the mathematical prize of the French Academy of 
Sciences in 1834. It is certainly one of the most elegant discoveries in uigebrafc analysis made 
in modern times. It is a niasterpioce of logic, and a monument to the sagacity of its discoverer. 
The original meraour containing this theorem is found in the "Memoires pr^seni^s par divers 
t^avants a rAcad6mic dee Sciences/' Tom. VI., 1835. 
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of X, the a^facent funetUnu have opposite signs for this vaiue. Thus, if f^(x) is 
for ar = 6, we have, from (4),/j(a*) = — /iW, t. e., the adjacent functions, neither 
of which can vanish for this value (2d), have opposite signs. 

4th. When any xKdue (if x,asTz=c, causes any function except f (x) to f>anish, 
the number of variations and permanences of the signs of the functions is the satne 
for the preceding and the succeeding values ofi., i. e.,for x = c — h and x = c + li, 
h being an infinitesimal. Thus, let x=z6 render f^ix) = ; then, ^nce the adja- 
cent functions have opposite signs for this value of x, we have either +ft(x\ 0, 
— /4(*), or —ftix), 0, 4-/4(«)f ». «., +, 0, — , or — , 0, -+- (3d). Again, as neither 
of these adjacent functions vanishes for jc = c (2d), neither of them can change 
sign as x passes through c (1st). But f^ix) may or may not change sign as x 
passes through e {244); hence its signs may be +, =, ±, or T, the upper sign 
representing tlie sign otfi{x) just before x reaches c, and the lower its sign just 
after it passes, t. a., for a; =r c — A, and xz=6 + 7i, respectively. Hence all the 
changes in signs which can occur are represented thus: -f- :^ — , + = — , 
+ ± — , H- T — , — 4: +, — = H-, — ± +, and — T +. These taken in 
any way give simply one permanence and one variation. Hence there can he no 
change in the number of variations and permanenees of the signs of the fwMsHons, 
consequent upon the vanisIUng of any intermediate function, 

5th. We are now to examine what changes, if any, are produced in the num- 
ber of variations and permanences by the vanishing of an extreme function. 
And in the first place wo repeat that the last function cannot vanish for any 
value of X, as it does not contain x. We have then to examine only the case in 
which /(a;) vanishes, i. e,, when x passes through any root of /(«) = 0. For this 
purpose let us develop /(a? H- /*) by Taylor's Formula, considering h an infinitesi- 
mal. Thus, 

f(x-\.h) =/(«) +/'(x)A +/"(«) y +/'"(•«) '^ + «tc. 

Now let r be any root of f{x) = 0, and substitute in this development r for ar ; 

whence 

A* h^ 

f(r + h) =f{r) +r{r)h +/"(r)^ +/'"('*) |;.+ etc. 

As r is a root of f(x) = 0, f(r) = ; and as h is an infinitesimal, the terms con- 
taining its higher powers may be dropped {ISlf and foot-note). Thus we have 
f{r -+- A) = f\r)h. Hence, as A is -f-, we see that f{r -\- h), that is the function 
just after x passes a root, has the same sign as /'(r), i.e, f'(x) when a; is at a 
root. But as f'(x) does not vanish when x = r (2d), /'(r — h), f'{r), and 
f'{r ■+■ A) have the same signs * Again, since, by hypothesis, f{x) = has no 
equal roots, it changes sign when x passes through a root (244), i. e., f(r — h) 
and f{r -+- h) have different signs. Thus, as f{x) and f\x) have like signs just 
after x has passed a root, and /(r) changes sign in passing, while f'(x) does not, 
these functions have unlike signs just before x reaches a root,! and what was a 
variation in signs becomes a permanence ; that is, a variation is lost. 

* That Is. the flret differential coefficient of /(r) docs not chan^^e sign when x pase>€s througli 
ft rootof /(ar)=0. 

t From this we see that the roota of /'(a;)=0 axe intermediate between those of /(j!)=(\ 
Hincc if a, 6, and c arc roots of /(:r)=0, in the order of their magnttudce, just before x reacheft 4 
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Finally, as we have before shown that as x passes through all values from 
— 00 to + 00 , there can be no change in any of the functions except f(x) which 
will affect the number of variations and permanences in tlie signs of the func- 
tions, there is (mly one variation lost when x passes through any root of /(.r)=0. 

2S9* Cor. 1. — To ascertain the fiumber of real roots of the equa- 
tio}% f (x) = 0, we substitute in f (x), f '(x), f,(x), f,(x) - - - - f.(x*),* 
-- 00 Jbr X, a?id note the number of variations of signs. Then sub- 
stitute + 00 for X, and note the number of variations. The excess 
of the nurnber of variatimis in the former case over that in the latter 
indicates the number of real roots of the equation. 

This is a direct consequence of the proposition, since as x increases from — oo , 
there is no change in the number of variations of the signs of the functions ex- 
cept when X passes through a root ; and every time that it does pass through a 
root one variation is lost, and only one. But in passing from — oo to -f oo , x 
l)asses through all real values. Hence the excess of the number of variations 
for a; =r >- GO over the number for a; = + oo is equal to the total number of 
real roots. 

260* Cor. 2. — To ascertain how many reed roots of f (x) = lie 
betioeen any two numbers as a and b, substitute the less of the two 
members in f(x), f'{x), fi(x), f8(x), etc.^ and note the number of vari- 
ations of signs. Then substitute the greater and note the nutnber of 
variations. TJie excess of the number of variatiojis in the former 
case over that in the latter indicates the number of real roots between 
the numbers a and b. 

This appears from the proposition in the same manner as Cor. 1. 

201, ^u. — Since the total number of roots of an equation corresponds 
to the degree of the equation (234:\ if we ascertain as above the number of 
rml roots in any given equation, tlie number of imaginary roots is known by 
implication. 

262* JProb* — To compute the numerical values of f (x), f '(x),. 
f,(x), f2(x), etCj i.e., of any functi(yn of x for any partieuUxr value 
of X, when the function is of the form Ax" + Bx""' + Cx""* 
+ Dx-' P. 

Solution. — Of course this can be done by merely substituting the proposed 
value of X in the function. But there is a more elegant and expeditious way, 
wliicli wo proceed to exhibit. 



root rt, fix) and /'(a?) have different 8is,'ns, and just qfter. they have like signs. But juat before 
X reaches 6, f{x) and f'{pr) have nnlike signs, and as f(x) cannot have changed sign, the sign 
of /'(ar) mi"t have changed ; I. «., x mast have passed through a root of /'(a?)=0, in passing 
from a to b. In like manner It may be shown that a root of /'(a?) lies between each two coa- 
sccatlve roots of /(a;)=0. This makes /'(ar)=0 have one root less than /(x)=0, as it shonld. 

. ♦ By this notation Is meant the nth or last of the Stnrmlan ninctions, in which X does not 
appear ; or, what is the same thin<;, that in which the exponent of x is 0. 
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Thas, let it be required to evaloato iliF»4-B2?*+ Cte»+2fe?«4- JBc + -P' for 
« = a. Multiply A by a and add the product to B. Multiply this sum by a 
and add the product to 0, Multiply this sum by a and add the product to D. 
Continue this operation till all the coefficients have been involved and the abso- 
lute term added. The last sum is the value of the function when a is subsii- 
tuted for x, as will appear from considering the following : 



A 
a 

Aa + B 
a 










Aa* 


-hBa 


-ho' 
a 




Aa^ 


+ Ba* 


■^Ca 


a 




Aa'' 


-^Ba* 


-hCa' 


^^l)a 


+ 


a 



Aa" + Ba* -h Ca^ -hBa^^-^Ba-^K 
This is evidently the value of the function when a is substituted for x, 

N. B. — 1. If the function is not complete, t. e., if it lacks any of the succes- 
sive powers of x, care must be taken to supply the lacking coefficients with O's. 
Thus the coefficients of x* — 2x* -h 5 are to be considered as 1, 0, — 2, 0, and 
5 (which may be called the coefficient of x^). 

2. When the numbers involved are small the operation can be performed 
mentally. 

Ex. 1. Evaluate %o7si? - SUz" -h 1563a; - 5247865 for x = 342, 

OPERATIOK. 

257 

342 

514 
1028 

771 

87894 
- 312 

87582 
3^ 

175164 
a50328 
262746 

29953044 
1558 

29954597 
3^ 

59909194 
119818388 
89863791 



10244472174 
- 6247865 



10239224309 The value required. 
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Ex. 2. Evaluate a?* — 3aj* -h 5a? — 20 for a? = 2, perfonning the 
operation mentally. 

Examples of the Use of Stubm's Method. 

1. Find the number and situation of the real roots of a;* — 4a:* 
--. 6a: + 8 = 0. 

Sug's. — ^If the student has attended carefully to what precedes, he will havo 
QO difficulty in determining that 

f(x) = x^-4x*-Qx-j-Bv 
/'(a?) = aB«-8a?-6; 
/,{a?) = 17aj~13; 
and /,(«") = 1467. 

Now, for a? = — 00 , we have /(a:) —, /'(«) +, /i(a:) — , and /,(«*») 4-; »'. c.,the 
signs of the functions are 1 -}-. There are therefore three variations. 

Again, when a: = 4- » , the signs are 4- + + +, giving no variations. Hence 
the numlier of real roots is 3 — = 3 ; i. e., they are all real. 

ft 

To Jind the situation of these roots we observe that for a; ^ 0» the signs o| tlie 

functions are H — +, giving two variations, or one less than — ou gives. 

Hence there is one root between -* oo and ; i,e., one negative root. The other 
two must of course be positive. We will first seek the situation of this negative 
root. Evaluate by (262). 

For = 0, the signs of the functions are H +. 

" a? = -7 1, •• " " " " + H h. 

" a? = - 2, " " " " « _ 4. - 4. .♦ 

Hence, as one variation is lost when x passes from -<- 2 to — 1, there is one root 
between — 1 and — 2 ; t. e., the negative root is — 1 and a fraction. 

In like manner seeking the situation of the positive roots, evaluating the 
functions by (202), we have 



For 


a; = 0. 


the 


signs 


-f +, 


2 variations. 


« 


a? = l, 






-■ " + +> 


1 


u 


t< 


x = 2, 






- - + +, 


1 


u 


«f 


a? = 8, 






-h +, 


1 


M 


« 


a? = 4, 






- + + -+-, 


1 


t€ 


St 


a; = 5, 






+ + 4- -f , 





tt 



* The evaluation of these functions is most elegantly and ezpedltlouely effected by (tS6}iy» 
Thus for x= -3 we have 

1 -4 -6 +8 \_-% 3 - 8 -6 |_^ 

-2 12 -12 - 6 28 

-6 6 - 4=/(aj) -14 22=/'(a:) 

When the valne of x for which we are evalaatins: is small, and the coefficients also smallt this 
process can be carried on mentally without writing, and should be so done. 
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(2.) a;» + Ca;» + 10a: - 1 = 
(3.) a^-()x' + 8x + 4:0 = 
(4.) a^-4a^-3x + 23 = 



Theroforo, as one variatloii in lost when x passes fromO to 1, there is one root 
between and 1, t. e., an incommensurable decimal. Again, one variation is lost 
when X passes from 4 to 5 ; hence the other root lies between 4 and 5, or is 4 
and an incommensurable decimal. 

263. Sen. 2. — It is usually unnecessary to find /,(«") (the last of the 
8tunniaa functions), since its sign, which is all that is important, can be 
dctennined by inspection from the next to the last function and the pre- 
ceding divisor. Thus, if we were to divide 3a?* + 22« — 102 by 122j; — 393, 
first multiplying tlic former by 122, it would be clear that the remainder 

would be — , without going through the operation. Hence /»(a?°) would 
be +. 

2 to 7. Find the number and situation of the real roots of the 
following : 

(5.) ar* — 2a:* + ar» — 8a: + G = 0; 
(6.) af* - 4a:* + a:* 4- 6a: + 2 == 0; 
(7.) a:* + 2a:' + 17a:« - 20a: + 100 = 0. 

204, ScH. 8. — ^In case the equation has equal roots, we shall detect them 
in the process of producing the Sturmian functions, since in such a case the 
division will become exact at some stage of the process, and tlie last Stur- 
mian f unction_ will be 0. Having thus discovered that the equation has 
equal roots, we might divide out the factors containing them, and then ope- 
rate on the depressed equation as above for the unequal roots. But it is 
not necessary to depress the degree of the equation, since the several Stur- 
mian functions will have the same variations of signs in either case for any 
particular value of a?. This arises from the fact that the common divisor of 
f{x) and /'{«), which contains the equal roots, is a factor of each of the 
Sturmian functions, and hence its presence or absence will not affect their 
signs for any particular value of x if the common factor is + for this value, 
and will change tlie signs of aU if it is — ; but in either case the variations 
of signs will not be affected. 

8. Find the number and situation of the unequal real roots of 
a^ — 6x^ i- Ha^ -\- 22.^* — COa; + 40 = 0, without depressing the equa- 
tion. 

SuG*s. — Forming the required functions, we have 

f{x) = a;» - 6aj* -f 7x^ + 22a;« - 60aj 4- 40; 
/'(a;) = 5«* - 24t;« H- 21aj« + 44u - 60 ; 
/, (x) = d7x^ - 228aj« + USx - 820 ; 
fi(x) = aj* — 4c + 4 ; 
/aW = 0. 

Now f^(x) is a factor of f{x), f'(x\ and f\{x\ and removing it from off, we 
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shall have the following functions, which may be used instead of the Sturmian 
functions derived from the depressed equation : 

/(«; = a;=* — 2a;« - 50? + 10; 

/'(jc) = 5a;«-4ij-15; 

/,(ar) = 37a?-80; 

/sW = 1. 
Hence, since the 9ignB of these two sets of functions evaluated for any particular 
value of X will be the same, either set may be used at pleasure. 

Thus either set gives 

For aj=— 00, \ 1-; 

and for OJ = -h 00 , + 4. + 4.. 

Therefore there are two unequ^U real roots of f{x) = ; and from the existence 
of the factor (x —2)* in/(.u) and /'(«), we know that there are three equal roots, 
each 2. 

The situation of the unequal roots can now be found as before. 

9 to 12. Find the number and situation of the real roots of the 
following : 

'2 = 0; 



(9.) ar^ - 7a^ + VSx" + llic* - e6x + 72 

(10.) x^ - 18a;3 - 28x' -f 24a; + 48 = ; 

(11.) a^ - 4.^^ -f a;" + 20:^; + 13 = 0; 

(12.) ar^ - 10a;» + 6a; + 1 = 0. 



205 • Sen. 4. — Elegant as the method of Sturm is, and paiectly as it 
accomplishes its object, the labor of producing the functions required and 
evaluating them, especially when the roots are large and widely separated, 
is so great as to deter us from its use when less laborious methods will serve 
the purpose. In a great majority of practical eases in whick there are no equal 
roots^ the principle that f (x) changes sign when x passes through a root of f (x) = 
unit enable us to determine the situation of the roots udthfar less labor than Sturm's 
Theorem. Oft6n a simple inspection of the equation will determine the near 
value of a root. Methods are usually given for ascertaining the limits (as 
they are improi)erly called) of the roots of an equation, from the coefficients. 
But these are of little practical value.* 



* For example, the two following, which arc mopt ftemeoQy given: 

1. In any tquatxcn Ike greatest negative coefficient »9V^Hf Hgn changed and increated by uMty 
i$ a SUPERIOR LIMIT q/" the roots. K 

2. In any equation vni/y added to (hat root of the gtSMttest negative coefficient with Us sign 
changedy whose index is equal to the deference of the e3rponents(^ the first term, and the first nega- 
tive term is a superior limit. ^ 

Now consider the equation x^ + x^ -500=0. By the first rule the superior limit of a root is 

501, and by the second v^500+ 1, or 28 + . Now the fact is, the greatest root is 7.6 4- . Again, by 
1, the superior limit of the roots of a;* -Bx*-46x-l%^0 is 73 ; and by 2 it is the same. But the 
greatest root is 9. 
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13. Find by inspection, and^oLso by Stnnn'g method^ the situation 
of the roots of the equation «• + a;* — 600 = 0. 

8uo*8. — Let the stadent Apply Stoim'B method. The following is a solution 
by inspe/^tion : 



3 



Since x = i^600 — w*, there is a + root less than r 500, or less than 8. Now, 
trying 7, we haTe 

1+10 -500 1^ 
7 56 392 



8 56 -108, 1.6., f(x) is-. 

Trying 8» 1+10 -500 \^ 

8 72 576 

^ 72 ~76, ».«., /(aj)ifl+. 
There is therefore a root between 7 and 8. 



Also from the relation x = 4^500— «*, or from the operations above, we see 
iliat there is no other positive root ; since f(x) evaluated for any positive quan- 
tity less than 7 would certainly be — , and for anything greater than 8, -|-. 

Finally, that there can be no negative root is evident, since V500— «* cannot 

be negative until x* > 500, but then r 500— «* < V— aj«, and V-^x* is always 

< X. Hence for x negative we can never have x = y 500 — a?*. Therefore 
our equation has one real and two imaginary roots. 

KOTE. — ^The advantage of this method of inspection over Sturm's method, in 
this case, will not be fully seen unless the student observes that all this can be 
done mentally, witlioat writing a single figure. 

14. Find by inspection, and also by Sturm's method^ the number 
and situation of the real roots of aj* + a;' + a — 100 = 0. 

Sug's. — A mere glance should show that there can be but one positive root, 
and that that is less than 5. In like manner writing a?* — «* + 05 + 100 = 0, or 
a; * + aj + 100 = aj*, we see that no positive value of x can satisfy the equation ; 
for when x is less than 1, of course the first member is greater than the second, 
and when x is greater than 1, x^ itself is greater than x*. 

15. Find, by inspecting the changes of sign of y(a?) for varying 
values of z, the situation of the roots of a;* — 82; — 1 = 0, and also 
by Sturm's method. 

16. Find by inspection the situation of the roots of ic* — 22a? 
- 24 = 0. 

SuQ's.— Writing x(x* — 22) = 24, we see that any positive value of x which 
satisfies this must make x* > 22, that is, must be greater than 4. But 5 makes 
xi.x*-' 22) = 15, and 6 makes it 84. Moreover, it is evident that no number 
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greater iban 6 will satisfy the equation, Seeking for negative roota, we writ* 
x^-'^^-^-H^^O; andthen2<a;* — 22)7;— 34. To satiBfy this, j0* mnfit be less 
than a2,ora!<5. For aj = 0, f{x) is +; for aj = l, /{«) is 4-; lor aj = 3, f{x) 
ia — . Hence a root of the given equation between — 1 and ~ 3. Finally, for 
x = S, fi^c) ia — ; but for « = 4, f{x) — 0. Hence a root of the given equation 
is —4. 

17. Determioe the situation of the roots of a:*— 10a? + 6a; + 1 = 0, 
by examining the changes of sign of f{x). 

Suo's.— For « = 0, f(x) is +; for « = 1, f(x) is — ; for « = 2, f{x) Is — ; for 
x-=S, f(x)iB — ; for a; = 4, f(x) is +; and will evidently remain +, aa a; ad- 
vances beyond 4. This is seen from the following : 

1 -10 +6 +1 I 4 
4 16 34 +96 408 

1: "^ 24 'm m 

Koiv any positive number greater than 4 would destroy the —10 in this pro- 
cess, and give the sum at that point greater than 6, and hence the aggregate 
would rapidly increase. Thus notice, when 8 is substituted, we have 

1 -10 +6 +1 IJ^ 
8 9-3-^9 -9 

8 ~1 "^ II3 Zs 

Now 8 is not large enough to destroy the —10 ; but every number larger than 
4 will destroy it. 

To examine for negative roots we write .«*— 10a>'4- 6« — 1 — 0. In this, lor 
{r = 0, /(a?) is — ; for x=zl, /(a?) is -; for aj = 2, /(aj)is — ; for aJ = 8, /(x)l8 
'-; but for a? = 4, and aU numbers greater than 4, /(a?) is +. 

We have now found that there are certainly three roots between — 4 and 
+ 4, and none beyond these limits either way. But it is lUft safe to conclude tJuU 
the other two roots a/re imagina/ry. The fact is, they a/re not. How, then, are we 
to find them? Sturm's method is thought to possess particular advantage in 
saving us from such erroneous conclusions, and enabling us to find the situation 
of all the real roots with infallible certainty. And certainly it does do this ; but 
let us see if we cannot do it, in this instance at least, as readily without that 
method. It wiU be observed that we know only that — 8 is the initial figure 
of one root, and 4- 8 of another. The initial digit of the root between 
and + 1 we have not found. Let us seek it. For oj = 0, /(a?) is + ; and 
by trying a? = .1, a; = .2, we should at once see that /(a;) changes very slowly, 
and as when a? = 1, f{x) is only — 2, we should be led to' try numbers near 1. 
Trying x =.8, we would find that /(a?) is -h, and for x =.9, /(a?) is — . Hence .8 
is the initial figure of the root lying between and -h 1. 

We now know the initial figures of three of the roots. But where are the. 
other two roots ? If they are real we know that they lie between — 4 and 4-4, 
as we have seen above that no root can lie beypnd these limits. Moreover, as 
the function changes value rapidly beypnd 1, and slowly between — 1 nnd 1 , it 
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irould natarally be suggested that there may be tuo chaaiges of Blgnl)etween 
and + 1, or and — 1. Evaluating /(«)=«* — 10a?* + 6a? + 1 for .1, ^, .3, etc., 
we soon see that U will not change sign for values of x between and 4- 1. 
Evaluating f(x) = a?* — 10a?* + te - 1 for .1, .2, .8, etc., we find that the other 
roots are between and — 1, and that their initial digits are —.1 and —.6. 

18 to 23. Find by inspection, by the change in sign of f{x)y or by 
Sturm's method, the number and situation of the real roots of the 
following : 

(18.) ic'-3a;*-4a; + 11=0; 

(19.) a;* - 2a? - 5 = ; 

(20.) a?* - 4a:» - 3a; 4- 23 = 0; 

(21.) a:* + 11a;* - 102a; + 181 = 0; 

(22.) a;»-17a;»+54a; = 350; 

(23.) a;* 4- 23;^ + 3a; - 13089030 = 0.* 

266» ScH. 6. — If we have an equation in which, when cleared of frac- 
tions, the coefficient of the highest power of a; is not unity, it may be trans- 
formed by {228) into one having such coefficient. Bui this is not necessary 
in order to the application of 8tunn*s method, as it is not required hy anything in 
the demonstration of that theorem that the coefficients shovld be integral, 

24 to 31. Find by Sturm's method the number and situation of 
the real roots of the following : 

(24.) 2a;» -f Sa;*- 4a; - 10 = ; (28.) 3a;*- 4a;^ -f 2a; - 1000 = ; 

(25.) Q?- l%i^x -f 29,8^ = ; t (29.) It?- 83a; + 187 = ; 

(26.) 8a;»- 36a;» + 46a; - 15 = ; (30.) ar»- l^a;'- Ifa; = 440 ; 

(27.) 4a;»- 12a;'+ 11a; - 3 = ; (31.) a;»- |a;*- |a; = 312. 
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267 • Horner's method of solving numerical equations is a method 
of finding the incommensurable roots of such equations to any re- 

* Observe that neglecting the terms Sa;' + 8sB, which, since x is lai^e, are small as compared 
with sfl^ we have a;S=lS0690ao, or x lies between 200 and 2XXi probaUy. 

t Clear of fractions first. 

X Among the many methods dif>covered, and doubtlciis to 1)c discovered. Tor this parpose, U 
ifi scarcely possible that IIomer*e should be papcnieded, since the solation of such an equation 
will certainly require the extraction or a root corresponding to the degree of the equation ; and 
the labor required by Horner'8 method is not greater than that required to extract this root. 
Novia t}iis merely a method of approximation, except as any method for incommensurable roots 
19 necessarily a method of approximation. If the root can be expressed exactly in the decimal 
notation, or by means of a repeating decimal, this process effects it. The method was first 
pnUIished by W. G. Horner, Esq., of Bath, England, in 1819, about fifteen years before Starm*s 
Theorem was published. 
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quired degree of approximate accuracy. It is based upon the two 
following problems and proposition : 

268* Proh. — To transform an equation^ as f (x) = 0, into another 
whose roots shall be a less than those of the given equation. 

Solution. — Let aj=a+a?i , whence a;i=a?— a, and we have /(«)=/(« +«i)=0, 
or 0=/(a-hiCi). Developing the latter by Taylor's Formula, we have 

= /(« + «i)=/(a) + /'(a>Bi+/»^ + /'"(«)^ + /"(«)^ +«*<5- <» 

=f{a) +/'(«>», +/"(«)^ +/"'(^)^ "^ '^'^^^^ U ' ^^'* ^ ^^ wq^iired equa- 
tion. 

209* ScH. — The meaning of this may be stated thus : The absolute term 
of the transformed equation is the value of f{x) when a is substituted for 
x; the coefficient of the first power of the unknown quantity, «!, in the 
new equation is the first differential coefficient of f(x), when a is substituted for 
X in this coefficient ; the coefficient of the second power of iTi is ij the second dif- 
ferential coefficient of /(x), when a is substituted for x ; etc. 

Ex. — ^From 5a:* — 120;* + 3ic* + 4a: + 6 = deduce a new equation 
whose roots shall be each less by 2 than the roots of this. 

SOLUTION. 

f(x) = &??*- 12aj» + ac* + 4a> + 5 =9 =/(«). 

f\x) = 30a;* - 36aj» + «a? + 4 =83 =/'(«). 

x=% 

/"(oj) == eOu* - 72a? + 6 =102=/"a. .-.*/"{«) = 51. 

/"» = 130a; - 73 =108 =/"'(«)• .'. ]if'"{a) = 3a 

x=% *— 

f^{x) = 130 = 130 ^f^(a). /. ,-J-/«^(a) = 5. 

Hence = 9-f 33{i?,4-51a;i*4-2a»i»+5a?,*, or 6ar,*H-3ai;,*H-61a;i«4-33a;i4-9 = 0, 
is an equation whose roots are 3 less than tlie roots of the given equation, 
since a?, = a? — 3. 

270. JProh. — To compute the numerical values of f (a), f '(a), 
Jf "(a), jf f '''(a)> \t^'^i^)y ^C', from f (x), wJien f(x) has the form 
Ax»4- Bx"-'+ Cx"-'+ Dx-^-* - . - - p. 

Solution. — Let f{x) — ^a;*+ Bx^-^ Cx*+ Bx-^ E; whence, forming f'(x\ 
f'\x), f"'{x)f and f^^i^x), and substituting a for x, we have 

* The meauingof this notation is Uiat x is made equal to 3 in the fnnction. whence resslts 
the following value. 
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/'(a) 
if'ia) 
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-Aa* + Ba* -f Oar' + I^ + JP; 

6^a* +8Pa + C7; 
AAa 4- J? ^ 



Kow« we mft J compute tbeie m IoUowb : 



o 



(d 



6^ 

+ 



+ 



+ 



f 




« Jt 




C) 


B^ 




+ 


+ 






e 




cS 


Ci 




+ 


+ 




«• 


M 




« 


o 




ft^ 


S 




+ 


+ 




«♦ 


« 




e 


e 




^ 


oq 






+ 


• 







15 


Cl 




+ 


+ 




M 






•« 


J8 


J8 


cq 


O 


c> 


+ 


+ 


+ 


n 


« 


M 


cS 


« 


« 


^ 


«J 






+ 


+ 




M 


» 




« 


e 




^ 


00 



+ 



+ ^ 



+ 
+ 

M 

00 

+ 

10 



2. 



^ H-« 



o 


O 


+ 


+ 


ft^ fiq 


R5 ft) 


+ + 


+ + 


M M 


CO CO 



II 

+ 

00 

+ 



«i 


fiq 


OQ 


+ • 


+ 


+ 


« e 


e e 


e e 


^ ^ 


S^ 


CO 






+ 

3 




Examples. 

1. Transform 3a?*— 4a:' + 7a:* 4- 8a;— 12=0 into another equation 
each of whose roots shall be 3 leas than the roots of this, 

SoLTTTioiT. — Arranging the coefficients and proceeding as in the ahoye solu- 
tion, we ha . 3 the following : 
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onniATi6ir. 

8 -4 +7 +8 -13 \J^ 

_a J5 66 ^ 

6 22 74 210=/(3) 

_9 j© m 

14 64 266=/'(3) 

_9 ^ 

23 183 = i/"(3) 

82 = i4/"'(8). 

~~ Hence tli6 transfonned equation is 

8a?,* +82;tf,» + 183aj,« +266«, +210 = 0. 

2. Transform 3a^ — Idaf+Ho^ — 8x — 9 = into another equation 
whose roots shall be less by 3 than the roots of this. 

The new equation is 3i*+23a:»+52a;*+7a;— 78=0 * 

3. Transform oif -i- 2a^ — 6a? — 10a: +8 = into another equation 
whose roots shall be 2 less than the roots of this. 

PROCESS. 

10 +2 -6 -10 +8 |_2^ 

2 4 12 12 4 

2 6 6 2 12 

2 S 28 68 

4 14 84 70 

2 12 52 ' 

6 26 86 

2 J6 

8 42 

10 
.-. The equation is «• + lOaj* + 42aj» + 8&b* +700;+ 12=0. 

4. Transform a*^6af + 7.4a:* 4- 7.92x» - 17.872a'-.79232 = into 
another equation whose roots shall be each less by 1.2 than the roots 
of this. 

6. Transform ic'~2a;'+3a;+4=0 into another equation whose roots 
shall be 1.7 less than the roots of this. 

6. Transform ar'4-lla::'—102a;+- 181=0 into another equation whose, 
roots shall be 3 less than the roots of this equation : transform the 

* For conTonience in leadiog and writing, it is cuBtomary to omit the subscripts which dis* 
tingnioli th^ unknown quantity in the transformed equation Trom that in the given equation. 
But it phontd be borne in mind that the nnlmown quantities are different. 
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resalting equation into another whose roots shall be .2 less than the 
roots of the last : transform this equation into another whose roots 
shall be .01 less than those of the last : transform this into another 
whose roots shall be •OOd less than its roots. 

OFBRATION. 

1 +11 -102 +181 Li 

_3 J^ -180 ' * 

14 -00 !• 1^ 

_8 Jl -.992 

17 -9* .008+ 1^ 

8 4.04 -.006739 

20* -4.96 .001261{ | .003 

2 4.08 - .001217403 

20.2 -.88t .000043597§ 

.2 .2061 



20.4 -.6739 
.2 Ja062 

20.6t -.4677t 
.01 .061899 



BXFLAKATIOK. 

* These, together with the first, 
are the coefficients of the equation 
whose roots are 3 less than those 
of the given equation. The equa- 



20.633 
.003 



20.61 —.405801 
•Ql .061908 tion written out is a!'»+20aj*— 9a? 

20.62 — .343893§ +1=0. {A). But, instead of re- 
.01 writing these coefficients for the 

20,QSt ^^^cond transformation, we operate upon them just as 
.003 they-stand. 

f These, together with the first, are the coefficients 
of the equation whose roots are .2 less than tliose of 
{A), and consequently 3.2 less than those of the given 
20.636 equation. This equation written out is «* + 20.6a;*— 
•003 .88a; + .008=0. {B). But instead of rewriting these co- 
20.639§ efficients we effect the next transformation upon them 
just as they stand. 
J These, together with the first (which remains the same in all), are the co- 
efficients of the equation whose roots are .01 less than the roots of {B), .21 less 
than the roots of (^1), and 3.21 less than the roots of the given equation. This 
equation is a;» +20.63a!* -.4677a; + .001261=0. ((7). 

§ These are the coefficients of the equation whose roots are .003 less than 
those of (Q, .013 less than those of (B), .213 less than those of {A), and 3.213 
less than those of the given equation. The last transformed equation is 
x-" +20.639x« -.343893a;+ .000043597=0. 

7. Transform, as above, the equation a,^— 12a:* 4- 12a;— 3=0, suc- 
cessively, into equations whose roots shall be 2 less, 2.8 less, and 2.85 
less than the roots of the given equation. 
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OPERATION. 




-13 


+ 12 


-3 2.86 


4 


-16 


-8 


-8 


-4 


-11* 


8 





8.9856 





-4* 


-2.0144t 


12 


15.233 


1.71940625 


12» 


11.232 


-.29499376* 


7.04 


21.376 

4 




10.04 


d2.608t 




7.68 


1.780125 




26.72 


84.388125 




8.32 


1.808375 




85.04t 


86.196500^ 


^ 


.5625 






35J6025 






.5650 






36.1675 






.5675 







36.7850t 



1 
2 

2 

_2 

4 
2 

6 
_2 

8* 

-A 
8.8 
_^ 

9.6 

10.4 
.8 

11.2J 
.05 

11.25 
.05 

11.30 
. .05 

11.35 
.05 

11.40{ 

Hence the. successive equations are, 

Tlie Primitive, x* -12a;« + 13a?-3=0 ; 

One whose roots are 2 less than those of {A}, 

a;* + 8«* + 12x^-4c-ll=0; 

One whose rbots are .8 less than those of (1?), or 2.8 than those of (A), 

«* + 11.2a?' + 35.04b« + 32.608iB- 2.0144=0 ; ((7). 

One whose roots are .05 less than those of {C), .85 less than those of (B), or 
2.85 less than those of {A), 

ic* + 11.4»» + 36.736a!* + 36.1965aj- .29499375=0. 

8. Transform, as above, the equation a?—7x+7=0, successively, 
into equations whose roots shall be 1 less, 1.3 less, 1.35 less, and 1.356 
less than the roots of the given equation. 

271. Frop. — j^a+Xi is a root o/f{x)==:0, andxi is sufficiently 
smaU with reference to a, ii;i= — 4W, approximately. 



(A), 
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Dbm.— 'If a+fl^i is a looi of /(ir)=nO, /|a4-»,)rr0. Deyeloplng tliis by Taflor'g 
Formula, we have 

Now, to determine Xi appraximatelp, wliicli is all the proposition proposes, when 
Xi is quite small with reference to a, all the terms in the development involving 
higher powers of Xi than the first may be neglected ; whence we have f{a) -i- 

f'{a) X, 5=0, «r «, = -^^J- 

Ex. — Knowing that 4.4- some decimal fraction which ve will call 
cr, is a root of «'4-ic'+«— 100=0, required the approximate value of 
the decimal fraction Xx. 

Solution. — Finding /(a), t. «., in this case/ (4)* in the ordinary way, we have 

1 +1 +1 -100 |_4^ 

__4 _20 JI4 

5 21 ' -16=/(a),or/(4)* 

4 86 

67 =/'(a), or/'(4)* 

_4 

13 

Hence — ^^— : = ^s- =^+ SaapprooDimately the decimal part of the root. 

In fact, 2 U the tenths figure of the decimal part of the root, the root being 
(as we shall find hereafter) 4.2644+ . 

We thus have a?,'+ 13aJi*+ 57a?i -16=0, an equation whose roots are 4 less 
than the roots of the given equation. We will now transform this into another 
equation whose roots shall be .2 less than the roots of this equation, or 4.2 less 
than the roots of the gioen equation. Thus 



1 +13 
J8 




+ 57 
2.64 




-16 

11.928 


U 


18.2 
.2 




59.64 
2.68 




-4.072 = 


=/(4.2)t 


13.4 

• 




62.32: 


=/'(4.2)t 






13.6 
and the transformed equation 


is 
18.6a?,« + 62.82aj, -4.072=0. 





• TUs notation meane, the yalue otfix) when 4 1b sQhstitnted for x therein. 

t That these are the valnes of /(a) (the first member of the ^Iven equation) tmAf{x\ when 
4.3 is sabstitated for x, will be evident if it is considered that they are the same results as 
wonld have been obtained by transforming the given eqaation immediately (by one process) 
Into another whose roots arc 4.3 less. ^ ^ . 
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whick ifl ftB e(}iiatioii wlios^ roots are 4.2 lew than those oi the gi^u equation, 

Hence by the proposition a?j = — '^ =.005 approximately. In fact, it will 
be seen that 6 u the hundredths figure of the root. 

Writing' both portions of the abore work together, it stands thus : 
1 



+1 

4 


+ 1 
20 


-100 
84 


|4.2 


5 
4 


21 
86 


-16* 
11.928 


• .% -16=/(a).or/(4) 



4 


57» 
2.64 


-4.072f 


* .-. 57=/'(a). or/(4) 


13* 
.2 


69.64 
2.68 




t /. -4.072=/(4.2) 


13.2 
.2 


62.32t 




f.-. 62.82=/'(4.2) 


13.4 
.2 








13.6t 









Hobkeb's Bxtle. 

272. RULE. — ^1. Put the equation ik the fobv 

Aaf + Baf'^ + CSc"-« . - - - Mx+L=0, 

ik which the coefficients a, by - - - - ly if not integbal, 
abe expbessed exactly in decimal fba0ti0n8. 

2, Find the numbeb and situation of the positive beal 

BOOTS BY StUBM'S ThEOBEM, DETEBMINING ONE OB MOBE (USUALLY 

two) of the initial figubbs. (See Sen. 1.) 

3. WbITE the coefficients in OBDEB with THEIB PBOPEii 
SIGNS, being CABEFUL TO SUPPLY WITH O'S THE PLACES OF CO- 
efficients of missing tebms, if the equation is not complete. 
Taking the initial figubes of one of these boots as thus 
found, opebate on these coefficients so as to obtain the co- 
efficients of the tbansfobmed equation whose boots shall 
be less by the pobtion of this boot albeady found. 

4 HaVIKQ found these C0EFFIC1BNT8, IP THE COEFPICIENT OP 
IHB PIEST POWEE OF" THE UNKNOWK QUANTITT IN THIS TEANS- 
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FORMED EQUATION AND THE ABSOLUTE TEBM, f'{a) IlSI> f{a)^ HAVE 
UNLIKE SIGNS, DIVIDE THE LATTER BY THE FORMER, AND THE FIRST 
FIGURE OF THIS QUOTIENT WILL BE (APPROXIMATELY) THE NEXT 
FIGURE OF THE ROOT. (See SOH. 2.) If THESE FUNCTIONS HAVE 
LIKE SIGNS, MORE FIGURES OF THE ROOT MUST BE FOUND BY StURM'S 

Theorem or by trial, before proceeding to apply this pro- 
cess OF transformation. 

5. Having found a figure of the root by dividing f{a) by 
/'(a), annex it to the root and operate on the coefficients 
of the last (transformed) equation as they stand, to pro- 
duce the coefficients of the next transformed equation, t. c, 
the one whose roots shall be less than those of the last, 
by the last figure of the root, and less than those of the 
given equation by the entire portion of the root now found, 
Having found these coefficients, divide the absolute term 

BY THE coefficient OF THE FIRST POWER OF THE UNKNOWN 
QUANTITY, IF THEIR SIGNS ARE UNLIKE, AND THE FIRST FIGURE 
OF THIS QUOTIENT WILL BE (APPROXIMATELY) THE NEXT FIGURE 
OF THE ROOT. If THESE SIGNS ARE ALIKE, THE LAST ASSUMED 
FIGURE OF THE ROOT IS TOO LARGE AND MUST BE DIMINISHED. 

(See ScH. 3.) 

6. Proceed in this manner until the root is obtained; 
or, if the root is incommensurable, until as many figures 
of the decimal fraction are obtained as are desired. (see 

ScH. 4.) 

7. In like manner all the positive real roots, or their AP- 
PROXIMATE VALUES, MAY BE FOUND. To OBTAIN THE NEGATIVE 
ROOTS, CHANGE THE SIGNS OF ALL THE TERMS CONTAINING ODD POW- 
ERS OF THE UNKNOWN QUANTITY, OR ALL OF THOSE CONTAINING THE 
EVEN POWERS ; OR, IF THE EQUATION IS COMPLETE, EACH ALTERNATE 
SIGN, AND PROCEED TO FIND THE POSITIVE ROOTS OF THIS EQUATION" 
AS BEFORE. ThE VALUES THUS FOUND WILL BE THE NUMERICAL 
VALUES OF THE NEGATIVE ROOTS (246). 

This rule is based upon previously demonstrated principles^ and needs no 
special demonstration. 

2T3n ScH. 1. — ^By means of (244, 24S) we can usually find the initial 
figure or figures of the roots with less labor than by Sturm' : Theorem. 



HOBNEB'S ICETHOD. 237 

274:. Sen. 3.— Since by (271) a?j = - -— ^|, if both /(a) and f'{a) have 

the same sign at any time^ this quotient will be — , and hence the value 
thus found for a;, will not be the amount to be added (annexed) to the por- 
tion of the root already found, for the assumption is that this portion is le(» 
than the root of the equation which we are seeking. 

275* ScH. 8. — That the figure of the root found by dividing /(a) by /'(a) 
is liable to be too large is readily seen when we consider that instead of 
/'(a)a?,= — /(a) (in Desc. of 271)y we should have, if no terms were 
omitted, 

f\a)x, + i/"(«)^i • + kf"'{^)^i • + etc. = -/(a). 

Now a value of Xy which satisfies the former may evidently be quite too 
large to satisfy the latter. Thus consider aj^ + lOir* +5a;— 2600=0. Neglect- 
ing x^ and lOa?*, we have 5a;=3600, or a'=520. But this will by no means 
satisfy the equation when x^ and lO-c* are not neglected. 

Again, the figure found by dividing/(a) by /'(«) may be too small. Thus, 
if we have a?*— 12«* + 12«— 3=0, and neglect «*, and —12a;*, we have lar— 3 
=0, or a?= J. But this is too small a value to satisfy the equation, since for 
x=\, —12a?* will be numerically much larger than «♦, and hence retaining 
these terms will diminish the function, thus making \ too small to satisfy 
the equation. 

270. ScH. 4. — ^From Sch. 2 it appears that f{a) cannot change sign in 
the process unless /'(a) also changes sign. But when f{a) changes sign, we 
know by (244) that we have passed a root of the equation ; if, however, /'(«) 
also changes at the same time, our work may still be right. In such a case 
there are two roots having their initial figure or figures alike, e, g.^ one may 
be 23.50 + , and the other, 23.59 + . To obtain the less of the two roots, take 
the largest figure which will not cause either /(a) or f'(a) to change sign; 
and for the larger of the two roots t5ake the mutUest figure which will cause 
both f(a) and f'(a) to change sign. 

[Note. — Tliese scholiums, as also the rule, will be better understood in con- 
nection with their applications in the following examples. But in review, after 
the solution of the examples, they should be carefully learned.] 



Examples. 
1. Required the roots of .^— 4a:'— 6a? -I- 8=0. 

SoiiTJTiON. — ^By Sturm's method we find that there are 3 real roots, one nega- 
tive, and two positive (see Ex. 1, page 223), and also that the negative root is 
—1. and an incommensurable decimal, that one positive root is an incommen- 
surable decimal, and that the other positive root 18 4. -f- an incommensurable 
decimal. We will seek the latter first. 
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QFSBATIOB 


[. 


-4 


-6 


+ 8 1 4.802+ 


4 





-24 





-6 


-16.- . . 


4 


16 


13.632 


4 


10.. 


-2.368..* 


4 


7.04 


2.800760 


8.8 


17.04 


-.058231-. • 


.8 


7.68 


.053275288 


0.6 


24.72.. 


-.004055713 


.8 


.0441 




10.40. 


25.6641 




.00 


.0522 


■^ 


10.58 


26.6163.* 




.00 


.021344 


f 


10.672 


20.637644 




.002 


.021348 




10,674 


26.658003 




.002 







10.676 

Remarks. — The general features of the process, being the same as heretofore 
given {270 f Example s need no farther explanation than they have already re- 
ceived. Each decimal figure of the root is added the first time in the first 
column flimply by annexing it. 

In finding the second figure of the root, we have — ^; 4 = — -^ = 1.6. But 

J \a) 10 

this cannot be the proper addition, since we know that the root lies between 4 

and 5 ; hence this trial fails to give the second figure in the root. (See 27^*) 

But as we know that this figure cannot ,be greater than 0, we try 0, and find 

that it makes the absolute term change si^n so that /(a) and /'(a) have the 

same sign, and consequently .0 is too much to add. (See 270, and also consider 

that f{x) would thus be shown to change sign as x passed from 4 to 4.0, and 

hence that a root lies between 4 and 4.0, 244,) We therefore try .8, and find 

that it is the correct addition. We know that .8 is right, since we know that 

as X passes from 4.8 to 4.0, f{x) changes sign. 

In finding the third figure we have for trial -4^. = - -^^ = ^^- Try- 
ing as the third figure of the root, we find that the absolute term does not 
change sign, and hence we know that is the next figure, i. e., we know thai a 
root lies between 4.80 and 4.0. 

The process may be thus continued indefinitely, and as many figures found as 
we may desire. 

277* N. B. — It will be observed that this process is simply one of substitu- 
tion in f(x) of values for x which come nearer and nearer to making f(x) z= 0. 
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Thus in thin (Sample 4, mibcftitrnted in «' — 4^;' — fte + 8, giveB is* — 4»* —6x 
+ 8 = - 16 ; 4.8 substituted for x, gives aj»-4B« — 6aj-+-8 = - 2.868; 4.8» 
gives x*'-4x*- 6*4-8= -.058231 ; 4.892 gives aj»-4flj«- 6*4-8= -.004955712. 
Thus we are coming nearer and nearer to the number which substituted for x 
would make a?' — 4x* — 6a? 4- 8 = 0, or would satisfy the equation. 

2. To FEND THE ROOT WHICH LIES BETWEEN —1 AND —2, we take the equa- 
tion ;k' 4- 4x* — 6* — 8 = (changing tlie signs of the terms containing the even 
powers of x), and find the root of this equation which lies between 1 and 2 

OFEBATION. 



4-4 


-6 


-8 t 1.80a4H 


1 


5 


-1 


5 


-1 


—9 ... 


1 

6 
1 


6 

5... 
6.24 


8.992 
_ftnft... • 


.007249504064 


7.8 


11.24 


-.000750495936 


.8 


6.88 




8.6 


18.12 




.8 


.00376016 
18.1?376016 




9.4004 




.0004 


.00376032 




9.4008 


18.12752048 




.0004 







9.4012 

3. To FIND THE ROOT WHICH LIES BETWEEN AND 1. We first find the 

initial figure either by evaluating f{x) successively for .1, .2, .8, etc., and no- 
ticing when it clianges sign {244) ; or by Sturm's method. The former is much 
the less laborious, and is to be preferred {265), In fact, to use Sturm's method 
involves exactly tlie same work as the former met\od,ynX\\ considerable additional 
work. Moreover, the former method can be applied mentally till the proper 
initial figure is determined, and no other writing will need to be involved than 
juBt what Homer's method requires. No figures will need to be written but 
those in the following 

OPERATION. 
1 



-4.. 


-6... 
-2.79 


4-8.. . • .90824 


.9 


-7.911 


-3.1 


-8.79 


.089...... 


.9 


-1.98 


-.086242688 


-2.2 


-10.77-... 


.002757312 


.9 


.010336 




-1.3.. 


-10.780336 




.008 




• 



-1.292 





A^^*^ 
*^**^ 




xdT^^ 



\%S^ 







o. 




















vX 
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FIBST OPERATION. 






-80 
.1 


+1998 
- 7.99 


-14937 
199.001 


+5000 
-1473.7999 


.1 
.2 


-79.9 
.1 


1990.01 
- 7.98 


-14737.999 
198.203 


8526.2001* 
-2829.6320 


.3 
.02 


-79.8 
.1 


1982.03 
- 7.97 


-14539.796* 
391.636 


696.5681... *t 
- 274.42385424 


.02 
.01 


-79.7 
.1 


1974.06* 

- 15.88 


-14148.160 
388.468 


422.14424576t 
- 272.88640240 


.35 


-79.6* 
.2 


1958.18 
- 15.84 


-13759.692.. -t 
38.499288 


149.25784336§ 
- 135.86783711 




-79.4 
.2 


1942.34 
- 15.80 


-13721.192712 
38.467784 


13.39000625ir 




-79.2 
.2 


1926.54. -t 
- 1.5756 


-13682. 724928t 
38.404808 






-79.0 
.2 


1924.9044 
- 1.5752 


-13644.320120 
38.373336 






-78.8-t 
.02 


1923.8892 
- 1.5748 


-13605.946784§ 
19.163073 






-78.78 
.02 


1921.8144^ 
- 1.5740 


-13586.783711 
19.155211 






-78.76 
.02 


1920.2404 
- 1.6736 


-13567.628500ir 






-78.74 
.02 


1918.6668 
- 1.5732 








-78.72t 
.02 


1917.0936§ 
- .7863 








-78.70 
.02 


1916.3073 

- .7862 


"" 






-78.68 
.02 


1915.5211 
- .7861 








-78.66 
.02 


1914.73501 








-78.64§ 
.01 










-78.63 
.01 










-78.62 
.01 










-78.61 
.01 




- 







-78.60 
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Rbmarxs. — ^Tliia work is given to show how we may proceed to find the first 
two figures of the root by Buccesmye simple approximations. If the student is 
familiar with the principles heretofore developed and applied, he will have no 
difficulty in seeing the reasons for the operations above. We are simply adding 
to the value of x substituted in f(x), so as steadily to diminish the absolute 
term, being careful not to add so great an amount to a; as to make this term 
change its sign; and when we can add no more of one order (as of terUhs), we 
pass to the next lower order (hundreths) and proceed in the same manner. On 
this process we make two remarks, vii.: 

(a.) R is not sure to succeed. Thus, if there were tv)o roots between .34 and 
.86, for example, the absolute term would not change sign when we passed from 
.84 to .85, although we would have passed both roots ; and it might occur tliat 
no root lay beyond .85, in which case our method would be fruitless. But such 
cases are rare. It is in such cases, and in such only, that Sturm's method is 
well-nigh indispensable for finding the situ^ition of roots. 

(&.) In most cases the exact figure of any order can be told without such an 
approximation as the above ; or, what is equivalent, without trying a figure, and 
when it is found incorrect, erasing the work and trying another, and so on till 
the right figure is found. In this particular case, the first figure in the root being 
a small fraction, the higher powers of x might be neglected (and more especially 

as they differ in signs), and — 14837a; + 5000 = would give the first figure 

Rooa 

in the root at once. Thus x = ^ .,^- =.8 +. Bo, in this ease, for the second 

14yo7 

figure — i^ = — _ 13759 692 ~'^ "*"' ^^^^^ ^^'^^ *^*® ^^^^ figure of the 
root. 

3. To FIND THE NEXT 6REATEB ROOT. By subetituting 1, WO find, as on tho 
next page,/(a;) = — 8018 ; and when 1 is added to this, f{x) ="—17506. Now it 
is evident that any slight addition, as of 2, 8, or 4, to the value of x, will only 
make /(a;) increase negatively. This is seen by inspecting • the coefficients!, 
—72, +1542, —7878, —17500. We therefore make a considerably larger addi- 
tion to a;, as 10. From this explanation the student should be able to see the 
significance of the following (see next page :) 
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BBCOND OPERATION. 



1 



-80 


+1998 


-14987 


+ 5000 


1 


1 


- 79 


1919 


-18018 


1 


-79 


1919 


-13018 


- 8018 . 


10 


1 


- 78 


1841 


- 9488 


12.7 


-78 


1841 


-11177 


-17506 




1 


- 77 


1689 


13470 




-77 ■ 


1764 


- 9488 


— 4036 •••• 




1 


- 75 


1615 


3737.3441 




-7G 


1689 


- 7873 


- 298.6560 




1 


- 74 


9220 






-75 


1615 


1847 






1 


- 78 


4020 






-74 


1542 


5367 ••• 






1 


- 620 


- 27.987 


^ 




-73 


922 


5339.063 






1 


- 520 


- 42.931 






-72 


402 


5296.132 






10 


- 420 








-G3 


- 18- 








10 


- 21.91 








^52 


- 89.91 








10 


- 21.42 








^42 


- 61.83 








10 


- 20.93 








-32. 


- S2.20 








.7 






«± 




-31.3 










.7. 










-30. G 

7 










. 1 
-29.9 










.7 











-29.2 

As now f(a) and f'(a) have opposite signs, and the remainder of the root is 

quite small as compared with tliat already found, the approximation can be 

-298.6559 ^^ 

=.05+, 



carried on In tlie ordinary way. Thus we have — ^, . = — 
and the next figure of the root is 5. 



5296.182 



4. To FIND THE NEXT OREATBR ROOT we resume the coefficients after the 
roots had beer, diminished by 12. Then adding 1 to the value of x, we find that 
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for X = 13, f(x) = 1282, haying changed sign, as it shoald. Now as f\x), t. s. 
5239, and /(a;) are both positive, and the other coefficients, though negative, arq 
oomparativelj small, it will take considerable increase in ;i; to change the sign 
of f(x). We therefore add 10. Now f\x) has changed sign, and by inspecting 
the coefficients. 1, 4-12, —848, —1321, and 24872, it is evident that x cannot in- 
crease another 10 without clianging the sign of f(x). Hence we try 5. For 
a similar reason we add 4 next. 



THIRD OPBBATION. 



-82 

_1 

-31 
1 

-30 
1 

-29 
1 

-28* 
JO 

-18 
JO 

- 8 
JO 

2 

JO 

12t 
_6 

17 
5 



22 
_5 

27 
_5 

32t 
_4 

36 
4 



Now 



40 
_4 

44 
_4 

48§ 
fia) 



18 
31 



49 
30 



79 
29 



108* 
180 



-288 
-80 

-368 
20 

-348t 

85 

-263 
110 

-153 
135 

- 18t 
144 

126 
160 

286 
176 

462§ 



4-5367 


- 4036 
5318 


12 


- 49 


1 


5318 


1282* 


10 


- 79 


23590 


5 


5239^ 


24872+ 
-13180 


4 


-2880 


82.+ 


2359 


11692t 




-3680 


-11583 




-1321t 


104§ 




-1315 






-2636 






- 765 






-3401t 






504 






-2897 






1144 







-1753§ 



104 



/'(«) 



= -- ^i7fcQ =-^~^- ^^t- *^» the coefficients preceding -^1753 are 
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all +> they will diminiBli it somewhat in the operation, and hence it is probable 
that .06 is the proper addition to make to the root. The process can now be 
continued to any extent desired. 

5. To FIND THB NEXT GREATEST (in this case the greatest) ROOT, we have the 
following operation, which we leave the student to trace: 

FOURTH OPERATION. 

82 



+48 


+462 


-1753 


+ 104 


1 


1 


40 
511 


511 
-1242 


-1242 
-1188* 


1 


49 


34.8^ 


. 1 


50 


561 


16 




50 


561 


- 681* 


-1154..... 




1 


51 


665 


1086.8416 




51 


612* 


- 16 


- 67.1584 




1 


53 


719 






52* 


665 


703. ••• 






1 


64 


655.552 






53 


719 


1358.552 






1 


55 

774. • • 


692.416 






54 


2050.968 




1 


45.44 








55 


819.44 








1 


46.08 








56.8 


865.52 








.8 


46.72 








57.6 


912.24 








.8 










58.4 










.8 











59.2 
The student should extend these solutions 2 or 8 figures farther. 

7 to 12. Solve the following: 

(7.) ^ + 60a;» - 800a; = 60000. 

(8.) a;* + 2a;* + 3a:» + 4ir» + 5ic = 64321. 

(9.) a;* + 4a:» - 43;* - 11a; + 4 = 0. 
(10.) a;* - 27a;» + \^%7? + 356a; = 1200. 
(11.) a;"'- 3a;* = 48654231721. 
(12.) a;* + 2a;* + 3a; = 13089030. 
(13.) a;* - 10a;» + 6a; = 1. 
(14.) ^ + 173a; = 147C0G3804G. 
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(15.) ic* - 7035a:» + 16262754a; = 10000730880. 

(16.) a:* + 12a; = 35.4025. (Scire by Homer's method.) 

(17.) a;* + 4a;* - 9a; = 57.623625. 

(18.) 2a^ + 5a;»4- 4a;»+ 3a; = 8002. (Observe that it is not neces- 
iary to make the first coefficient unity. See examples in the first 
part of the section.) 

(19.) 3a;* - 4a;« + 2a; = 1000. 

(20.) 5a;» - 3.2a; = 41278.216. 

Note. — The rootfl of several of the above are commensurable : and their solu- 
tion shows that Homer's method is adapted to such cases. 



21 to 25. Extract the roots of the following numbers by Horner's 
method : 

(21.) The cube root of 119736852154. 

(22.) The square root of 5126485. 

(23.) The fifth root of 2. 

(24.) The fourth root of 35718271002567691. 

(25.) The cube root of 3. 

Suo's.— To solve the 21st, write x* — 119736852154, and solve as usual, behig 
careful to remember that the coefficients are 1, 0, 0, —119736852154. To find 
the initial figure, point off as in the ordinary method of extracting roots. The 
following ezliibits the first steps of the process : 

10 -119736853154 U^ 

_4 _16 64 

4 16 - 55736 

4 32 63649 



8 48.- - 2087853 

4 1161 

139 5961 

9 1243 

138 7308 
_9 

147 



26 to 29. Solve the following by first eliminating, and then solving 
the resulting equation by Horner's method : 

(26.) 2a:* - 5a: + 3y = 2xij - 4a:* + 12, and 4y* — 3a? = 2y + 5. 

(27.) 2y* - 4xy + 2a;* - 3«^ - 2a:-8 = 0, and 4y* -f- 4a:* = 11. 

(28.) 2y* - 4a:y + 2a:* - 3y - 2a: =8,andy2 x 2y+a!»-.6a;=— 6. 

(29.) 2y* - ^xy + 2a:*-3y - 2a; = 8, and y*+6y+a:'-4a:+9=0. 
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SuG's.— From the 2d of (26) we have y = i ± i^/sFTV"- SubBtituting this 

in the 1st, we obtain 6aj* - V* - V = {x-iW^ -h V* whence 86aj* — 69a; ' 
- 101a;« + ^\hi + H*=0. And dividing by 36, we have a?* - 1.917a?» - 2.806«* 
-f 3.687« + 3.188 = 0, carrying the fractions to three places. 

27 S. ScH. — There are various methods by which Homer^s process may 
be abridged, especially when a large number of decimals is required ; but 
we have thought it better to exhibit fully and clearly the principles esaentiai 
to the process, than to spend time and distract attention by giving these 
arithmetical abridgments. The most simple of these are : (a) the omission 
of the decimal point ; (5) the writing of the wtm only in the several working 
columns, performing the various multiplications and additions mentally; 
(e) after several decimals have been obtained, instead of annexing 0'.^ 
(or ••• 's) to the working columns, dropping off ^gares from the right Li 
each new operation, as one from next to the last right-hand column, two from 
the next to the left, three from the next to the left, etc. ; (d) and, finally, 
when all the working columns but the last two have disappeared, continu- 
ing the operation as a process of simple division, only dropping off a figure 
from the right of the divisor at each step instead of annexing a to the 
dividend. We condense an example from Todhunter as an illustration. 

Ex. — ^To compute to 16 decimal places the root of a:* + 3a^ — 2a? 
^6=0, which lies between 1 and 2. 





OFRRATIOTT. 


+3 


-2 


-5 1 1.880058739567982 


4 


2 


-3000 


5 


700 


-333000 


CO 


889 


-663000000000 


63 


108700 


-98647524875 


66 


110779 


-8347885443 


690 


112867000000 


-446624425 


693 


112870495025 


-107998801 


696 


112873990075 


-6411112 


699000 


11287454929 


-767351 


699005 


11287510850 


-90100 


699010 


1128751574 


-11087 


699015 


1128752063 


-929 




112875208 


-27 




112875210 


-4 
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SECTION III. 

GENERAL SOLUTION OF CUBIC AND BIQUADRATIC EQUATIONa 



Cardan's Solution of Cubic Equations. 

270. Pvob. — To resolve the ffenercU cubic equation x' +px* 
+ qx + r = 0. 

Solution. — ^This isolation consists of throe steps: 1. To transform the equa- 
tion into one of the form y^ -h my + n = 0, tliat is, an incomplete cubic lacking 
the square of the unknown quantity. To effect this, we put x=zy + z, and 
substituting, have 

y* + 3y*a -h 8y»* -h e* -fi?y* -h 2py» -^ pz* + qy -{- qz + r = (i, 
or, y' + (3« -f p)y* 4- (Sz* -h 3p« 4- q)y -+-«*+ i)«« + ga + r = 0. (1) 

Now as we have only one condition expressed between y and z, viz., y-\-z=:.x, 
we are at liberty to impose another. Let us put Ss + p = 0, whence e = — ^. 
Then Mrill this value of z substituted in (1) give 

y^-^(q- ip')y + (Ap» -iP9 + r) = 0, (2) 

2. Since the above transformation can always be effected, a solution of 

y^ +my + n = (3) 

will include the solution of all cubic equations. Our second step is to trans- 
form this equation into one which can be solved as a quadratic. To do this we 
put y = u + v, which gives (3) the form 

u^ + Su^v 4- Quo* 4- ^'^ + in{u 4- «) 4- » = 0, 
or, u^ 4- Suv{u 4- 1') 4- «'* 4- in(u -\-v) -hn = 0, 
or, tt'* 4- «' 4- (^uv 4- ni)(u 4- «) 4- ti = 0. (4) 

Now, as we have but one condition expressed between u and v, viz., «4-«=y, 
we are at liberty to impose another. Let us put duv + m = 0, whence = 

— —-; and (4) becomes u^ -\- v^ + n = 0, 

or by substituting the value of v, 



w' 



u^ — K^m 4- » = 0, 
whence we have u^ 4- nu^ = -^m^. (5) 

3. Solving this quadratic we obtain 



tt» = — Jti ± ^^m'^ 4- i^*, or w = a/— in ± A/itm^ 4- 4^*; 
and as «' = — (w* 4- n), «> = 2/ —in T ^-^m^ + \n*. 



i 
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finally, taking the square root as + for the value of «, and — for the value 
of V, since these are corresponding values, we have 



y = i/ - iTH- Vi?rw' + in* 4- // - in - V^w» + 4»*. 



(6) 



280. Prop* — 1. In the equation y' + my + n = 0, wfien m U 
positive, and when m. is neffcUive and -^m^ < ^n*, the equation has 
one real and two imaginary rootSy and Oardan^s formtda (6) gives 
a satisfactory solution. 

2. When m is negative and ^m' = |^n*, two of the roots are equcd^ 
and Cardan's method is satisfactory,* 

3. But, when m is negative a7id -^m^ > Jn*, cM the roots are real 
and unequal, while Uardan^s method makes them apparently imagi^ 
nary, and the solution is unscUis/actory. 

Dem. — ^A cubic equation must have at least one real root {238). Let this be 
a. Now conceive the equation reduced to a quadratic by dividing /(a?) by x—a, 

and let 6 + ^y/c] and b — y^ be the roots of this quadratic, these being the 
general forms of the roots of a quadratic, in which if c is + the roots are real, 
if c is — they are imaginary, and if c is these two roots are equal. 

Now, a, 6 -h y^ and b — y'^ being the roots of the equation, we have 
by (235) 

To transform this into the form ^' + 9^^ + ^ = 0, we must put a + 26 = 0; 
whence a = — 2&, and we have 

y3 _(35« 4- c)y + 26(ft« -c) =0. 

Comparing this with Cardan's formula, we see that 

V-A«*' + i^' = V -- M^* + c)' +• &*(6* - <J)* = >^-86*c-hf6V-ir»rc» 

Hence we see that if c is +> that is, if all the roots of a cubic equation are 
re€U and unequal. Cardan's method gives a result apparently imaginary. But if c is 
— , that is, if two of the roots are imaginary, Cardan's method gives a real form. 
Also when <; = 0, that is, when the roots are a, b, and by the form is real^ since 

V^S-wi* + \n* = (6* — Jc) >v/— 3(J, is then 0. 

Now by inspecting the quantity ^/ -^m^ + in* we see that it is real when 
m is positive ; and also when m is negative if A^»' < in*. Hence in these 



♦ If all the roots are eqnal, the equation takes the form (a - a)* = «» - 8oa!* + Sa'a; - o» = 0, 
a being the valne of one of the equal roots {23S). In this case the transformation M^hich makes 
the term In ofl disappear gives y" = 0, since aj = y-Jp = y + a, and y = a - a = 0. 
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cases there Are one real and two imaginary roots, and Cardan's method, giTing 
a real form, enables us to determine one of them, and henoe to solve the 
equation. 

m 

2d. We have also seen above that when 6 = 0, that is, when two of the roots 
are equal (and not all three), -y/i^ffn* 4- i»* = 0, in which case m must be nega- 
tive and T^T^* = i^'« 

8d. It has also appeared above that when all the roots are reed and unequal. Car- 
dan's method gives an apparently im a ginary result. Boi this can only be the ease 
when m is negative, and Vr^' > i^'* 

281. ScH. — Cardan's method would seem to give a cubic equation nijie 
roots instead of three, since as there are three cube roots of any number.^ 

a/ — i» + V"^*** ■*" i*** would have three values, and i/^J*- V'A^* "*" ^* 

would have three other values. Kow combining each of the former, in 
turn, with each of the latter, we should have nine results. In order to ex- 
plain this seeming paradox, let us find the form of the three cube roots of a 
number, as of a^. To do this we have but to solve the equation x^ =a'. 
Thusaj'~a'=(aj — a)(«*-haaj + a*) = 0. Whence a? — a = 0, and aj* +aaj+a* 
=0. Prom these we have aj = a, — ia(l-i- V — 3), and — J«(l— \/ — 3), 

Now let the roots of a/ — in -h ^^rm* + in* be r, — ir(l-h ^ — B), and 

— lr(l — V" — 3); Mid the roots of // — Jn — >^^tw* + 1»* be r', — ir* 

(1 + y^ — 3), and — ir' (1 — y^ — 8). It will be remembered that we assumed 

lie s — ~ ; that is, the products of the admissible roots must be real, 
o 



Therefore we can use for the parts of the root r and r', — ir(l + ^ — S) and 

— Jr' (1 - V^^, and -ir(l-V^"^) and -ir'(l + V^^)l and we can 
use these parts in no other combination, as any other would not give a real 

quantity. Thus we cannot have y = « + « = r-lr(l + y^ — 3), since «« 

woukl then be » t{|r(l + 'v/^)], whidi is an imaginary quantity, and hence 



m 



not equal to — -q-, as it should be. 

We wiU give a few examples to which the student may apply Cardan's pro 
oess. 

Examples. 

Solve the following, finding one of the roots by Cardan's process, 
and then depressing the equation by division, solve the resalting 
quadratic 
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1. !»» - 9.r + 28 = 0.* 

2. a:* — 3a;' 4- 4 = 0. (See first step in general solution.) 

3. a:» — 6aj + 4 = 0. 

4. a;» + 6a? — 2 = 0. 

6. a: + i + 3 VcM = a. 

6. a:» + 33?* + 9a; — 13 = 0. 

7. a;* — 9a;* + 6a; — 2 = 0. 

8. a;» — 6a;* + 13a; - 10 == 0. 

9. a;» - 48a; = 128, 

10. a;* + 2a; = 12. 

11. ;e* - 3;^ - 2:2* - 8 = O.f 

12. y» — 6y* + 13y = 12. 

13. 2a;» - 12a;* + 36a; = 44. 

^. Va + x , Va -\-x Via 
14. H = . 



a X c 



15. a;'-8a;»4- 19a;- 12 = 0. 



Suo. — An attempt to solve tlie last by Cardan's process will give rootr 
apparently imaginary, although it is easy to see that the roots are all real, and 
commensurable. 



Descartes's Solution of Biquadratics. 

282* Frob. — To resolve the general biquadratic equation x* + 

ax' + bx* + dx + e = 0. 

Solution. — The first step in the process is to transform the equation into one 
wanting the 8d power of the unknown quantity. This is done in the usual way 
(see Cardan's method of resolving cubics) ; t. «., by putting aj=y + g, substituting, 
collecting the coefficients with reference to y, and, putting the coefficient of ^^ 
equal to 0, finding the value of e. This value of « substituted in the given 
equation will give the form 

y* + my* + ny + r = 0. 
2. Assume y* + my* + ny •{■ r =^ (y* + cy -h f) (y* -^ ey •\- g), and deter- 

* It is better for the student to use Cardaii*B prtNXMthan to substltnte in the formala. Thns 
JiMrJB»-lte + S8 = 0, we have, by pnttlDg aj = y + fty" + «* + (8y» -9)Ci + y) + 28 = 0; 

o an o 

and making 8y» - 9 = 0, or « =-, y« + -j- + 28=0. Whence y= -1, and -8, and a = - = -8, and 

- 1. .'. sc = y + 25 = - 4. Then («» - 9a? + 28) + (a:+4) =5a:»-4a? + 'T=0; whenoea=2± -/^. 

t An equation of the form a:>M+aa:t"*-f te"* +f == Q c|m be redoppd to 9 cubic of the fonn 
y*+wy+n=0, by putting aj«»=y-Aa. 
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mine the quantities e, e, f, and g, so that they will fulfill the required oonditiona 
Thus, expanding we have 

y*+f»y«+»y + r=y*+c y'+/ y*+«/ tf+fg; 



y'+/ 


y*+^/ 


+ee 


+ <v 


+ ff 





whence, as the members are identical, 

+ ^ = 0, f-\-ee-^g = m, ef-^cg = n, and fff = r. 

From the first we see that c = — - e. Substituting this value, we have 

(1) /-e« + ^ = f»; (2) e(f-g) = n; and (3) fg = r. 

From (1) and (2) we have gz= ^(e* + mj, and /= if d* + - + i» ) ; 

which substituted in (3) give («* + -+ mj (e* + mj = e* + 2me* 



n* 



i + m* = 4r, or 

«« + 2ww* + (m* - 4r)e* — w» =*0. (4) 

Now (4) can be reduced to a cubic in terms of ei by putting «'= «| — |m (see 
foot-note on preceding page). This cubic equation will have at least one real 
root {238), and this will g^ve real values to 6|,and hence to 6, c,/, and g. 
Wlierefore, \f Cardan's method gives a practical solution of (4),.we can resolve the 
biquadratic. 

283* ScH. — It will be observed that this resolution of a biquadratic in- 
volves the resolution of a cubic, and hence is subject to tlie difficulty attend- 
ing the irreducible case of cubics. We will give a single example, to which 
the student can apply the process of Descartes. 

Ex.— Find by Descartes's method the roots of a^— 10a?— 20a; — 16 
;=0. 



Recurring Equations. 

2840 A jRecurring Mquation is an equation sueh that the 
coefficients equidistant from the first and last are numerically equal, 

when the equation is in the complete form A7f+ B3f^^+ Cq^~^ 

j^ == ; and the signs of the corresponding terms are either all alike, 
or fill unlike; f. <?., the coefficients of the first half recur in an inverse 
ordcj in th.Q second half of the function. 

III. 12aj* + Sa?* — 5a;' — 5aj* + 3a; + 12 = is a recurring equation. 
A^ + B^~^ + Cfc"""' - - - - Cx^ + JBa; + -4 — is the type of such equations. 

98S. Prop* If'-T^e roots of a recurring equation are reciprO' 

' cats of each other ; i. e., ?/ 9, is a rooty - is aiso^ and so of each 

a 

of the roots. 
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Dem. — If a satisfies the equation 

Ax^ + J?aj»-i + Gc»-« ' ' ' ' Ok* + Bx + A = 0, 
- wiU also satisfy it, for the former when substitated gives 

Aa* + J5aT» + C7a»-« Ca* + Ba + A = 0; 

and the latter gives 

ABC OB, 

which, by multiplying by a* becomes 

-4 + Pa + Ca* - - - - (7a«-« + 5a»-» + -4a^ = 0, 
a result identical with that obtained when a is substituted. 

286. ScH. — ^From this relation among the roots of, recurring equations, 
they are often called Becyprocal Equations, 

287 • Cor. 1. — If the degree of the eqttation is odd the correspond- 
ing coefficients may all have like, or all U7ilike^ signs / hut^ if the 
degree is eyek they must have like signs unless the middle term is 
wanting, in which case they may have unlike signSy and the roots 
still he reciprocal. 

That the signs may be unlike in the cases specified is evident since, if in such 

cases a is a root, and we substitute - instead of a, clear of fractions, and cliange 

a 

all the signs, we shall have the same result as if a liad been substituted. Thus, 

if substituting a gives -4a* + J?a*—Ca* + Ca*—-Ba— -4=0. substituting — will 

A B B 

give -5 + — 4 5 + "7 -4 = 0; whence clearing of fractions and clianging 

a cb €L Qt a 

all the signs we have — A — Ba + Ca* — Ca^ + Ba* + -4a' = 0, a result iden- 
tical with the former. The fact concerning the equation of an even degree is 
shown in a similar manner. Notice that aU the corresponding coefficients must 
have like signs or aU unlike signs. 

288m Cor. 2. — A recurring equation may always he reduced to a 
form, having the coefficient of the highest power of the unknown 
quantity^ and the absolute term each 1, since hy definition these are 
numerically equal. 



289. Prop. 2» — A recurring equation of an odd degree has one 
of its roots — 1 if the signs of the corresponding terms are alike^ and 
+ 1 if they are unlike. 

Dem.— Having a»±-4aj»->± jBa!"-«± Cfe"-» - - - - ± Cj;=» ± Bx^ ± ^j? ± 1 = 0,* 

r I - - - " I ■• 

♦ The pl««rn of a?" can always bo made +. The ambiguous signs are to be taken + or — , ac- 
cording to the liypotheais. 
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taking the rigna of the ooneflpondiiig temui nlike we can write 

(«■ + 1) ± Ax(^'^ + 1) ± J9a?«(aj— * + 1) ± Cfc»(iC— « + 1) + etc = 0, 
which is divisible by « + 1 (Pabt I., 119), wherefore — 1 is a root (231), 

Taking the signs of the corresponding terms unlike, we can write 
(a;- - 1) ± -4«(aj— • - 1) ± Bx\^-^ - 1) ± C2c»(aj— « - 1) + etc. = 0, 
which is divisible hjx — \ (Part I., 119), wherefore + 1 is a root {231), 



290. Prop. 3. — A recurring equaiion of an even degree, whose 
correspofidhig terms have opposite signs, has one root +1> and one 
root —1. 

Dsx.— Having a^ ± A^-^ ± B^"* ± Chfi^* . . . . ^ Cfc« T Bx^ T Ax 
— 1 = 0, taking the signs of the corresponding terms unlike, and remembering 
that the middle term, which would have no corresponding term, is wanting 
{287), we can write 

{«*• - 1) ± Ax («»•-• - 1) ± Bx*(^-^ - 1) ± Ox\x^-^ - 1) + etc. = 0, 
which is divisible by sr* — 1 (Part L, 119) ; wherefore »* — 1 = 0, and 
jp =? + 1 and — 1. 



291. Pvop. d. — A recurring equation of an even degree above 
the second, may be reduced to an equation of half that degree, when 
the signs of the corresponding terms are alike. 

Dem.— Having i»««±^aj»"-»±Pic^»-*±0!B*'^ ±ifaj» ±CQ^±Ba?±Az 

+1=0, taking the signs of the corresponding teims alike, we can write 

(«»• ■»- 1) ± -4(aj»«r» + «) ± j5(aj*^« + »«) ± CJ[a*»-» + «») + etc. = 0; 
whence, dividing by of, we have 



^{' * 1) 



±Jf=0. 



1 / 1\* 1 

Now putting a? + - = y, we can write ix- + - j = «* + 2 + -^ = y', 

X \ X/ X 

whence «*+-5 = y* — 2. (« + -) =a?'+8aj*- +8«-t + -« =«*+-r 

X* ^ \ X/ XX* «• X* 

+ Z\x +-) = y^> whence «' + — ^ = y' — 3y. 
(x* + -,)*= aj* + 2 + -, = (y« - 2)«, whence «* + -,= (y* - 2)« - 2. 

\ X / X X 

(x + iV =«» + 5«* - + lOu'-i + lau* 4 + 5*^ + -.=«*+ -5 
\ X/ XX* «* «* »• JC* 

+ 5 (a?' + ^3) + 10 (as + ^) = y», whence «» + i = y» - %' - ?y) - l(^y. 
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(aj3 j^.iy = x^+ 2 + i = (y'- 8y)», whence «• + ^g = (jr*- 8y)*- 2. 

Whence we see that any term of the form ir» H may be expressed in terms 

of y, and will involve no higher power than y^. Therefore the original eqaa« 
tion, which is of the 2nth degree, can by this substitution be transformed into 
an equation in y, of the nth degree. 

Examples. 

Solve the following recurring equations by applying the foregoing 
principles : 

1. a^ —ha? + 6a:' — 6a; + 1 = 0. 

2. ir» - 11a:* + IW + IW - liar + 1 = 0. 

3. 6x» - 11a:* - 33a:» + 33a:* + 11a: - 6 = 0. 

4. 1 + a;" = a(l + x)\ 

6. a:' — 23:* + a:* + a:* — 2a:* + 1 = 0. 

6. 8a:* - 16a:* - 25a:» - 16a:* -f 8 = 0. 

7. 4,af - 24ar» + 57a:* - 73ar' + 67a:* - 24a: + 4 = 0. 

8. a:* + 4aa:' - 19a*a:* + 4a*a; + a* = 0. 

9. a:*4-a:' + a:'4-a: + l = 0. 
10. 1 + a:* = i(l + xy. 

Binomial Equations and the Roots of Unity. 

292. A Binomial Equation is one of the form a:" db ^5 = o. 
Such equations may be considered as recurring equations and solved 
accordingly. 

III. — ^Having ic* ± a = 0, put a?» = ay* ; whence ay* ± a = 0, or y* ± 1 = 0, 
wliich is recurring. 

Examples. 

1. ar' ± 6 = 0. 3. a:* db 2 = 6. a:^ db 11 = 0. 

2. a:*=fc3 = 0. 4. a:*±7 = 0. ^. 01^ ± 1 = 0. 

7. What are the two square roots of 1 ? The three cube roots of 
1 ? The four fourth-roots of 1 ? The five fifth-roots of 1 ? The 
six sixth-roots of 1 ? 

SUQ. — The solution of these questions consists in resolving «» — 1 = 0, 
a?« — 1 = 0, aj* — 1 = 0, etc. The five fifth-roots of 1 are 

1, i(i/5-l±V-10-2V5), and - i ( V6 + 1 ± V- 10+2 VE). 

293. ScH. — It will be observed that the form a?' ± 1 = is omitted 
• above. Now a;^— 1=0 has one root 1. The equation can therefore be 
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depressed to a recurring eqaation of the 6th d^;ree, having all its signs + . 
This can be reduced to a cubic by {291). a;^ + 1 = has one root x= — l^ 
and can be reduced to a recurring equation of the 6th degree having its 
signs alternately + and — . This can be resolved into one of the 8'rd degree 
by (291). Hence the complete resolution of x' ± 1 = depends on the 
resolution of a cubic. 

x*±a = can be resolved by putting x*= y, whence we have y' ± a = 0. 
Solving this for y we have 8 roots. Call them a, , at, aj. Hence to com- 
plete the solution we have to resolve the three cubics x*±ai=0, x^±at=0, 
x^ ±at = 0. 



Exponential E<2uation& 

294. UxponentiM JEqtuitions ore equations in which the 

nnknowu quantity or quantities are inrolyed in the exponents. 

1 
III. (f + liff^ze, aF = d, 2» = 42, 8^=3, ^ = 256, af»=100, and 
jBV — y* = m are exponential equations. 

293 • Frob. 1. — To solve an ea^ponential equation of the form 
a" = m. 

Solution. — ^Taking the logarithms of both members we have x log a = log m 
(180 f 181) ; whence x = -r^ — . Therefore finding the logarithms of m and 
a from a table of logarithms, and dividing the former by the latter, we find x, 

295. Pvob. 2. — To solve an exponential equation of the form 
X* = m. 

Solution. — Taking the logarithms of both members we have x log x = \ogm. 
Then find log m from the table, and determine x by inspection from the table so 
that X X log X shall equal log m exactly or approximately.* 

Examples. 

1. Find the value of x in the equation 3' = 2546. 

a 1 o 1 nt^Aa log2546 8.405858 „^^ 

Solution, o; log 8 = log 2546. /. a?= f o = A»r,-ict* =7.138+. 

log 8 .477121 

2 to 6. Solve the following: (24)>'= 18742; 2*=2673; (11)^=2681; 
2*= 10; 5'=1; (12)'' = 1. 

7. Find the value of x in the equation of = 3561. 

* The methcid of solving such equations by Doable Position is entirely nseless, since a table 
of lo^rithms is necessary for that method, and having such a table at hand, the approximations 
can be made to any extent likely to be desired, more readily by simple inspection than by com- 
puting the errors by Double Position. Moreover, the method here given affords an excellent 
exercise in the use of the tabled. 
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SoiiTOON.— We have a? log a? = log 3561 = 8.551572. Now looking in a table 
of logarithms, we soon see that x mast be near 5, since 5 log 5 = 5 x .698970 
= 3.494860. Thus we see that a? >5. Trying 5.1 we have 5.1 log 5.1=3.008607. 
.-. X < 5.1. Therefore we try 5.05. 5.05 log 5.05 = 3.55161955, which coincides so 
nearly with the required value of x log x, that undoubtedly the lOOths figure is 
4. Again, for a nearer approximation try 5.049, as the value of x is very near 
5.05. 5.049 log 5.049 = 3.550482. llence we see that x = 5.049 + . 

8 to 15. Solve the following as above : af = l 00; af=7; a:' = 21; 

a^ - 40fe* = 200; 3** + 3' ='*100; a'--^ = 2b; a**-» = c; oTlT 
= c. 

16 to 21. Solve the following: af = y', and a:* = y*; a:*' = y*, and 
a^ = y* ; m— » = n, and x -\- y = q\ 2* 3=^ = 500, and 2a; = 3y ; 

6*'- = 256 ; (rt* - 2a«y + ¥)'-' = {a - b)'' {a + J)-«. 

22. Given the fundamental formulae of Geometrical Progression, 

It ~~* d 
viz., I = aT^\ and S = ; __ , to find the following : 

logj — log a . ^ log [a + (r — 1) iS' 1 — log a 

n = ^ ,- 2_- + 1 ; n = ^ ^ ^^ — = — -^ — : 

log r log r ' 

''- iog(^-a)~log(^-Z) "^^^ ^"""^ ''- \^ ■^^- 

23. Given the two fundamental formnlse of Compound Interest, 
viz., o = ^ ( 1 + r )',* and i = a — p, to find the following : 

_ log(p + t)-log;> . _ log «- logy . 

'- log (1 + r) ' *- log(l + r) ' log(^ + '-) 

^ log (p + t) -logy . j^^ ^j ^ ^^ ^ log a - log y . 

V t ■ 

_ log a - log (a - i) . , /, a. r^ - ^^g "^ " ^^g (^ " *') 
'- log (1 + r) ' iog{i + r)- J . 

Note. — Many problems in Compound Interest, Annuities, and kindred sub- 
jects are most expeditiously solved by means of logarithms. The student who 
has not a table of logarithms at hand may either omit the following examples 
in this section, or content himself with selecting the proper formula and telling 
how it is applied to the solution of the particular example. 

24.' What is the amount of $100 at 7^ annual compound interest 

m ■_ ■ ■ . 11 ~ I - II" 

* This formula is obtained thus : letting r represent the rate for time 1, expressed decimally, 

7 

L e„ If the rate is 7 per ct., r=.07, or — , we have for time 1 (as 1 year), a=j>+pr=j^(l+i) ; 

fortlroeS, o=/>(l+r)-h/>r(l + r)=i>(l+r)«; for timed, a=p{l^r)^+pril•\-r)i=p{l^j^r)*\ there- 
fore for time <, a=p{l+ry. 
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for 10 years? What if the interest is compounded semi-annually ? 
What if quarterly ? What in each case if the rate is 10^ ? If 6^ ? 
If3j<? 

8ug'6. — ^We have a=p(l + rY, whence log a = log j? -f t log (1 + r) = log 
100 + 20 log 1.035, for interest at 7% compounded semi-annually. 

25. In what time will a sum of money double itself at 10^ com- 
pounded semi-annually ? At 7fi compounded annually ? In what 
time triple ? Quadruple ? 

lOfiT 2 

Bug. a=2p = p(l+r)',whence2 = (l+ry,and« = j— ^-^. 

26. In what time will $10 amount to tlOO at 8^ compounded 
annually ? 

27. What is the present worth of $2000 due 3 years hence, without 
interest, if money is worth lOji compound interest ? 

Suo. — ^The present worth is a sum which, put at compound interest at 10^, 
wiU amount to (2000 in 8 years. Hence 2000 = p (1.1)', p standing for present 
worth. Whence log p = log 2000 — 3 log (1.1). 

28. A soldier's pension of $350 per annum is 5 years in arrears. 
Allowing 6^ compound interest, what is now due him ? 

Suo's. — ^The 5th, or last year's unpaid pension has no interest on it, as it is 
just due. The 4th, or next to the last, has 1 year's interest due, and hence 
amounts to 350 (1.05) . The 3d year's pension has 2 years' interest due, and hence 
amounts to 350 (1.05)'. Thus the total is found to he 350+350 (1.05)+350 (1.05)* 
-+- 350(1.05)' + 350(1.05)S or 350 {1 -h (1.05) 4- (1.05)« + (1.05)» + (1.05)*}. 

29. Letting S represent the amount of an annuity a, in arrears 
for t years, compound interest being allowed, at rfi, show that 

r 

30. What is the present worth of an annuity of $200 for 7 years, 
money being worth 5^ compound interest ? 

Sua. — Evidently, a sum which, put at 5% compound interest, will amount to 
the same sum in 7 years, as the annuity will. 

31. Letting P be the present worth of an annuity a, for time /, at 

a (1 4- rV — 1 
r^ compound interest, show that P = - . ^ ,^ / ., — . Also, that if 
^ r {1 + ry 

the annuity is perpetual (runs forever), P = -. 
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Bug.— When < = oo, P=:-. ^ .; ^^ < ^ = - /iI\^ =-> ^ ** evidently 

r (1 H- r) r (1 + r) r "^ 

sbonld, since euch an annuity is worth a present sam which will yield an 

annual interest equal to the annuity. 

32. What is the present worth of a perpetual annuity of t350^ 
money being worth 7-^^ compoand interest ? If money is worth 
10^ compoand interest ? 

33. What is the present worth of an annual pension of $125, 
which commences 3 years hence * (first payment to be made 4 years 
hence), and runs 10 years, money being worth 10^ compound 
interest ? 

Suo. — ^Evidently, the difference between the present worth of such a pension 
for 13 years, and for 8 years. 

34. An annuity a, which commences T years hence, and runs / 
years at r^ compound interest, gives 

^~r( (1+ ;•)'+* (l+rf i ^ r {^^^"^^ ^^^'^ f 

When the annuity is perpetual after the time iT, we have 

P = - (1 + r)~ ^. Student give proo£ 

35. Two sons are left, one with the immediate possession of an 
estate worth $12000, and the other with a perpetual annuity of $800 
in reversion after 7 years: money being worth 5j^ compound in- 
terest, which has the more valuable inheritance, and how much ? 

36. What annual payment will meet principal and interest of a 
debt of $2000 at 8^ compound interest in 5 years ? 

Suo's. — ^The amount of $2000 at 8^ compound interest for 5 years = the 
amount of the annuity a for the same rate and time. 

37. Show that if 2> is a debt at compound interest at r^y I an 
annual payment, and i the number of years required to liquidate 

the debt, t = log&-log(&-.i>r) ^ 

log (1 + r) 

38. The debt of a certain State is $20,000,000, bearing annual 
interest at 4^^. A sinking fund of $2,000,000 annually is set apart 
to meet it. How long will it require to extinguish the debt ? How 
long if instead of paying the $2,000,000 annually on the debt, it is 
invested at 6^ compound interest ? 



* An annuity which commencee after some epecUled time \» sftld to be in revtrtion. 
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39. A farmer has paid $10 per annum for newspapers, which he 
considers have increased his net annual income at least ^. For 10 
years during which his net income has been $500 annually, money 
lias been worth 10^ compound interest What is the total net gain 
to be credited to his investment in newspapers? 

40. A boy commenced smoking when 15 yeai'S old. For the first 
5 years he smoked 2 5-cent cigars each day. F*or the next 20 years, 
3 10-cent cigars per day. Now had he abstained from smoking and 
invested at the end of each six months the amount thus saved, at 10^. 
annual compound interest, how much would he have accumulated from 
this source at the age of 40 ? 

41. A man pays a premium of $104 per annum on a life policy of 
$4200 for 20 years before his death. Money being worth 10^ com- 
pound interest, does the insurance company gain or lose, and how 
much ? 



♦-♦- 



OHAPTEB IV. 



mscussiON, on intehphetation, of equations. 



297. To Disctiss, or Interpret, an Mquation or 
an Algebraic Expression^ is to determine its significance for 
the various values, absolute or relative, which may be attributed to 
the quantities entering into it, with special reference to noting any 
changes of values which give changes in the general significance. 

Such discussions may be divided into two classes : 1st The dis- 
cussion of equations or expressions with reference to their constants ; 
and 2d. The discussion of equations or expressions with reference to 
their variables. 

The following principles are of constant use in such discussions : * 

298. Prop. — A fraction^ when conijyarecl toith a finite giiantitj/y 
becomes : 

* The80 principles, and in fact most of this chapter, haye been considered previously, bat 
are collected here for review and connected study. 
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1. Equal to 0, token its numerator is and its denominator finite^ 
and when its numerator is finite and its denominator oo . 

2. Equal to go , wJien its numerator is finite and its denominator 0, 
and when its numerator is oo and its denominator finite. 

3. It assumes an indeterminate form, when numerator and denom- 
inator are both 0, and when they are both oo .* 

Dem. — These facts appear when we consider that the value of a fraction de- 
pends upon the relative magnitudes of numerator and denominator. 

1. Let a be anv constant and x a variable, then the fraction - diminishes as 

a 

a 
X diminishes, and becomes when x is 0. Again, the fraction - diminishes as 

X 

X increases, and when x becomes oo , t. a., greater than any assignable magni- 

a 
tude, — becomes less than any assignable magnitude or infinitesimal, and is to 

X 

be regarded as in comparison with finite quantities. (See 14:2 and 151y Dem., 
and foot-note.) 

X 

2. As X increases, the fraction - increases, and hence when x becomes infinite 

a 

a 
the value of the fraction is infinite. Also as x diminishes the value of - in- 

X 

creases ; hence when x becomes infinitely small, or 0, the value of the fraction 
exceeds any assignable limits, and is therefore oo . 

X 

3. Finally, if x and y are variables, - diminishes as x diminishes, and increcuea 

y 

as y diminishes. What then does it become when a; = 0, and ^ = ? i. e., what, is 



the value of — ? Simple arithmetic would lead us to suppose that - was o^to- 

lutely indeterminate, t. e., that it might have any value whatever assigned to it, 



for - = 5, since = 5x0 = 0; -—7, since = 7 x = 0, etc. But a closer 




inspection "will enable us to see that the symbol - is not necessarily indetermi- 
nate, or rather that the expression which takes this form for particular values of 
its components, has not necessarily an indefinite number of values for these 

X 

values of its components. Thus, what the value of — *will be when x and ^each 

y 

diminish to will evidently depend upon the relative values of x and y at 
first, and which diminishes the faster. Suppose, for example, that y = 5j? ; 

X X 

then - = — . Now, suppose x to diminish ; the denominator will diminish 5 
y 5aj 

* By this is meant that - and — may have a variety of valnes, not that they neccsearily 
do have. 
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times u fast as the nmnemtoc, and wbatever the yalne of x, the valae of the 

X X 

fraction will be 1. So if y = 7a;, — = -— , which is | for any yalne of x. Hence 

y 7x 

when a? = 0, and y = 0, we have - = - = --=-, or — = -•=-- = -, or 

' y0&p5 y 7x 7 

X 

-=--=: any other valne depending upon the relatiye valnee of x and y. So, 

y 

also, if a? = od, and y = oo, - = — ; but if y = Qx, we haye — = — = — 

y flo y CO tx 

1 a; 00 a; 1 

= - . And BO if y = IOj?, we haye — = — = --^ = —- . Thus we see that the 
6 if > y 00 lOc 10 

mere fact that numerator and denominator become 0, or become oo , does not de- 
termine the yalue of the fraction, i. e., giyes it an indeterminate form. 

299* A Meal Number or Quantity is one which may be 
conceived as lying somewhere in the series of nnmbers or quantities 
between — oo and + oo inclusiva 

III. — Thus, if we conceive a series of numbers varjring both ways from 0, i.«. 
positively and negatively to oo , we have 

4,-3,-2,-1, 0, +1, +2, +8, + 4, - - - 



— 00 



+ 00. 



Now a real number is one which may be conceived as situated somewhere 
within these limits; it maybe +, — , integral, fractional, commensurable, or 
incommensurable. Thus + 15624 and — 15624 will evidently be found in this 
series. + ^j- may be conceived as somewhere between + 5 and + 6, though its 
exact locality could not be fixed by the arithmetical conception of discontinuous 

number. So, also, — -y^ is somewhere between — 5 and — 6. Again + Vf is 
somewhere between + 2 and + 3, though, as above, we cannot locate it exactly 
by the arithmetical conception. 

The following Oeometricai Illustration is more complete than the arithmetical. 
Thus let two indefinite lines, as CD and AB, intersect (cross) each other, as at O, 
Now let parallel, equidistant lines be drawn between them. Call the one at a 




.c*..~- 



-►Cv» 



+ 1, that at h will be +2, at <5 +3, etc. So, also, the line at a' being —1, that at 
b' will be —2, at c' —3, etc. Now conceive one of these lines to start from an 
infinite distance at the left and move toward the right. When at an infinite 



HiTEBPBETATION OF EQUATIONS. 263 

distance to the left of its value would be — oo , and in passing to it would 
pass tlirough all posgSble negative values. In passing it becomes at O, 
changes sign to + as it passes, and moving on to infinity to the right, passes 
through all possible positive values. Hence we see how all real values are em- 
braced between — od and + oo inclusive.* 

300. An Imaginary Number or Quantity is one 

which cannot be conceived as lying anywhere between the limits of 
— 00 and + 00 , as explained above. The algebraic fonn of such a 
quantity is an expression involving an even root of a negative quan- 
tity.f (See Part L, 218.) 



Examples. 

1. "W^iat are the values of x and y in the expressions x — — ^^—, , 

y = 7- , when h = V and a and a' are unequal ? When b=^h' 

^ a — a ^ 

and a = a' ? When a=^a' and h and V are unequal ? What are the 
signs of x and y when h>V and a > a\ the essential signs of a, « ', 
ft, and V being + ? When l> b' and a<a'^ lia' and b are essen- 
tially negative, and a = a\ and b = Vy what are the values of x and 
y ? If a' and V are each ? 

2. What general relation between a and a' renders -z , = ? 

L •\- aa 

What renders it oo ? 

Solution. — To render z — ^^= 0, we must have a' — a = 0, and 1 + aa' 

1 4-aa 

finite ox infinite ; or else we must have 1 + oa' = oo , while a' — a is finite or 

„» _ ft 

(298), Now a'— a = gives a' =za; whence -r-— — ; = ^ ^; which is for 

1 T" aa X "T~ a 

any value of a finite or infinite. Hence the relation a' = a fulfills the first re- 
quirement. Let us now see if l+aa'= 00 will also fulfill this requirement. This 
gives oaf =00, since subtracting 1 from 00 would not make it other than od . 

Thus we have a' = — . Hence for all finite values of a (including 0) a' is oo , 

a 

* 

* For example, the etadont who is acqoalnted with the elements of geometry known how to 
confltmct a line which is exactly eqnal to VE (Gxom., Part I., IIO), This line he can locate 
between + 3 and + 3, and also between - 9 and - S, since v^ Is both + and -. 

t Transcendental fanctlons afford other forms of inuu^nary expression? ; for example, 

sin"' 3, see"' ^, log (-130), log (-m), etc. But our limits forbid the con8ldcration of the in- 
terpretation of imaginnriep, except in the most restricted sense, as .indicating incompatibility 
with the arithmetical sense of the problem. 
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a! — a a' * 1 

and . = — i = -. which can only be when a = oo . Therefore the 

1 + oa' oa' a 

a' — a 
particular values a' = <x> =r a = ao , render t ; = ; but no ffeneral yalues 

1 "T" Old 

do. 

Airain, in order that r = ao , we must have 1 4- oa' = 0, and of — a 

^ 1 4- a« 

finite or infinite ; or else we must have a' — a = co , and 1 -\- aa' finite or 0. 

^^ , , ^ . 1 rt'-a ^ a' «'«•+! a'* + 1 
Now 1 + oa' = gives »=--;; ---——7 = -7 = -, -. = — ?r— = ** 

for any value of a* finite or infinite. Therefore the general relation a= ; 

between a and a' renders z , =00 .+ Let us now see if the relation a'—a=<x> 

1 H-oa ' 

will do the same. Now if a' ~ a =^ oo , one or the other {a' or a) must Jie ao . 



S^M 

a'^a a' 1 , . , , M 



\mX a'= 00 . We then have , = — : = -, which can only be ao whST a=0. 

\ + aa €ui a 

n' — n. 
Hence the particular values «'= 00 and a = render ; = 00 , but no gen- 
eral values meet the requirement unless a = ;. 

3. What eeneral relation between a and a' renders —, = ? 

** a -\- a 

What renders it qo ? « ^^ 

4. In the expression y = — 2a; + 4 ± Va;* — 4a; — 6, how many 
values has y, in general^ for any particular value of a; ? For what 
value or values of x has y but one value ? For what values of a; is y 
real? For what imaginary ? For what values of a; is y positive? 
For what negative ? 

Solution. — Writing the expression thus, y = — (^ — 4) ± ^x* — 4c — 5, 
we see tlxat the value of y is made up of two parts, viz., a rational part —(2^—4), 

and a radical part y^oj* — 4a? — 5. But the radical part may be taken with 
either the + or the — sign. Hence, in fjeneral, for any particular value of x 
there are two valuer qfy. 2d. But if such a value is given to x as to render the 
radical part 0, for this value of a?, y will have but one value, viz., the rational 

part. But the condition >y/a?* — 4x — 5 = gives a? = 5 and — 1. Thus for 

* Tliis reduction is made by dropping a and 1, eince the gnbtractlon of a flnito from an in- 
finite, or the addition of a finite to an infinite, does not change the character of the infinite. 
Thnp, in tills ca«e, to assume that dropping a and 1 afl^ected the relation l>etween numerator and 
denominator, would be to assign to a and 1 some yalncR with respect to the infinite a'. But 
till 8 is contrary to the definition of an infinite. 

\ It is to be observed that the relation a = -—, requires that a and a' have difl'erent cssen- 

a' ^ 

tial signs; while the relation a' =a requires that they have the same essential signs. 
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jj = 5, y = — 6, but one value ; and lor « = — 1, y = 4- 6, alBO but one value. 
8d. To ascertain for what values of x, y is real, we observe that y is real when 
a-a _ 4a; — 5 is positive, and imaginary when a?* — 4aj — 5 is negative. Now 
for X positive a?* — (4« -I- 5) is + when a?* > 4a; + 5 ; and for x negative, we 
have aj* H- 4aj — 6, which is positive when a?* -I- 4a; > 5. The former inequality 
gives a;* — 4a; H- 4 > 9, or a? > 5 ; and the latter gives a;' + 4i; + 4 > 9, or aj > 1. 
Hence for positive values of x greater than 5, y is real, and for negative values 
of X numerically greater than 1, y is real. The 4th inquiry is answered by this; 
y is imaginary for all values of x between —1 and +5. 5th. To ascertain what 

H- values of x render y -h, and what — , we observe that — (3a;--4)± 'y^a;*--4a;— 5 
can only be + when the + sign of the radical part is taken and when 

V^a;« — 4a; — 5 > 2aj — 4.^ This gives a? < 2 ± -\/^, i. e., an imaginary 
quantity. Hence y is never + for a; +. Taking the negative sign of the 
radical we see tliat both parts of the value of y are — , and consequently y is 
real and negative for all 4- values of x which render y real, i. e., for values 

greater than 5. Finally, for x — we have y =: 2aj + 4 ± /y/a;* +ix — o. Now 
when we take the + sign of the radical both parts are -h ; hence this value of 
y is always 4-. Wlien we take the — sign of the radical y is negative if 

2a; 4- 4 < \/x* 4- 4aj — 5. But this gives a; < — 2 ± v/^. Hence y is never 
negative for any negative value of x. Therefore both values of y are positive 
and real for all negative values of x numerically greater than 1. 

5 to 22. Discuss as above the values of y in the folloAving ; i. ^., 
1st. Show how many values y has m general, and whether they are 
equal or unequal ; 2d. For what particular value or values of x, y 
has but one value ; 3d. For what values of a:, y is real, and for what 
imaginary ; 4th. For what values of a:, y is +, and for what — ; 5th. 
Also determine what values of x render y infinite : 

(5.) 7/« 4- 2xy — 2a;* — 4y — a; 4- 10 = 0; * 

(6.) y* — 2a;y 4- Sa:* - 2y 4- 2a; = ; 

(7.) y* 4- 2a;y 4- a;' — 6y 4- 9 = 0; 

(8.) y« 4- "^xy 4- 3a;* — 4a; = ; 

(9.) y* — 2a;y 4- 3a;» 4- 2y — 4.^ — 3 = 0; 

(10.) y* 4- 2a;y - 3a;* — 4a: = ; 

(11.) y» — 2.ry 4- a;* 4- aJ = ; 

(12.) y* — 2a;y 4- a;* — 4y 4- a; 4- 4 = ; 

(13.) y* — 2a:y 4- a;* 4- 2y 4- 1 = ; 

(14.). y* - 2a;* - 2y 4- 6a; - 3 = ; 

(15.) y* - 2a;y - 3a;* - 2y 4- 7a; - 1 = 0; 

(16.) y* — 2a;y — 2 = ; 

(17.) y* — 2a;y 4- 2y + 4a; — 8 = ; 



* In all cases solve the equation for y In the first place. In this examplo 
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(18.) 4y* + 4a;» + 2y-3a? + 12 = 0; 

(19.) 3y» - 8a;* = 12 ; 

(20.) 12y* + 4a:* = 20; 

(21.) a;*+y*=16; 

(22.) Tf-y^^ 20. 

23. Discuss the equation ay^ ^of + {b^c)a? -h hex = 0, as aboYe, 
when b>c\ also when c>h. 



8uo*8. y = ± -y -y/aj* — (6 — «)»•— 6caj. Wlience we see that y has two values 

a* 
for evoTy yalue of x, numerically equal, but with opposite signs, y is 0, when 
X* ^(b^ e)x* — ftcaj = ; t. e,, when x — 0,x = b, and — c. Again y is real for 
+, when a?* > (6 — c)aj* + hex, or «• > (6 — c)aj + 6c ; which gives a? > 6. For 

»— , we have y = ± -r^/— «* — (& — c) «* 4- 6ca?, which gives y real when 

«* 

«'+(& — c) «' < ftca;, which gives x numerically less than e, i. e., greater than 

— c. Hence y is imaginary for all values of x between and + b, and real for 
all values of x from + & to +flo . So also y is real for all values of x from to 

— c, and imaginary for all values of x from — c to — -oo . 

24. Discuss as above y' = (a; — a)* , showing that in general 

y has two Yalues numerically equal bnt with opposite signs ; tliat it 
is for a; = a, and x = b; is imaginary from a; = to a; = J (except 
when x=:a, b being greater than a) ; real from a;=Stoa;=+oo, 
and real for all negative values of a:, i, e., from a? = Otoa;=— oo; 
and that for a? = 0, y = ± oo , and for x= +oo,y=±oo; also for 
a;=— oo,y=±QO. 

25. Show from the equation y + x^y = a;, that y = when a; = 0, 
H-oo, and — oo ; also that y has but one value for any particular 
value of a;; that it is -f when a; is +, and — when a? is — ; and that 
y increases numerically as x passes from to +l,and from to —1, 
but that it diminishes numerically as x passes from + 1 to +00, 
and also from — 1 to —00 . 

2C. Discuss y^x = 4a' (2a — x) with reference to y as a function 
of Xy as above. 



4 



27. Show that in the equation y* — 3aa:y + a;* = 0, y has three 

real values between the limits a; = 0, and x = a^/~i, and only one ^ 

real value between the limits x = a'v/4 and x= +(x>, and also be- 
tween the limits a; = and a; = — 00 . 

SuG. — This is done by means of Cardan's formula. (See 280.) \ 
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301. Aeithmetical Interpretations of Negative and 
Imaginary Solutions. 

1. A is 20 years old, and B 16. When will A be twice as old 
asB? 

SuG*s.— We have 20 -f a; = 2 (10 + a?) ; whence a? = — 12. The arithmetical 
interpretation of this result is that A wiU never be twice as old as B, but that he 
toas twice as old 12 years ago, i. e,, when he was 8 and B 4. 

2. A is a years old, and B,&. When will A be n times as old as 
B ? For w > 1 what are the possible relative values of a and i con- 
sistently with the arithmetical sense of the problem? Interpret for 
«,> nby a = nhy a <,nb when 7i > 1. Also for w = 1, a > nb, a < nby 
and a = 7ib» 

3. Two couriers, A and B, are traveling the same road iu the 
same direction, the former at rate a, the latter at rate A. They are 
at two places c miles apart at the same time. Where and when are 
they together ? 

Solution and Discussion. — Let XY represent the road which the couriers 
are traveling in the direction from X to Y, and A and B the stations which the]r 



imam^ 



X 6^ % 1 6 Y 

pass at the same time, A being at A when B is at B, and D or D' the place at 
which they are together. Call the distance from B to the place at which they 
are together ±x, -{- x when D is beyond B, and — x when it is on the hither 
side of A and B, as at D'. Then the distance from A to the point at which they 
are together is c H- ( ± «). Now disregarding the essential sign of x, and leaving 
it to be determined in the sequel, we have 

Distance A travels from A = c -f- a*. 
Distance B travels from B = a; ; 

Time from passing A and B to the time they are together and - . 

But these are equal. Hence we are to discuss the equation 

e -{-x X &tf 1 , ^ ^^ 

= -r f or a; = r , and c + a? = r . 

a b a — b a -b 

The points to be noticed in the discussion are, (1) when a > 6, (3) when a <b, 
(3) when a = b,c being greater than in each case but not oo . Also the like 
cases when c = 0. 

Wh,en c>0 btit not od . 

We have, for a>b,x poeiUve, which shows that the point at which they are 
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together itf at the right of B, ». e,, in the direction which they are traveling. 
The time, r ( or ), is pontile, which shows that they are together after 

passing A and B. 

- fiG 
For a <h, X is negative, and c-^ x, which equals r , is also negative. 

a ^~ 

This shows that they were together at a point at the left of A, that is, before 

they reached the stations A and B. With this the expressions for the time also 

X X a ^ X 

agree. Thus £• becomes — r- , and is also negative, since in this case x>c, 

a 

When a = b,x= r = -jr =a> , and c + « = =- = -77- =qo : which indi- 

cates that they are never together. 

When c = 0. 

In this case x = 7 = 0, and c + oj = r = 0, for a and h unequal, indi- 

a — a — 

eating that they are together when they are at A and B. This is evidently cor- 

he 

rect, since A and B coincide in this case. When a = b,x=. =■ = ;r , and 

a — o 

4- a; rr rr-, which shows that they are always together, rr being a symbol of in- 

determination which in this instance may have any value whatever, as we see 
from the nature of the problem. 

302* ScH. — ^The student should not understand that the symbol - 

always indicates that the quantity which takes this form has an indefinite 
number of values. It is frequently so, but not necessarily. The indeter- 
mination may be only apparent^ and what the value of the expression is 
must be determined from other considerations. The Calculus affords the 
most elegant general methods of evaluating such expressions. But the * 

\ JJ.3 Q 

simple processes of Algebra will often suffice. Thus for a? = 1, -r— - — = -. 

1 — aj' 1 — «' 
But -^ = 1+ a? + a*, which, for a? = 1, is 3. Hence -^ = 3, for a;=l. 

X ~" X L — X 

Here the apparent indetermination arises from the fact that the particular 

assumption (that a; = 1) causes the two quantities between which we wish 

the ratio, viz., the numerator and denominator, to disappear. Let the 

1 — a;* 
student find that = —- j 3 = 21 for a; = 1. (See also 298 y 3d part of 

X""~a/"T"a? ~~aj 

demonstration.) 

4. Two couriers starting at the same time from the two points 
A and B, c miles apart, travel toward each other at the rates a 
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and J respectively. Discnss the problem with reference to the place 
and time of meeting. (Consider when a> iya<by and a = J.) 

5. Two couriers, A and B, are traveling the same road in the 
same direction, the former at rate a, and the latter n times as fast. 
They are at two places c miles apart at the same time. Discuss the 
problem with reference to place and time of meeting as in Ex« 3, 
adding the considerations, n > 1, w < 1, w = 1, w = 0. 

6. Divide 10 into two parts whose product shall be 40. 

SoLTJTiON AND DISCUSSION. — Let X and y be the parts, then a? -f- y = 10, 

fl!y = 40, and « = 5 ± ^— 15, y = 5 T \/--T5. These results we find to be 
imaginary. This signifies that the problem in its arithmetical signification is 
impossible : this indeed is evident on the face of it. But, although impossible 
in the arithmetical sense, the values thus found do satisfy the formal, or alge- 
braic sense. Thus the turn of 5 -f y^— 15 and 5 — y^— 15 is 10, and the 
product 40. 

7. Tlie sum of two numbers is required to be a, and the product 
h : what is the maximum value of h which will render the problem 
possible in the arithmetical sense? What are the parts for this 
value of ^ ? 

8. Divide a into two parts, such that the sum of their squares 
shall be a minimum. 

Sug's. — ^Let X and a-'X be the parts, and m the minimum sum. Then 

aj* 4- (a — x)* = Saj* — %ax + a* = »»; 



whence x = \a ± \ ^ Sw — a*. From this we see that if 3m < a*, a? is 
imaginary. Hence the least value which we can have is 2m = a*, or m = \a*, 

9. Divide a into two parts, such that the sum of the square roots 
shall be a maximum. 

10. Let d be the diflference between two numbers : required that 
the square of the greater, divided by the less, shall be a minimum. 

11. Let a and b be two numbers of*^ which a is the greater, to find 
a number such that if a be added to this number, and h be sub- 
tracted from it, the product of this sum and this difference, divided 
by the square of the number, shall be a maximum. 

Sug's. — Let n be the number, and m the required maximum quotient. Then 
by the conditions ^ — j-^ = m, whence we find 



n' 



^ o — & \/a* H- 2a^ -i- 6* — 4a&m 
'*""'2(l-m) "^ 2(1 -w) 
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From this we see that the g^reatest valae which m can have and Tender n real 
ifl w = . J . ThiB gives n = — tttz r = =■ . 

12. To find the point on a line passing through two lights at 
which the illumination will be the same from each light 

(Solution. — Let A and B be the two lights, and XY the line passing through 

-h ' 



B 



them. Let a be the intensity of the light A at a unit's distance from it, b the 
intensity of B at a unit's distance from it, c the distance between tlie two lights, 
as AB, and x the distance of the point of equal illumination from the light A. as 
AD (or AD'). Then, as we learn from Physics that the illuminating effect of a light 
varies inversely as the square of the distance from it, we liave for the illumina- 
tion of the point D by light A —^ , and for the illumination of the same point 

by light B, r; . But by the conditions of the problem these effects are 

equal ; hence we have the equation to be discussed ; viz., 

a __ b 

X* "" (c — a;)* * 

This gives ^^^ — f^ = - ; or 



(C — X)* __ b ^^ <5 — ^ _ a/^ _ db y^ 



X' a X 



or 



e . ± \/~b e \/ a ± \fb 
1 = ^=- ; or - = -^ z=^ — ; 

or, finally, « = c ^ -r , and a? = <J _J — , 

ya + \b /^a—^b 

which are the values of a; to be discussed. 
Discussion. — I. Let c be finite and > 0. 

1. When a>b, x=6 _ ^ >ic, since ■ _^ ^ ■ > i for a > 6. This 
is as it should be, since for a > & the point of equal illumination will evidently 
be nearer to B than to A. Again, the other value of x gives x = c •—=- — > <J, 

since — -p:^ -= is + and > 1, when a>b. Hence we learn that there is a 

^a — \b 

point beyond B, as at D', where the illumination is the same from each light. 
If we assume ^/^—^^sfby AD = | c, and AD' = 2c. 

2. It is evidently unnecessary to consider the case when a < &, since this would 
only situate the points of equal illumination with reference to A as the preced- 
ing discussion does with reference to B. 
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S.Whena=zb,x = e ^ _ = ic,Bince ^ _ =:^ = t. This 

is as it should be, since it is evident that in this case the point of equal illumina- 
tion is midway between the lights. Again, for the second value of x, we liave 

x=zc = 00 . This is also evidently correct ; for when the lights are 

of equal intensity there can i>e no point beyond B, for example, at which the illu- 
mination from A will be equal to that from B, except when a; = oo , for whicli 
the illumination is for each light. [Let the student give the reason.] 

II. When c = Q In this case the original equation -j = r^ becomes 

-5 = -; , whence a=ft. We then have aj=c — -^ — -tl = ; and x =c — -^ — r=. 

C\/OL 

= — =r^^ ■=. = -. The former shows that there is a point of equal illuminar 

tion where the lights are (when <; = they are together), and the latter shows 
that any point in the line is equally illuminated by each light. Both these con- 
clusions are evidently correct.* 



* In dlBCiuising this problem, flomo have committed the error of considering that, since for 

c = and a and h uneqaal, x — c -— = — — 0, therefore there is a point of equal iltominatfon 

at the point where the lights are situated 1 This is evidently absurd, since the hypothesis is 
tliat the lights are of unequal inti^nsity. The error consists in not perceiving that the 

hypothesis, « = 0, excludes the hypothesis, a and b uneqnaL That the hypotheses a ^ 6 are 

excluded by the hypotheses &=: and that there is a point of equal illumination, is self-evident. 
Perhaps the student may think that these conditions are no more inconsistent than those in L S, 
above, viz., e finite, a=6, and a point of equal illumination ; and that, if in the former case we in- 
terpret x = e — =r— — = = «> as indicating a point of equal illumination at a; = ao, we should in 

this interpret x = ^^ ^ _ ^s as indicating a point of equal illumination at the place 

where the lights are situated. But the closing remark in L 8 wUl dear up this difficulty. 
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SECTION I. 

SERIES. 

303. A Series is a succession of related quantities each of 
which, except the first or a certain number of the first, depends upon 
the next preceding, or a certain number of the next preceding, 
according to a common law. Each of the quantities is called a 
Term of the Sebies. 

III. — A Progression, as 1, 8, 5, 7, etc., or 3, 6, 12, 24, etc., is a series in wliicli 
each term after the first depends upon the next preceding according to a common 
law. The numbers 1, 3, 7, 11, 21, 39, 71, 131, etc., constitute a series in which 
each term after the tMrd is the »wm of the three next preceding. Tlie numbers 
2, 3, 5, 17, 88, 1513, etc., constitute a series in which each term after the first 
three is tlie product of the two next preceding + the third preceding. 

304. A Recurring Series is a series in which each term 
after the first n is equal to the sum of the products of each of the n 
preceding terms multiplied respectively by certain quantities which 
remain the same throughout the series. These multipliers with 
their respective signs constitute the Scale of Relation. 

III. 1, Ax, ftc'. Ids', etc., is a recurring series whose scale of relation is 
aj *, -3x*, ar, since (1 x »») + (4aj x [ - 3aj«]) + (fte* x 3a-) = 16aj». The next 
term after lOc* would be (4aj x x^) + (»«« x [ — 3»*]) + (l(te» x 8a;) = 25aj*. 
The next would be SOc'. 

305. An Infinite Series is one which has an infinite number 
of terms. Such a series is said to be Convergent when the successive 
terms decrease according to such a law as to make the sum finite ; 
otherwise it is called Divergent, 

III. 1^-, tHo, To^Ty, TujTnr, etc., to infinity, is an infinite, converging series 
whose sum is J. That -,^- + tJw + To^m + Tisiins + etc., to infinity *= J is evi- 
dent, since by division we have i =.3333 + = -fly + rJir + tAu + etc 



* The expreBsion ** to infinity " is nsaally omitted, as being snfflcienUy indicated by ** etc.; 
and, in fi&ct, either the + sign at the end or the " etc.*' may be omitted. 
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306. To Revert a Series involving an unknown quantity 
is to express the value of that unknown quantity in terms of 
another quantity which is assumed as the sura of the first series, or 
as involved in that sum. Thus the general problem is, having 
given /(y) = ax + b7? •\- ca? •\- etc., to express x in terms of y, t. 6., 
tofind a:=/(y). 

III. — Thus to revert the series a? + 3aj* + 6aj' + 7«* + 9aj* + etc., is to express 
th^ value of x in another series involving y when y = a? + 8aj* + 5«' + Ix* 
+ 9aj* + etc., or when 1 — 2y + 5y* = a? + Saj* + &»' + ?«♦ + ftc* + etc., etc. 

307. The First Order of IHfferences of a series is the 
series of terms obtained by subtracting the 1st term of the given 
series from the 2d, the 2d from the 3d, the 3d from the 4th, etc. 
The Second Order is obtained from the first as the first is from the 
primitive series. Tlie TJiird Order is obtained in like manner from 
the second ; etc 

These several series are called the Successive Orders of Differences* 

III. — ^Having the series 

1, 8, 27, 64, 125, eta, we obtain 

1st order of diff's, 7, 19, 37, 61, etc., 

2d " " " 12, 18, 24, etc., 

8d " " '• 6, 6, etc., 

4th " " " 0, eta 

308» Interpolation is the process of finding intermediate 
functions between given non-consecutive functions of a series, 
without the labor of computing them from the fundamental formula 
of the series." 

III. — The logarithms of the natural numbers 1, 2, 3, 4, 6, 6, 7, 8, etc., con- 
stitute a series of functions. Now knowing these, interpolation teaches how to 
find intermediate logarithms, as log 4.3, 4.5, 4.6, etc., or 2.7, 2.72, 3.102, 7.025, 
etc., without the labor of computing them from the fundamental formula of 
the series {192). 

[Note. — The student must guard against the notion that every series is a 
recurring series. Any sttecemon of numbers rdaied to each other by a common 
law, as, for example, the logarithms of the natural numbers, is a series, as well 
as the more simple arithmetical, geometrical, and other recurring successions.] 

309* Some of the more important problems concerning infinite 
series are : To find the scale of relation of a series; To find the nth 
(any) term of a series ; To determine whether a series is convergent 
or divergent ; To find the sum of a convergent series, or of n terms 
of any series ; To revert a series ; and, To interpolate terms between 
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given terms. To these problems we shall give attention after 
liaving demonstrated the following lemm% which is of use in the 
solution of seveml of them. 



310. Lemma. — Hie first term of the nth order of differences 

, n(n — 1) n(n — - 1) (n — 2) , . . , . . 

M a — nb H — ^—^ — -c ^ j~ d+etc, wJien n ts even^ and 

2 |3^ 

, n(n — 1) . n(n — l)(n — 2) - . r • u 

—a + nb —^ — 'C+ — ^ j~ ^d— etc.,wAen n w odd; a, 

b, c, d, etc., bet7ig successive terms of the series, 

Dem. — Letting a, 6, e, d, e,f, etc., be the series, we liave 

Ist Order of diff*s, b — a, c — b, d -- e, e — d, /— e, etc., 

2d " •* *' e — fib + a,d — 2e + b,e — 2d-hc,f—2e + d,etc., 

3d " " " d-8<5 + 86-a, «-3d + 3<j-6,/-3e + 3d-<j, etc., 

4tli " " " e— 4rf + 6<5 — 4ft + o,/— 4d4-6d — 4<j + &,eta, 

5th " " " /-5<J+10d-106 + 5&-a, etc. 

Now by ingpeetion we observe that, numerically, the coefficients in these 
terms follow the law of the coefficients in the development of a binomial. Thus 
the coefficients in any term of the 2d order of differences, as in e — 26 + a, are 
the same as in the square of a binomial ; those in any term of the 3d order, as 
in d—dc + 35 — a, are the same as in the cube of a binomial, etc. Hence, revers- 
ing the order of the simple terms in the first terms of the successive orders, and 
representing the first term of the first order by 2>i , the first term of the 2d order 
by i>ti the 1st term of the 3d order by 2>3, etc., we have, for the even orders, 

2>, = a — 26 + c, 

2>4 = a — 46 + 6c — 4<l + 6. 

Hence, by induction, we have, for the 1st term of the nth order, when n is even, 

^ . .n(?i — 1) n(7i — 1)(» — 2) , 

Dn =a — nb-\- -^-^ — -c ^^ r^ ' d + etc 

Again, for the odd orders, we have * 

2>, = — a + 6, 

2>3 = — a + 3& — 3<5 + <f, 

Db = — « + 66 — 10c + lOd — 6^ +/. 

Hence, by induction, when n is odd, the first term of the nth order is. 

-, . n(n — 1) n{fi — l){n — 2). ^ . 
2>, = — a + n6 ^-^ — - e + -i -^ ' d - etc.* 

* The author does not deem it expedient to take the time and space to demonBlrate more 
rlgorouely this law ; nor doe» he fally sympathize with the idea that i/iUuction is in no case a 
satisfactory mathematical argument 
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311. Cot. — It toiU be observed that in order to find the Ist term 
of the first order of differences^ we must have 2 terms of the series 
given; to find the \8t term of the 2d order, 3 terms ; to find the \st 
term of the 3d order, 4 terms ; and, in general, to find the Ist term 
of t/ie Jilh order we must know n + 1 terms of the series. 

Examples. 

1. Find the 1st term of the 3d order of differences in the series 
7, 12, 21, 36, 62, etc. Also the 1st term of the 4th order. • 

Sug's. — ^For the 8d order we liave 

2>3 = -.a + 86-8c + d=-7 + 312-3.21 + 86 = 2. 
For the 4th order, 

i>4 = a-4ft + 6c-4(? + fi = 7-4.12 + 621-4-86 + 62 = 8. 

2 to 6. Find the first terms of the orders of differences specified in 
the following : 

(2.) 2d, 3d, and 4th, in 1, 8, 27, 64, 125, eta 
(3.) 3d, and 6th, in 1, 3, 3«, 3», 3^ 3*, etc. 
(4.) 5th, in 1, i, J, \, -^, i^, etc. 
(5.) 5th, in 1, 6, 21, 56, 126, 252, etc 
(6.) 6th, in 3, 6, 11, 17, 24, 36, 50, etc. 



312. Prob. 1. — To find the Scale of Helation in a recurring 
infinite series when a sufficient number of terms is given. 

Solution.— 1st. When each term after the first depends on the next preceding. 
— liCt m represent the scale of relation. Then b = ma (304:). Whence w = -. 

2d. W7ien each term after the first two depends on the tioo terms next preceding 
it. — Letting 7/1, n be the scale of relation, we have c=wa + w6, and d^mb-^-nc 

(304), Whence m = =^, and n = rj. 

ac — b* flkj — 0* 

8d. When each term after the first tJtree depends on the three terms next preced- 
ing it. — ^Letting m, », r represent the scale, we have d = m/i + 7i6 + re, e=mb 
+ ne + rd, and/= mc + nd + re. From these three equations the values of 
m, n, and r can be found. 

4th. We can evidently proceed in a similar manner wheji the dependence is 
upon any number of preceding terms. 

313. Sen. — ^In applying this method, if we assume that the dependence 
is upon more terms than it req,Uy is, one or more of the terms of the scale 
will reduce to 0. If we ^ssmn>e tho dependence to be on too few terms, the 
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error will appear in attempting to apply tl)c scale when found. If wc 
attempt to apply the method to a scries which is not recurring, the error 
will appear in the form which the scale assumes, or when we attempt to 
apply it. 

When the dependence is upon two terms, any two equations of tlic scries 
e = ma + nb^d = mb-k-ne,e = ine + nd^ /■=. mil + ne^ etc., wi!l give the mme 
oaltiea for m and 7i, So also if the de|)endencc is upon three terms, any three 
equations of tlie scries d = ma + itb + ?r, e = mb -^ ?i« + n^ /= wwj + ml -^ re, 
g = md •{■ lie + rf, etc., will give the saine vtdiies to m, n, and r ; etc., etc. 

There is no general method of determining that a series is absolutely not 
recurring. The best practical method of procedure is to assume ^firtfl tliat 
the dependence is upon tico tcnns: if this does not give a scale which will 
extend the series, try whether the dependence is not VL\yon three terms, then 
upon four, etc. Of course, applying this process to an infinite series would 
not determine that the series was absolutely not recuriing. 

Examples. 

1. Find the scale of relation in the series 1, 12, 48, 384, 1920, etc. 

8ua's. — Assuming that the dependence is upon two terms, we have 48 = f9i 
+ 1271, and 384 = 12m -\- 48» ; whence wi = 24, and n = 2. Now since 1020 
t= 24 . 48 + 2 - 384, we conclude that + 24, + 2, is the scale. 

2. Find the scale of relation in the series 1, Crc, 12a^, 480;*, 120a^, 
eta 

Bug's. — We have 12a:* = m + 6am, and 48aj' = (ktm + 12x^n ; whence to=6j;*, 
and n^x. Now, as 120a;^ = Gx* • 12a;' + x • 48a;^, we conclude that the scale of 
relation is + 6a;', + x. 

3. Find the scale of relation in the series 1, 4a;, Ga:», lla;*, 28a?*, 63a;», 
and extend the series two terms. 

Scale of relation^ +3ar\ — .r', +2:^:. 
Next two ier^fnsy 131.1;*, 283.(;\ 

4 to 11. Find the scale of i-elation in the following, and extend 
6iicb series 2 or 3 terms : 

(4.) 1, X, 2a?y 27?, 3a?*, 3r*, 4.^*, 4a;^ etc. 
(5.) 1, 3, 18, 64, 243, 729, 2916, 8748, etc 
(6.) 1, X, 5a:», 13n:», 41a^, 121a:*, 365a:*, etc 
(7.) 1, 4, 12, 32, 80, etc 
(8.) 3, 5a:, la?, IZa?, 23a:*, 45a:*, etc 
.^. a ac a(f (u? ^ 

^ ' i* ~" y ^' ^ ' "~ ^ ^ * ^ 
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(10.) 1, 4, 10, 20, 35, 56 84, 120, etc. 
(11.) 1, 4, 8, 13, 19, 26, 34, etc. 



S14m JProh. 2. — To find the nth term of a series when a suf- 
fieient number of terms is given. 

Solution. — The best method of doing this depends upon the character of 
the series. We give the following : 

1st. The formula Z = « 4- (» — \)d, and I = ar""', resolve the problem for 
arithmetical and geometrical series, I being any term. 

2d. The scale of relation may be determined by PnOB. 1, and the series 
extended to the nih. term by means of it. 

3d. But the firKt terms of the successive orders of differences afford one of 
the most elegant and general methods. Thus from (310) we have 

i), = — a-h6; .-. b—a+Di ; 

J)t— a-2b-\-c; .-. c=a4-22>,+D, ;♦ 

i>3=-tf-h36-3c+rf ; /. d=a+32>,+3i>,+2>3; f 

i)4= a-hib—(k+4d—e; .*. «=a-+-42),H-6i>«+4/).,H-/)4 ; 

i>a=-tf-h56-10c-|-10rf-6€+/; /. /=:a+5/), H;10Z>,+102)3+52>4+i>«. 
etc., etc., etc. 

Whence, by induction,* we have, in general, the nth term =« -f-(7i— 1)2>| 

(n - IKw - 2) ^ (» - l)(7i - 2)(» - 3) _ , ,,„ ,, ^ , . . 

+ ' S ' ^9 + ^^ 10 ' -^3 + ®*c., till the term containing 



Dn-\ is reached, or till an order of differences is reached of which each tenu 
is 0. It is only in the latter case that the method is practically useful, since to 
determine the first terms of the n — : 1 successive orders of differences, requires 
that n terms of the series be known. 



Examples. 

1 to 5.. Solve the following by means of the scale of relation : 

(1.) Find the 8th term of 1, 2a:, 8a:*, 282:*, 100a:*, etc. 

(2.) Find the 9th term of 1, 3a;, 6a:», Wy 9a:*, 11a:*, etc 

(3.) Find the 10th term of 1, 3.'r, 2a:*, — a:*, — 3a:*, — 2ii:», etc. 

(4.) Find the 12th term of 3, 6, 7, 13, 23, 45, etc. 

(5.) Find the 11th term of 1, 1, 5, 13, 41, 121, etc. 

6 to 12. Solve the following by means of the successive ordei-s of 
differences : 

(6.) Tlie 12th term of 1, 5, 15, 35, 70, 126, etc. 

♦ c = - a + 26 f i>a = - a + 2(a + />,) + Z>t = a + 2i), ^ D,. 

t <l = a - 36 + 3c + I>, = a - 3(a h /?,) + 8{a + 2D, + D,) + I>, = a + ZD, + 3Z>, ^■ />,. 
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(7.) The lath term of 1, 3, 6, 10, 15, 21, etc Also the nth. 
(8.) The nth term of 1-2, 2-3, 3-4, 4-6, etc 
(9.) The 12th term of 1, 4a;, 6a;*, lla;», 28a;*, 63a;", etc.* 
(10.) Solve the first five given above by this method, when it 
will apply. Also determine the scale of relation in (6) to (9) in cases 
in which the series is recurring. 

(11.) Find the nth term of 1, 2«, 3», 4*, etc. 

(12.) Find the 9th term of 70, 252, 594, 1144^ 1950, etc. 

13. Extend the following to 10 terms by the method of differences: 
1, 4, 8, 13, 19, etc Also of, 4a;*, 8a^, 13a;", 19a;^ etc Also 1, 6, 20, 
50, 105, 196, etc, 

315. IPvoh. 3. — To determine V3?iether a series is convergent or 
divergent 

Solution. — 1st When the terms are a2{ + . If the series is not decreasixig, 
of course it cannot be convergent. Thus a 4- 6 +. 6 + <2 + « + etc, if a < 6 
<e <d <e, etc. , is J> a^ . Let us then consider the ca^e when the terms are 
all + , and a > b> 6> d>*e, etc. We have 

/9 = a + 6 + c + d + « + eta =a(l +-+-+- + -+ etc. ) 
^- \ a a a a / 

(^ ft ^ M edeb \ 

a ha dba dd>a ')' 

Now if -, r, -, 2> etc.< jp, 5< tf (1 -f p + p» + 1)'+ p*+ etc.), which, if 

a 
p < 1, = r-— - , Therefore, An infinite series of positive terms is always conver- 
gent, if the ratio of ea^ term to the preceding term is less than some assignable 
quantity which is itself less than 1. 

2d. When the terms are dUemaidy + and —, and decreasing. Let the series 
be a, —b, + e, -^d, + 6, — etc. Now we may write 

/S = (a - ft) + (<j — <f) + (d — /) + etc. ; 
and also <S^ = a — (ft — <j) — ((2 — «) — etc. 

Since the terms are decreasing (c — (f), («—/), etc., are +, and 5>a — ft. 
Again, (ft — c), {d — e), etc., are + , and 8 <a. Therefore, Any series ofdeereas- 
ing terms, which terms are alternately + and — , is convergent, 

8d. When the terms are altematdy + and — , and increasing, we have 

8 = a — b •\- c — d + e — / + g — etc. = a — (ft — c) — (<i — e) — (/ — ^) — etc 

Now, since tlie terms are increasing, b — c, d — e, f — g, etc., are essentially 
negative. Representing these differences by — d, — (?i, — <?£, etc., we have 

J . 

* It is evident that the 12th term Involves x to the 11th power, or contains a;l^ Henco wo 
have only to find the coefficient, or the 13th term of the series 1, 4, 6, 11, S8, 63, etc 
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i9 = a + d + ^i + df + etc., a series which can be examined by the first process 
g^ven above. 

4th. The process of grouping the terms and thus forming a new series, as in 
the last case, is frequently serviceable in other cases than that there specified.* 



Examples. 

1. Determine whether 1 + t + ^"5 + nr? + ., ., o . + eta, is 
a convergent series. 

Sug's. — Here -=1, t = x, - = «* :7=t* ete. ; whence we see that each 
a o a e o a % 

of the ratios after the second is less than i, which is itself less than 1. Hence 

the series is converging. 

2. Determine whether 1+^4-^ + ^ + etc., is a converging series. 
3 to 6. Determine which of the following are converging : 

(3.) i + i + i + TSr + etc. 

(4.^ ^+" + ^ + 3 + etc., r being > 1, i. «., any decreasing 
geometrical progression. 

(K\ _1_ J. ^ 1 1 'S^ 

^^•^ 8.18 "^ Wn "^ 12:24 "^ 14:27 ■*" ^^^* 

3 4 5 

S^ CE^ 2J* flj' a^ 

7. For what values of a: is a;— 77 +s- — t+t — -^tH- etc., 

a O 4 . D 

convergent, and for what divergent ? 

Sna's.— For <b ^ 1 we have a series with the terms alternately + and — , 
and decreasing. Hence, by (315, 2d), the series is convergent. Again, to 

examine the series for » > 1, it may be written ^ "" y "^ ^ vT "~ t) 
+ 0^ (~ — -^j + x'' l-=- — •J-) + etc* Now, for aj > 1, some one of the 

fiicton (j-^), (y-T)' (t""|) ^*^' ""^ "^ following it 

win became negative. Thus, if « = =, all following = — 5 will be negative. 

7 7 8 



* This is confessedly qaite aa imperfect presentation of this problem ; but it is sufficient for 
most pnrposes, and is as ftill as our limits will allow. 

I 
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The sam of that portkm of tho soriM fireoading thla fint negfttiye factor will be 
finite, Binoe it will be oompoeed of a finite number of finite terms. Let as now 
examine the infinite series which is composed of negative terms. Let a be 
the value of <b for which we are examining the series, and y the exponent of x 

in the first negative term. This term is therefore of I V Now this 

may be taken as the general term of this portion of the series if we understand 
that a is constant and y variable. As y increases by 2 in each successive term, 

the first two terms of this series are 0^1 5), a'+'f x ^ | ; and 

Vy y + 1/ Vy + 8 y + 3/ ' 

the ratio of the second to the first is a« ^ ^'^^7,?^"^ x J!^^±2Ll 

((y + 2)(y + 3) y + 1 — «y) 

= «M m ^^~.''l''*7.^1~.Yn}^Zs^'' J . the limit of which, as y in. 
((1 -a)y^ + (6 — 6a)y« + (11 — 6a)y + 6f ^ 

creases to infinity, is a*. But as a > 1 , a' > 1, and this negative series is diver- 
gent and its sum is infinite. Hence the given series Is convergent for < 1, and 
for sll values of « > lit is diveigent 



316. Prob. 4. — Tojind the sum of n terms of a series. 

This problem, like many others concerning series, does not admit of a general 
solution. We specify the following cases : 

Case \,-^When the series is Arithmetical or Geometbigal^ eilh&r dksergerU 

or convergent, for n finite, 8= in [2a + (n — 1) ef|, or 8= — ^ ^ . For an 

r — 1 

infinite geometrical convergent series we have 8 = 



1-r* 



Cabs 2,— When ^ series is an infinite, deerecuing, bbodbioho series, to find 
the sum of the series (t*. s., n being ao), Let the series be a+&+6+(I+«+ etc., 
and m, n the scale of relation, the dependence bdng upon two terms. Whence 
we have 

a = a, 

6 =&, 

= am + &n, 

d =: hm + en, 

= cm + dn, 

f r= dm + en. 



Putting 8=a + 6 + c + <i -»- etc., 



nnd adding, this gives 8 = a -h b -k- 8m + (^ — a)n. 
Solving for /S, we have ^_ a4-5-gn ^ 
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When tite aeaie of relation eonMs of Hires terms, as m, n, r, we baT« 

a = a, 

6=6, 

e = c, 

d = am •¥ hn + er, 

e -= bm + en -k- dr, 

f = em + dn + er, 

ff = dm + en + fr. 



Whence 8 = a •\- h •{■ c •\- 8m -^ {8 — a)n + {8 — a — hyr. 

And solving tor 8, ^ = = ^ — . (2) 

When the scale of relation eonsisU offottr terms, as m, n, r, «, we can wriu 

from analogy, 

o a -^ h+ e -h d — an -- (a + by — (a -k- b -^ e)s ,o. 

a = ;; : , (o) 

1 — «* — n — r — s 

Casb 3. — To find the sum of n terms of a series by the method of diffe-r- 
enees, — Let the series be a, b, e, d, e,f, etc, which we will call (A), 
Now if we write the series 

m 

(B) 0,a,a + b, a + b + e, o + 6 + c + e?, a + 6 + c + ci + «, etc., 

of which the series (A) is the first order of differences, it is evident that the 
(n + l)th term of (B) is the snm of n terms of the given series (A), By tho 
formula for the nth term (314, 3d), which is 

The nth term = a + («-l)i>, + i^=l^ D. + (»-lX«-8Xn-8) ^^ ^ ^^^ 

noticing that a, the first term, in series (J?) is 0, that 2>i of series {p) is a of 
series {A), Dg of series (B) is Di of series (A), etc, we have, for the sum of 
n terms of (A) 

a . Hn-l) ^ iKn-l)(n -2) 

i5j = na + s — -^1 + [o -^1 + ®*®« 

On this formula we observe that when the orders of differences do not vanish, 
if the series is extended to the (n + l)th term the coefficient of that term will 
become 0, and the series will terminate. 

Moreover, in cases in which the nth order of differences vanishes, the same 
number of terms of this formula will give the sum of any number of terms of 
the series above the nth. 

Casb 4. — Upon the principle that any fraction of the form ^ — ^ 

= - ( ~ — ),* many series of fractional terms of the form , — : 

p\n n + pj fiin + p] 

may be summed. 

* ■ ^»^^^ ■ ■ ■ ^ ■■■■II I ^— ^^^ ^ ■ M^^— ■ ■ ■ ■■ !■■ ■■ M I ■ II I I, ■ I ■ ■ ■ ■ — ■ I II , II I ■ ■ ■ ■ ^ 

•Thlstaerldentrincoi- « -"«+M-<W_ M 



n n+p n{fi+p) M^+P)* 
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AIbo nutny aeries of fractional tenns of the form -r ^ rr-: may be 

aommed from the fact that 



=ii 



n(» + p}{n + 2p) 2p {n(n + p) (n + pXn + 2p) 



}• 



When the fractional terma are of the form — ^ ^ . . --., the 

n(» + pXn + «pX^ + ^P) 

aammation may often be effected upon the principle that 

2 _. ^ \ 9 2 I 

n(n + pXn + 2pX» + 8p) 8p ( »(» + p){n + 2p) (a + pX» + 2!pX» + 3p) f * 

The practicability of this method depends upon oar ability to find the differ- 
ence between two series. Thus, when the terms of the given series are of the 

form -7-2 — r , if we can find the difference between two series whose terms 

Mn+p) 

are of the form — , and — - — respectively, we can find the sum of the ffiven 

n n •¥ p 

aeries. But the method will be more readily comprehended in connection 

with its application. (See Ex's 15-80.) 

Examples. 
1 to 7. Find the sum of the following recurring series : 

(1.) 1 + 2a; -h 8a:» + 282:* + lOOrr* + etc, 

(2.) 1 + 2a; + 3a;» + 6a:» + 8a;* + etc 

(3.) 1 -hdx -h 6a^ + 7a^ + etc. 

(4.) 3 + 5a; -h 7a;* + 13a;* + 23a;* + 45aj8 + etc. 

(6.) 1 + 1 + 6 + 13 4- 41 + 121 + etc 

(6.) 1 + a; + 2a;* + 2a;» + 3a;* + 33;* + 4a;* + 4a;' + etc, 

(7.) ~pa; + ~-a;*-^a;» + etc. 

8 to 14. Find the sum of the following by the method of diiferences : 

(8.) 1 +3 +5 + 7+etc., to 20 terms ; to n terms. 

(9.) 1+2-f 3 + 4+5+etc., to 50 terms; to n terms. 
(10.) 1 + 5 + 15 + 35 + 70 + 126 + etc., to 30 terms ; to w terms. 
(11.) 70+252 + 594 + 1144 + 1950 etc., to 25 terms; tow terms. 
(12.) 1 + 2* + 3* +4*+ etc., to 12 terms; to n terms, 
(13.) l + 2*+3*+4»+etc., to n terms. 
(14.) l + 2» + 3»+4«+etc., tow terms. 



15. Find the sum ofr-5 + ^r-5 + 5-7+ .— =■+ etc., by the method 

1«2 Z'O o«4 4»o 
given in Case 4. 
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Sug's— If we put p = l,q = l, and n = 1, 2, 8, 4, etc., euccetwively, the 
general f onn of the term in this series is -7—^ — r . Thus we have 

For the Ist term, , ^ . = ../ .x = T f? - i4-i-V= ^ f^ - I ) ' 

n(n-\-p) 1(1 + 1) 1 \1 1 + 1/ \ 2/ 

Fop the 2d term. -^^ = ^^ = J Q- ^J.= 1 g - 1 ) ; 

For the 8d term. -^^ = g^^ = 5 (J _ ^)»= 1 (1 - J) ; 

For the 4th term, ^^^j = j^j = i (i - jl^)»= 1 g - J ) ; 

etc., etc., etc. 

Putting 8 for the sum of the series and adding, we have 

;9=(l-.i) + (i-i) + (i-l) + (4-i) + etc. 

_jl + i + i + i + etc- ) __ -t 

Note. — It will be seen that this method is only an ingenious device for de- 
composing the given infinite series into two infinite series, one of which destroys 
all but a finite portion of the other. 

16. Find the sum ofr-5+5-s+c-]v + ir^ + ^*^* 

l»o O'O 0-7 7*y 

17. Find the sum of n terms of each of the two preceding series. 
SuG. — We have for the »th term of the last series g = l, p = 2, n = 2n — l, 

since 2» — 1 is the «th odd number. Hence for the nth. term , ^ — - 

n{n + p) 

= 77 1 s 7 — s 7 ] • We therefore have 

2 \2n — 1 271+1/ 



fi . 1 1 1 1 1 

Ij — + — + — . - - . — ^^-_ 

_lj3^6^7 2»-l [-.lA L_^ 

~2) 111 1 1_ I 2 V 2» + 1/ 

- 1 2» + 1 J 



8 



"" 2» + l* 

1111 

18. Find the sum of =—:-{' -^r-z + tth + im + ^tc. Also of n terms 

1«4 2«5 3»6 4'7 

of the same. 

2 3 4 5 

19. Find the sum ofr^ — ;r^ + — — 7^ + etc., to n terms. 

15 00 00 vd 



since by Case 4, , \ , =i ( i. - -4- )• 
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Sug'8. — It will be seen that this series is the same as =— = — =— = + ,^-:r — 



3-5 67 7 9 911 
+ etc. Hence by making q=z2,S, 4, 5, etc., successivelj, n = S, 5, 7, 9, etc., 
successively, and p = 2, we have 

i{(i-«-(»-») + a-|)-(»-A-) + etc.}, or 
ill- (t + f) + » + I)- (J + J) + tV + etc.} 
= t{|-'l + 1-1 + A + etc}. 

» + 1 

Now the fonn of this last term is ^ ^ ; and if an even number of terms of 

an + o 

1(2 n + 1 ) 
the given series is taken, we have ^ j q "" 1 + o 3 f » *^ *^® intermediate 

terms destroying each other. But if an odd number is taken, we have 

number of tenn-i )| - 1- ^^^^\ . or 1 - j^i-^^ ; and for an odd 

number. 1 II -i + 2^^j}. orl + j^ji^^. Wlien n=co . wo have 

-3-— = ; whence the sum is — . 

4(2» + 8) 13 

20. Find the sum of --5 + 5-. + 5-- + eta 

l-O *«4 O«0 . 

21. Find the sum of ^r-o — Tn + o"^ — «te. 

l*o 2-4 O'O 

22. Find the sum of A + _i_ + _1_ + etc. 
Sno—This equals 1 (jL + _!- + _!_+ etc.). 

23. Find the sum of ^ + A + _*_ + _^ + etc 

24. Find the sum of zt-tto + 0-5-7 + qT"^ + etc. 

l«^«a 2'0»4 o«4«5 

Sug's. — By patting jp = 1, fi' = 4, 6, 6, etc, successively, and n = 1, 2, 8, etc, 
successively, these terms take the form — ; 1-. s— x » *"d ^^^^ 

-7 TT jT-T = ;r- i -—r^ — I — 7 ~ jr-^ I , we may write the given 

n(n + p)(n-^2p) 2p{n(n+p) (» + j?)(n + 2p)J ' ' • 

series thus : 



11-8^ 2-8 84 



PUINQ BAULS AHD SHELI& 
+ etc. 



25. Ftod the .™ of ^^ + g^^ + ^^ + el«. 
20. Find the sum of ji^ + j|_^ + _i_ + „„. " 
«. Find the ..„ of j^^ + j^^ + _^ + _il. + el« 
28. Find tlie sum of :p 
Suo. — Consider that 



n(i + J')(i + 2p)(n + 8; 



(« + p)tft + 2p)(n4-3p)f 



30. Find the anm of ^ 



M2 6-9-12-15 9-12-15-18 



Note. — The above eiampleB are t&ken from Toim&'s Ai^KBRA, an excellent 
>ild Engliflh work to which American editors ore much indebted. 



Piling Balls and Shells. 

317- In arsenals and navy-yards, canuon-balls and ehells are 

piled on a level surface in neat and orderly piies.of three different 

fomis, viz., triangular, square, and oblong. The figures below ■will 

sufficiently illustrate these forms : 



4 



( 



318. Prop. — The/ormula/or the number of bc^ or eheUsin a 
triangular pUe having n balls or sheila on a side of Us lowest cottrse is ) 

tn(n + l){n + 2). j 
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Dem. — The Btadent will be able to discover tliat, beginning at the top, the 
number of balls or shells in each course is as follows : 

1, 1 + 2, 1 + 2 + 3, 1 + 2 + 3 + 4, etc., 

or 1, 3, 6, 10, 15, 21, - - - - etc. 

Summing this series to n terms by the method of differences he will obtain the 
formula. 

319. OoR. — 77ie number of courses in a triangular pile is equal 
to the number of baUs or shells in one side of the lowest course ; wid 
the number of balls or sheUs in the lowest course is 1 + 2 + 3+4 

- - - - n, or ^(n* + n). 

320. Prop. — The formula for the number of baUs or shells in 
a square pile having n bcUls or shells on a side of its lowest course is 

in (n + 1) (2n + 1). 
The student should be able to demonstrate this as above. 

32 !• Cor. — The number of courses in a square pile is equal to the 
number of balls or shells in one side of the lowest course / and tlie 
number of bails or shells in the lowest course is 1 + 3 + 5 + 7 + 9 

- - - - 2n — 1, or 11*. 



322. Prop. — The formula for the nutnber of balls or shells in 
an oblong pile fiaving m baUs or shells in the length of the base and 
n in the width is 

\n (n + 1) (3m — n + 1). 

Dem. — Observe that there are as many courses as there are balls in the width 
of the base. Let m' be the number in the top row, whence we have for* the 
number in the successive rows from the top downward, 

m\ 2{m' + 1), 3(m' + 2), A{m' -+ 3), 5(w' + 4), etc. 

Taking the successive differences, we find Di = w' + 2, Dj = 2, and 2>j = 0. 
, Substituting in 

we have S = fnn + -^-5 — - (m' +- 2) +• -^ ~ , which readily 

reducesto 5 = i7i{(»+-l)(3m' +27^ — 2)}. 

Now m being the number of balls or shells in the length of the base, wo observe 
that m' = m — n + 1, which substituted in the previous equation gives 

8= iw(» + lX3w - »+ 1). 

ScH. — ^If we make m=:n^ this gives the formula for the square pile, as it 
should. 
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Examples. 

1. Find the number of balls in a triangular pile of 20 courses. 
In a triangular pile with 42 balls on one side of the lowest course. 
How many balls in the bottom course ? How many in one of the 
faces ? 

2. Find the number of shells in a square pile with 30 courses. 
With 23 balls in one side of the lowest course. With 2209 in the 
bottom course. How many balls in one face of each pile ? 

3. Find the number of balls in an oblong pile whose bottom 
course is 42 balls by 20. Whose top course contains 23 balls^ and 
which has fifteen courses. 

4. How many shells remain in an incomplete triangular pile whose 
top course contains 28 shells^ and whose bottom course has 15 shells 
on a side ? 

5. How many balls in an incomplete square pile whose top course 
is 8 balls on a side, and whose bottom course is 20 balls on a side ? 

6. How many shells in an incomplete oblong pile whose top 
course is 12 by 20, and whose bottom course is 52 shells in length ? 



Eeyersion of Series. 

323* Proh. — To revert a Series. 

Solution. — The problem is, having given 

f{y) = aa; 4- &«* 4- ca;' -+- eta?* + etc., (A) 

to express a; as a function of y, i, e,, to obtain 

x = Ay-h By* -{- Cy* + Dy* -f- etc., (B) 

the essential thing in the solution being to find the values of the indeterminate 
coefficients A, B, G, D, etc. To do this, we form «*,«*,«*, etc., from (B) in 
terms of y, and substitute in the second member of (A). Whence we have 
f{y) =/' (y).* From this relation we can obtain the values of the indeterminates 
A, B, C, D, etc., in the ordinary way. 

Examples. 

1. Given y = a; + Ja* + iaj* + Ja^ + etc., to revert the series, t. e., 
to express tlie value of a; in a series involving y. 



* This notation mcanp tlmt both ineinberi* arti functions of ^, but that they are not the saue 
function : one is the /function, and the other the /' function. 
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SuG'B.— Asfiume « := ily + By* + Q/' + Dg*^ + etc 
Whence x* =:A*y* +2ABy^ -^ZAO |y*+ete., 

+ J?«| 
«» = ^ V -♦- 3-4«J9y* + etc., 

and SB* = ^^y* + etc., theae developments being extended 

as far as is necessaiy in order to determine four terms of the reverted 
series. 

Bubstituting these valnes in the given series we have 



y = Ay -h B 



+ AB 



y* + etc. 



-h AG 

+ iA* 

Whence ^ = 1, -B + W = 0, (7 4- ^-B+ W = 0, and D-hAC+iB*-^A*B 
H-4A* =0. These give A=zl, i?= - i, C= i, and i?= - V^^. Therefore 

the reverted series is ^ =^ tf — -aP* + lotf* " Tl^^ "^ ®*^ 

^ 12 c 

2 to 6. Beyert the following : 

(2.) y = a; + a:* + a:' + i«* + etc; 

(3.) y = a; + 32:» + 5x" + TaJ* + 9a:* + etc. 

(4.) ff=:x — \j^ + ix!^ — \x'-\' etc.* 

(5.) y = 2a; + 3x* + 4a:* + 6a:' + etc. 

(6.) y = l + a; + |a:*+ ^q^ •}. ^a^ + etcf 

7. Bequired to express the yalne of y in terms of x from the 
relation 

y + ay* + by* ■{■ cy* + etc. = mx + m? -\- pof + ga^ + etc. 



Intebpolatiok. 

324L. Prob* — Having given a series of functions a, h, c, d, e, 
etc., to find a function intermediate between any two of this series^ 
which function shaU conform to the law of the series. 

III. — Let the series of fanctions be the logarithms of 232, 233, 234, 235, etc, 
viz., 2.366488, 2.367356, 2.339216, and 2.371068 ; let it be required to find the 
logarithm of 233.4, i, e., the function f of the way from 2.367356 to 2.369216. 

SonjnoN. — The solution of this problem is simply an application of the 

* In this example it will be more expeditions to assume x=sAp + By* + C^ + etc., thongh it 
is not essential. 

t Transpose the 1, put » = sf _ 1, and then revert the series « = » + J«> + J^+.Xm*+tic. 

This id necessary, since the theory of Indeterminate Coefficients aiwnmes that hoth vftxiabtes 
become at the same time ; i. «., that x=0, makes c=0. 
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formula for finding the nth term of a series by the Method of DilEerenccs 
(S14) ; viz., 

rri, +1.* . / 1X7^ . (»— 1)(»--2) _ . (n— l)(7i— 2X^1— 8) ^ 

The Tith term = o + {» — l)2>i + ^ ^ D^ + ^ . » ■ 2>3+etc. 

But for our present purpose it is more convenient to replace the (n—1) of the 

formula, where n represents the number of the term sought, by - , a fraction 

which indicates the distance of the term sought, from the first term used, 

this distance being measured by calling the distance between any two given 

terms 1. Thus in the series a, 5, c, d, e, etc., a term J of the way from 6 to e, 

n 
Afrottld be reckoned at a distance If, or f from a, i, e., ~ would be $ in this case. 

Now by this method of reckoning it is evident that the {n— 1) of the formula must 

be replaced by - , for n stands for the number of the term, which is one more 

q 

than the number of intervals between it and the first term. Thus the 4th 

term is 8 intervals from the first term. Making this substitution of - for »— 1 
the formula becomes 

Termtobeinterpolated=a-h ^A + l?/^-l^i),4. 1 -(- -l) (^-2^ 2)3 -fete. 

, 325m ScH. 1. — On this formula we observe that when the series of func- 
tions is such that the differences vanish, i. e,, i>a, 2>3, 2>4, or some order 
becomes 0, the formula gives an absolutely correct result. But when the 
differences do not vanish, the result is only an approximation. However, 
such is the closeness of approximation, that for practical purposes only 
second differences are usually needed, although sometimes third a^d fourth 
become necessary. 

Examples. 

1. Finding from the tables the logarithms of 232, 233, 234, 235, 
to be 2.365488, 2.367356, 2.369216, and 2.371068, required to inter- 
polate the logarithm of 233.4. 

SOLUTION. 



ABGUMEWTS.* 


FUNCTIONS. 


1st biff's. 


2d diff's. 


3d diff's. 


282 

288 
284 
285 


2.365488 
2.867356 
2.869216 
2.871068 


.001868 
.001860 
.001852 


-.000008 
-.000008 


.000000 



* In !<uch acasA the Dumber is called the Argument^ and its logarithm the ftinction. This 
means simply that the logarithm is a fhnction of the namber (or argameni). 
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In this caae a = 3.365488, A =.001868, 2>i = -.000008, 2>8=0,and" = g. 

Henoe we hare 

log 232 = a = 2.365488 

2 D, = I (.001868) = 
q 5 

|.P..(|-l)i>. = -g(.000008) = -. 

.-. log 233.4 = 
lictlj as it is in the tables. 



.002615 

000002 
2.368101, which is ex. 



2. Finding from the table the logarithms of 61, 62, etc^ interpo-' 
late the logarithm of 62.23. 

326 • 8cH. 2. — When second differences only are to be used, and four 
functions of the series are known, a conyenient and excellent formula is 
obtained thus : Let the four functions be a, 5, ^ <2, and let it be required to 

p' 
interpolate between 5 and e. Let ^ be the interval from h to the place of the 

term to be interpolated. Now if we compute from h, instead of from a, the 
preceding formula will become 

The interpolated function = 6 -h ^ j Di "^ 2 W ~ ^)'^* i ' 

in which 2>i is the second of the first differences, i, e,, the one which falls 
between h and e ; or, in general, if we tabulate the differences as above, it 
is the first difference which falls in the same horizontal line with the func- 
tion to be interpolated. Again, as the second differences are supposed to be 
different, it is best to take the arithmetical mean of the two, which mean 
will also fall in the same horizontal line with the interpolated function. 

3. Find by {326) the logarithm of 68.53 from the logarithms of 
67, 68, 69, 70. (See table.) 



ARGUMENTS. 


FUNCTIONS. 


IST DIFF'S. 


2d DIFF*8. 


MEAN OF 
2d DIFF*8. 


67 

68 
» 


1.826075 
1.832509 


.006434 
.006340 
.006249 


• 

-.000090 
"-.000091 " 


-.0000905 


69 
70 


1.888849 
1.845098 



Here we have 6 = log 68 = 1.832509, ^ = t^, 2>i = .006340, and 

q 100 

27, = — .0000905. The student should make the substitutions and oompaie 

with the table. 
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327* ScH. 8. — But it is not for interpolating logarithms that this 
method is chiefly used. For this purpose the method given in (190) is 
preferable. The student will readily discover that the method of {lOG) 
is identical with that just given if only first differences are used. When 
great accuracy is required, and the tables used give the logarithms to 8 or 
10 places, it sometimes becomes necessary to use mean second differences, 
as above. It is, however, in Astronomy that Interpolation has its most im- 
portant applications. Thus, suppose the Right Ascension (analogous to 
terrestrial longitude) of a planet has been observed four times at intervals of, 
say one day. By interpolation we may find its Bight Ascension at each interme- 
diate hour, or point of time. In this problem the Right Ascension is the function, 
and the time is the argument. 

4. The Eight Ascension of Jupiter to-day, July let, at noon, is 
lOh. 5m. 38.6s. ; July 2d, at noon, it will be lOh. 6m. 18.868. ; on July 
3d, lOh. 6m. 59.418., and July 4th, lOh. 7nL 40.24s. What will it be 
July 2d, at midnight ? 

SOLUTION. 



AROUMSNTS.* 


FUNCTIONS.* 


1st diff's. 


2d diff's. 


MEAN 

2d diff's. 


July 1. 
July 2. 
July 3. 
July 4. 


lOh. 5 m. 88.60. 
lOh. 6 m. 18.868. 
10 h. 6 m. 69.418. 
lOh. 7 m. 40.24s. 


40.26 8. 
40.55 8. 
40.88 8. 


0.20 6. 
0.28 b. 


0.2858. 

• 



In thlB case ^ = h > ^ = lOh. 6m. 18.86s., Di = 40.558., and Dt = 0.285b. 
q A 

The answer is lOh. 6m. 80.1s. 

5. To-day, July 1st, at noon, the moon's declination (distance 
from the celestial equator) is 6° 38' 10".8 north ; at 4 o^clock it will 
be 5° 45' 61".3 ; at 8 o'clock, 4° 63' 7".8 ; at midnight, 4° C 2".8 ; and 
at 4 o'clock in the morning it will be 3*^ 6' 38".7. Interpolate for 
the intermediate hours. 



* In this example the argument is the Hmt^ and the function is the lUght Ascensionf i. «., 
the Right Ascension is a ftinction of the time. 
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SECTION II. 

PERMUTATIONa 

328. CtunMnixHans are the different gronpB which can be 
made of m things taken n in a grcmp, n being leas than m. 

III. — ^Taking the 5 letters a, b, c, d, e, we haye the 10 following combtnanmiS 
when the letten ue taken 8 in a group* or, as it is nsnally expressed, talEen 3 
andS: abc,aM,abe,a6d,a6e,a^,bed,bee,bde, ede. Taken 2 and 2, we have the 
loUowing 10 oombinations : ab, ac, ad, ae, be, bd, be,ed,ce,de. It is to be ThoHeed 
that no two eombinaUoni cotUain tKe $ame letten; i. e., thej are different groups. 

329. Permutations are the different orders in which things 
can succeed each other. 

III. — Thus the two letters a, b have the two permutati<m3 ab, bet. The three 
letters a, b, c have the 6 permutations abe, adb, cab, bae, bea, eba. 

330. Arrangements are permutations of combinations. 

III. — Taking the 10 oombinations of 5 letten taken 3 and 3, and permuting 
each oombination, we get the arrangements of 5 letters taken 3 and 3. Thus 
the combination abo gives the 6 arrangements abe, adf, cab, bae, bea, eba. In like 
manner each of the 10 combinations of 5 letters taken 3 and 3 wiU give 6 arrange- 
ments ; whence, in all, 5 letters taken 3 and 3 have GO arrangements. 

33 IL JProp. — J7^ number of Arrangementa of m thinge taken 
n and n is j 

>fel5n-l)(m-2)(m-3) (m - n + 1). 

Bem. — ^Let us consider the number of arrangements which can be made of the 
fn letters a, b, e, d^ etc., tak^i 2 and 2. Letting a stand Jirst, we can have ab, or, 
ad, etc., to m — 1 arrangements. Letting b stand first, we can have ba, be, hi, 
etc., to m — 1 arrangements. Thus taking each of the m letters in turn we can 
have m—\ arrangements in each case, or m (m — 1) arrangements in alL 

Again, each of these m (m — 1) 2 and 2 arrangements will give m — 2 arrange- 
ments 3 and 3, hy placing before it »&ch.of the letters not involved in it. Thus 
we have m (m — 1) (m — 2) arrangements of m letters taken 3 and 3. 

Once more, each of these m (m — 1) (i» — 2) 3 and 3 arrangements will give 
m — 3 arrangements 4 and 4, by placing before it each of the letters not involved 
in it. Thus we have m(m — 1) (m — 2) (m — 3) arrangements of m letters taken 
4 and 4. 

Finally, we observe the law ; i.e., the number of arrangements is equal to 
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the eontiniied pfodnct of f»(m — l)(4i>--2) (m — 8) • - • • |m— (n — 1)} or 

m(w — 1) (w — 2) (w — 3) - - - - (w — » + 1), 

332» Cor. 1. — ITie number of Permutatiang ofm. things is 

1»2»3«4 - - - - nL 

This 10 evident since arrangements become permutations when tlie number in 
a group is equal to the whole number considered ; %. e,, when n = m. 

333. Cob. 2. — If ]p of them letters are alike (cts each a), q others 
alike, r others alike, etc., the number of pomutdtions is 

1»2»3»4 - - - - m 

|p X |q X [r X etc. * 

Thus consider the permutations of a, 5, c, d, viz., abed, hacd, aedb, heda, acM, 
head, aMc, hcuUi, adcb, bdea, etc. Suppose b to become a, then since for any par- 
ticular position of c and d, as in abed, there are as many permutations of the four 
letters as there can be permutations of the two letters a and b, viz., 1 x^ ; if b 
becomes a there will be 1 x 2 fewer permutations when these two letters are 

alike than when they are different, i. e., — -^"q"" • 

So, in general, if p of the letters are alike, there will be 1 -2 • 3 - - - - 1>, or 
|p fewer permutations than if they are all different, etc. 

33d. Cob. 3. — TTie number of Combinations of m things taka^ 
n and n is 

m (m — 1) (m ~ 2) (m — 3) - * - » (m — n + 1) 

1.2.3.4 n 

Since arrangements are permutations of combinations, the number of ar- 
rangements of m things taken n and n is equal to the number of combinations 
of m things taken n and n multiplied by the number of x>ermutation8 of n 
things. Hence the number of combinations is equal to the number of arrange- 
ments of m things taken n and n divided by the number of permutations of n 
things. 

Examples. 

1. How many permutations can be made of the letters in the word 
marble? Of those in homef Of those in logarithms? 

2. How many arrangements can be made of 10 colors taken 3 and 
3? Of 7 colors taken 2 and 2 ? Taken 3 and 3? 4 and 4? 5 and 
6 ? 6 and 6 ? 7 and 7 ? How many mixtures in each case, irre- 
spective of proportions ? 

3. How many different products can be made from the 9 digits 
taken 2 and 2 ? 3 and 3 ? 4 and 4 ? 5 and 5 ? 6 and 6 ? 7 and 
7? Bands? & and 9? 

\ 
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4. How many different numbers can be represented by the 9 digits 
taken 2 and 2? 3 and 3? 4 and 4? etc. 

5. In a certain district 3 representatives are to be elected, and there 
are 6 candidates. In how many different ways may a ticket be made 
up? 

6. There are 7 chemical elements which will unite with each other. 
How many ternary compounds can be made from them ? How many 
binary ? 

7. How many different sums of money can be paid with 1 cent, 1 
3-cent piece, 1 5-cent piece, 1 dime, 1 15-cent piece, 1 25-cent piece, 
and 1 60-cent piece ? 

Sue. — ^If taken 1 and 1, how many ? If 2 and 2, how many ? If 3 and 3, etc.? 
How many in all ? 

8. In how many ways can 12 ladies and 12 gentlemen arrange 
themselves in couples ? 

9. If you are to select 7 articles out of 12, how many different 
choices have you ? 

10. How many different sums can be made from 1, 2, 3, 4, 5, 6, 
taken 2 and 2 ? 

11. How many permutations can be made from the letters in the 
word possessions? (See 333,) How many from the letters 
in the word consistencies? 

12. How many different signals can be made with 10 different- 
colored flags, by displaying them 1 at a time, 2 at a time, 3 at a time, 
etc., the relative positions of the flags with reference to each other 
not being taken into account ? 



Probabilities. 

335. The Mathematical JProbability of an event is the 
number of favorable opportunities divided by the whole number of 
opportunities. The Mathematical Improhatility is the number of un- 
favorable opportunities divided by the whole number of opportunities. 

III. — A man draws a ball from a bag containing 5 white and 2 black balls ; 
the opportunities favorable to drawing a white ball are fimt and the whole num- 
ber of opportunities is seven ; hence the mathematical probability of drawing 
a white ball is ^. The mathematical improbability of dravdng a white ball is f 
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Examples. 

1. I learn that from a vessel on which my friend had taken pass- 
age, one person has been lost overboard. There were 40 passengers, 
and 20 in the crew. What is the probability that my friend is safe ? 
What the improbability ? If I learn that a passenger is lost, what 
then is the probability that my friend is safe? What that he is 
lost? 

2. A man fires into a flock of birds of which 6 are white, 4 black, 
6 slate-colored, and 3 piebald. If he kills one, what is the probability 
of its being a black bird ? What the improbability of its being pie- 
bald ? How much more probable is it that he will kill a white than 
a piebald bird? A black than a piebald ? 

3. Twenty-three persons Bit around a table. What is the proba- 
bility of any given couple sitting together ? 

III. — Call the two persons A and B. Then wherever A may sit, there are 22 
others who may sit beside him in one of two places (on his right or left). There 
are therefore 2 favorable and 20 unfavorable opportunities. 

" 4. What are the odds against the fourth of July coming on Sun- 
day in any year taken at random ? 

Suo. — The odds ctgcdnst an event is the ratio of the unfavorable to the favor- 
able opportunities. 

6. The moon changes about once in 7 days. What is the proba- 
bility that a change of weather will come within 3 days of a change 
in the moon ? 

" 6. The letters a, e, m, n, can be arranged so as to form four words, 
viz., mane, mean, name, amen. If they are arranged at random, 
what is the probability of their forming a word ? What the " odds 
against" their forming a word ? 

^ 7. Show that the probability that a leap-year will contain 53 Sun- 
days is f . 

8. Three balls are to be drawn from an urn which contains 5 black, 
3 red, and 2 white balls. What is the probability of drawing 2 
black balls and 1 red ? 

Bug's. —The first question is, How many opportunities in all ? That is, how 
many different groups (cornbinations) can be made of 10 balls taken 3 and 3. 
Second, How many opportunities favorable to drawing two black balls and one 
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red at the same time ? There are 6 black balls, and these can be combined 2 and 

2 in —^ f or 10, ways ; and as one of the three red balls can be obtcdned in 3 
1 -2 

ways, each one of these combined with one of the 10 ways of obtaining the 

black balls will give 10 x 8, or 30, favorable opportnnities for selecting the balls 

as desired. The probability Is therefore -ffa, or i, 

9. If from a lottery of 30 tickets, marked 1, 2, 3, etc., 4 tickets are 
drawn, what is the probability that 3 and 5 are among them ? What 
are the odds against it ? 

Sxio'b. — ^From 80 how many combinations of 4 and 4t From 28 how mimy 
combinations of 2 and 2 ? Odds against drawing 8 and 5, 143 to 2. 

10. A bag contains a 15 bill, $10 bill, and 6 blanks. What is the 
expectation of one drawing ? That is, what is one drawing worth ? 

SUG. — The probability that one draught will take the $5 bill is i, and hence 
is worth IJ. The probability that the $10 note will be drawn is also i, and 
hence this eoDpeetoHon is $V^. The entire expectation is therefore $V-> or 
$1.87^. Hence a gambler who should sell such chances at $2 each, would in 
the long ran make money. 

11. What is the expectation of a draught from a bag containing 5 
$2 bills, 4 $5 bills, 2 $10 biUs, 1 $100 bill, and 50 blanks P 

12. In a given bag are 5 12 bills, 8 15 bills, and 6 blanks. What 
is the expectation of 2 draughts ? 

SuG's. — There are - * = 91 opportunities, or ways in which 2 things can 

be drawn from 14. 

5 • 4 
There are z — jr ways in which $3 bills mat/ be drawn. Hence the probability 
1 • 2 

of drawing 2 $2 bills is }f , and this expectancy is f ^f . 

In like manner the probability of drawing 2 $5 bills is ^, and this expect- 
ancy is $ff . 

The probability of drawing 2 blanks is ^, and this expectancy 0. 

The probability of drawing 1 $2 and 1 $5 bill is i^, and this expectancy is 

$w. 

The probability of drawing 1 |2 bill and 1 blank is J?, and this expectancy 
is IJ?. 

The probability of drawing 1 |5 bill and 1 blank is Jf , and this expectancy 
is Ut 

The entire expectancy, or worth, of 2 draughts is therefore H + J?^+W- + ft 
H- S^ dollars, or $3.57|. 

Observe that the sum of all the probabilities, t. e., i^ -h ^ -\- ii + ii -¥ i^+il, 
is 1, as it should he. 
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That the probability of drawing 1 |2 bill and 1 $5 is ih ifi Been th«0 : There 
are 5 opportunities fayorable to drawing 1 |S bill, and with each at theae there 
are 3 opportunities favorable to drawing 1 $5 bill. 

13. There are 4 white balls and 3 black ones in one bag, and 2 
white ones and 7 black ones in another baig. What is the probability 
of drawing a white ball from each bag at the first draught from 
each? 

Solution. — There are in all 7 opportunities of drawing a ball from the first 
bag, and with each one of these there are 9 opportunities from the second 
bag ; hence there are 7 x 9, or 63 opporttudtie« in all. Again, there are 4 favor- 
able opportunities for drawing a white ball from the first bag, and with each of 
these there are 2 favorable opportunities for drawing a white baU from the 
second bag ; i, e., there are in all 4 x 2, or 8, favorable opportunities. Hence 
the probability is /a . Notice that this compound pfobabiiUy ia the product of the 
two simple probabUitiee. 

14. The probability that A can solve a problem is -J, and that B 
can do the same is ^, what is the joint probability p 

SuG*s. — The student will observe that there are 4 possible results, viz. : 
1. Both may succeed, of which the probability is -jk; 2. A may succeed and B fail, 
of which the probability is H ; 3. 5 may succeed and A fail, of which the prob- 
ability is ^-; and 4. Both may fail, of which the probability is H, Now eitTier 
the first, second, or the third result will give a solution. Hence the probability 
of success is A + if + A" = If, or ^. 

This result may be more expeditiously obtained by considering that they 
will succeed if both do not fail. The probability of A*s failure is f , and of B*8 ^. 
Hence the probability that both will fail is ^ x f, or f^; and the probability of 
success is 1-^f, or i, 

15. It may be said that on an average 10 persons will die during 
ilie next 10 years 

Out of every 62 whose present age is 30, 

« « 35 " « 50, 

« « 25 " " 60. 

What is the probability that a person who is 30 will live till he is 
60 ? What that a person who is 40 will live till he is 70 ? 

Sug's. — Let us examine the probability that the man who is 30 will die before 
lie M 60. The probability that he dies before 40 is ^, and that he lives to 40 
f J. Now the probability that a man who ia 40 dies before 50 is H. Hence the 
probability is J^ of f J that this man lives to 40 and dies between 40 and 60, or 
it is 4^ of £} that he lives to 50. Finally, the probability that he ^ies betweeji 
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60 and 60 is if of H of }}, or it in ft of ft of H that he Uvea from 60 to Oa 
Hence the probability that a man who is 90 will die before he is 60 is 

44 + Hxi*H-ttx»xi».ori^8; 

and, oonsequentlj, the probability tliat he will live is 1 — if J, or iff; i. «., it is 
a little more probable tliat a man who is 80 will die before he is 60, than that 
he will live to 60. 

16. What is the probability that two persons, A and By aged re- 
spectiyely 30 and 40, will be alive 10 years hence ? 

Bug's.— <nianoe of A*9 being alive (f , of B$ Hi of both f | x \%, or if}. 
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••25 



38oo 
5675 
7543 
9401 
1253 
3096 
49^3 

ti' 



0393 

7568 
9343 
1112 

2873 
4627 
6374 



81 14 

'^l 

3292 
5oo5 
6710 
8410 
•102 
1788 
3467 



5i4o 
6807 
8467 
•121 
1768 
3410 
5o45 
6674 
8297 

99U 



1 525 
3i3o 

6323 

7909 

1066 

2637 
4201 
5760 




3io5 

3988 

5863 

9*87 
1437 
3280 
5ii5 
6943 
8761 



0573 

3377 
4174 
5964 
7746 
9520 
1288 
3048 
4802 
6548 



8287 
••20 
1745 
3464 
5176 
6881 

8579 
•271 
1936 
3635 



5301 
6973 
8633 
•286 
io33 

3574 
5208 
6836 
8459 

••75 



i685 
3290 
4888 
6481 
8067 
9648 
1224 

^ 

5oi5 



3oi4 
4981 




0829 
2761 
4685 

t^ 

•404 



3294 

4176 
6o4q 
79i5 

977a 
1622 

3464 
5298 

7124 
6943 



0754 
2557 
4353 
6142 

^ 

1464 

3224 

4977 

6722 



8461 
•192 

^l 
5346 

705l 

8749 

•440 

2124 
38o3 



5474 




1846 
345o 
5048 
6640 
8226 
9806 
i38i 
2950 
43i3 
6071 

8 



3313 

5178 

7i35 
9083 

1023 

2954 

4876 

t^ 

•593 



3483 

4363 
6236 
aioi 

r^ 

3647 
5481 
7306 

9124 



0934 

4^33 
6321 
8101 
9875 
1641 
3400 
5i52 
6896 



8634 
•365 
2089 
3807 
5517 
7221 
8918 
•600 

229i 
3970 



5641 
7306 

6064 
•616 
2261 
3901 

5534 
7161 
6783 
•398 



2007 
36io 
5207 

3io6 
4660 
6226 



3409 

5374 
7330 
9378 

I3l6 

3i47 
5o6i 
6981 

8886 
•783 



3671 
455 1 
6423 

8287 

•ui 

m\ 

5664 
7488 
9306 



iii5 

2917 
4713 

6499 
8279 
••51 

1817 
3575 
5326 
7071 



8808 
•538 
2261 

^ 

73oi 
9087 

•777 
2461 

4137 



58o8 

7473 
9129 
•781 
2426 
4o65 
5697 
7324 
8944 
•559 



2167 

3770 
5367 

•122 
1695 

3263 
4825 
6382 



36o6 
5570 
7525 
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1410 
3339 
5260 
7173 
9076 
•97a 



3859 

U^o 
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•338 
3175 
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5846 
7610 

9487 



1396 

3097 
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84S 
•228 

550I 
7345 
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3433 

4149 
5858 
756i 

9257 

•946 



202 

43o 
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9295 
•045 

2590 

4228 
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7486 
9106 
•720 



2328 
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5526 
7116 
8701 
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i852 
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4981 
6537 
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7419 
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4473 
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ANSWERS. 



PARTI. 



[NotB.— The fhll-fiiced fignres in connection with the nnmber of the page refer to the Arti- 
cles in the text. The nnmbers in parenthesis in the parajEraph refer to the particular Example. 
* * * indicate that it is not thought expedient to give the answer.] 



AI>I>ITION. 

(Page 13, es.) 
(1.) -7a. (2.) 4a»-6*+a«6H-a6«-|-26'-3a3. (8.) 15caV4-2&a«a:«+ 

7maj«y*. (4.) 4B^-a?*+(x»*+5a?«y-a5-aj»-3. (5.) x, (6.) 5c«-aj^+2«*. 
(7.) (a4-<5)?+(m—5a)y (8.) (2a+26H-8c— 3^4-6— 2»>»^+(12a-*-4/iH-2)y^. 

(».) (a-+-ft+l>B«+(6-«-|-l)ajy+{«-&H-l)y*. (10.) (aH-mX«+y)-l-(&-w)(a;-y). 
(11.) 3(m-|-n-2) V«^. (12.) aa?"*+(3-.m)y-J4-3tf. (18.) f t^/i^-a;*. 

(14.) 0. (16.) S^'+iy"*-**'*. (16.) (a+6+c) V»«=F. (17.) 2(a-2w)aj* 
+3(w-l)y*+8<'2. 



(Pagb 15, 75.) 

(2.) a?»-faj«-2aj-8. (8.) -2(a>«+flKr). (4.) 6aj^+2»^. (5.) 4ajV- 

(«.) 10 y'l+S'-fWy^. (7.) a(y«-y)H-(10-ir) VaS. (8.) &i'(a;-&)-4 Vwm-t-2. 

(t).) 2 y'flt-A— Va&. (10). a— 5+c+rf; 5^ ; a— 5-hc— <f; and 8fi4-9ft. 
(11.) '^ » ». 
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MULTLPLICATION. 

(Page ^0, 87.) 
(1 .) 72a»te»y«. (2.) 24f»•+»aJ•+•+•-^ (S.) lOOaj^y* ; and - Qa**** 

(4.) m* ; 1 ; a« ; ifi^ ; a^ ; «**. (6.) 3a*+10fl*-86*. («.) «*+«*y*+y*. 
(7.) i»«-8m*»V4-»«4-<>«. (8.) a«»-a"»+"+«*+*-a-+*+a-+»-a». (9.) «*- 

(10.) x«-y«. (11.) a^6"^H-l. (12.) 20a6*+30a«'-^+-6--^«+' 

-lOoZ-^+^-ty— — -ISa-^^i'-T-'. (18.) • ♦ ♦. (14.) * * * 

(15.) -a*+2a*&«-&*+2(a*+&*)c«-c*. 

(Page 21, «^*) 
(8.) Ca*-10a»aJ-22rt*a:«+46««'-20i;*. (4.) 4a»-16a»6«+10a*6«H-15a5* 

-256*. (5.) a*-x*. (6.) aj»-5«*-4-10«»-l(te«H-5«-l. 



nirisiox. 

(Page 24, 105.) 



(1.) ^A, , . ; (^) . ; ^^., _; ,^ ^^. (2.) _; -^^, J. 



-—i « -i-^t 



.)***. (4.) Lasttwo. J»-«"-ft^-*-6-&^+";«* -2a?"* + &»— . 

(5 to 11.) • ♦ • (12.) {^+y)\ (13.) ♦ * *. (14.) ♦ * ♦. (15.) tf+6. 

(16.) a*-- «&^'^»<-— a««*-« ':;V-i-.Vc*. (17.) ^•H-rt/*»». (18.) mj;=»-f-wa;*-h 
wa-+w. (19.) ^*-2;r + A-. (20.) aj^-a;*y*+y^-«V-y^«*+ «*. 

(Page 26, JO^.) 
(2.) x*-nax+4a*. (8.) 2a3+4^**+8a+16. (4.) %«-4a;«. (5.) x^^x^p 

(Page 27, 107.) 

(3.) 2y4_8y3^i2yi_8y^2. (4.) x^-hx''p+x*y^+x^p^-{-x*p*-^xj^-htf^ ; 

1 + i,. + a;« + aj=« + «* + aj^ 4- «« 4- a;^ + aj« etc. (5.) ♦ * *. (6.) * * *- 

(7.) * * ♦. 
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FACTOBINQ. 

(Pagb 31, 122. 

ExamfTjBS in factoring are, in general, of such a nature tliat tlie answers can- 
not be given without destroying the utility of the problem ; hence only the fol- 
lowing are given : (28.) k^y''-K^m^yV+k^m^y^z'^--k^m^ysr+k^m^y%^ 

-k^m^y^e+rJzK (24.) x^-x\^^*'{-x^y^-x^\'^+x^y^'-x^y^'^+y^ . 

(26.) ♦ * *; l-a={l+ Va) (l- Va) ; 1 + a is divisible hjl-h i^, 1+ Va, 

etc. (27.)10a(?l«j)*. 



m 



GREATEST OB HIGHEST COMMOy DIVISOB, 

(Page 84, 124.) 
(1.) 13. (2.) 12. (8.) 3. (5.) 2kH'm^. (6.) 2a*b. (7.) x^yk' 



(8.) a^y. (10.) 46«j;-4!»*. 



(Page 38, 129.) 



(8.) aJ-1. (4.) oj+l. (6.) 2a+3aj. (6.) 2a-6. (7.) 4(x*"2xy-¥y*y 
(8.) 2aa;»~6aa;«+10a<»-2«. 

(Page 38, 130.) 
(1.) aj+6. - (2.) 2(aj+y). 



LOWEST OB LEAST COMMOK MVLTIBLE. 

(Page 39, 132.) 

(2.) (a+6)»(a-5)*. (8.) a;*-4 (4.) 4(a*~2a*+l). (5.) 4959a»&«a;»y» 
(6.) l-18a+81a*. (8.) (aj3-39aj+70)(a?-10). (9.) (a?-l)(aj-!-2)(a;-3). 

(10.) (a=-4a*6+9rt6«-1063)(a+4&). (11.) aj'»-14a;»+71a5«-154»+130. 

(12.) r'»+7aj*-i(te'-70a!*+9«-h63. 
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JFBACTIOX8. 
(Paob 48, 167.) 

a.) • • •. (2.) ♦ * ♦. (3.) 1+x+x* +«»+ etc. ; aj«+10- ~, ; 

•I? "n^ 

+ etc.; a+x; ;«»+ !+!»-•+«-*•+«"*"+ etc.; l—na-*»+n*a-**—n*a-** 
+n*a--—n*a-^+ etc. (4.) 8 • 7-'a-'y ; (m+n)"+»; e'*!-"*"; 

•<lz£). («.).... (7.).». (8.)<J^±4i2^): i(^I' 



(l-a?«)» .J rn^m^-n^) n*(m*-n*) 



^to /to. 2(l>a?'~16) 0g*(ag-4) &r(2+ar ) /iox«+*. 

eiic ^1-.; 8^9j.,_iej» ac(9aj*-16)' 82(a«'-16)* ^*®'' «6c ' 

10a* ^ x' adfh^hefh m^+mn*—m*n ^ afd-k-ae 

2Qb*y* -^7e*x* ' 9+3xy* ' bd^^^Mfy * m^ ' W+^eTcf' 

.--.886a e{x-7) 2 6«+l . 

8aj«+2a?4-13 ^ /^-.2(a«+«*) , 2dbx^Scx* ,.^, 3&«-2a«6-2/?-3 

2 3a;»+2(te»— 82a;--2a5 ^, 2a+<f+e y-pa -3mpy« 

?±?. (18.) 0. (19.)^: 4; j,^A_. (20.) Ox+ *Lt? ; 

4<»> ,a< X ae-8 /aox^rt. ^+6*. - a'-ffg+ffy-yy 

(a_6)f ^"•\a,t_i)(3x+3)' ^**-' 8 ' ~T~ ' *' ft'-te+Ay-ay' 

^•; |. (28.)«-'4.6; -*. ; ^, ; l-.' ; ^. (24.)^1>\. 
(aK— .)&»(— i'))(2a"«-8&)' ' <« ' a»^ae^e« 6« ' "^^ ' '* 

.«, . 91a» 1 . , ,-„ . Tg'i* 1 JL 



li 
r 
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x—a 1 hc(c—h)* ,„^, ^ 

(29.) ! + «•+«*; 3(a-f«; — ; ^^^ ; -^17^^^^- (30)^' 

-m*n-^+mn-*'-7r^; ^J^'' , : o«-2ac+c'-6« ; 1. (31.) 1. 
(82.) 1. (88.)a-«-a-»6-'+b-«-a-»c-»-6-'c->+c-». (84.) ^^^^^^-^^^ ; 

i/^E? ; P^, (87.) +. (88.) -. (89.) +. (40.) 1; 
2a*— ax— ay; 1; ((**—&')'. 



INVOLUTION. 
(Page 59, IdO.) 

(1.) 9a«; 4aV; ^^; ^aa!« ; -j-*; j; ^. (2.) l-2«+3«*-2a!»+!r*: 

1 

4a«-12a:B"'» + 9aj«. (8.) 9-12aj-2a5«+4B»+aj*; 27aj6-27a5* + 9aj«-l; 1-2** 



1 



u 



6 W ; 6^.^yT ; _L_ . (5.) 250*' ; 6m»«?; <1220a! ; _^ ; 



.a. pt 



|-r- ; -111- . (6.) a?^ +7a:«y+21aj»y* H-35«*y»H-35» V+21» V +7ii:y« -hy' ; 



fl'2; — — 

aibrni 

x*-4x^y-\-ex*y*-4ay^'\-y* i 27a«-27a*aJ+9a*aj«-a;» ; aj-»-5aj-VH-15a?-V*- 
35aj-«y« -h 70aJ-V* - etc. ; flJ"* + 4aj-«y + 10^?-^*+ 20aj-Ty» + 35a?-8y* + etc. ; 
I a.« «* x^ 5a?» , 1 ^ «* a. ^'** ^ ^"^^ ^ ^^'*' 

;U^^--^4— ^-T , + etc.; -H-o^+g^ + iejT + iay^ 



2-5* 8-5* 16-5* 128-5* 

1 A 3fl; 6a;* 10a;'' 15a?^ 
+ etc.; l-4a?«+6aj*-4aj6H-a;«; ***; ^^1+-^ + ^■*"-^r + -^ 

I.V, ***; **♦. (T.) 



• ~fn *- ••*. •»« fpr^#**** 



EVOLUTION. 
(Page 61, 195.) 
(1.) 2.2.3-59 = 472; 273=146; 57. 67=2345; ***; ± {a - e • {a -{-h)} 
r=±(a*e-habc) ; * * (8 to 6.) * * * ♦. 
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(Paok 65. 197.) 

To giye the roots in problems in evolution would be to destroy the benefit of 
the exercise ; hence they are omitted. 



BEDUCTIOIf OF MAI>ICALS. 

(Pagb 70, 20r.) 

(!.)♦♦**. (2.)*; i^; •; *; *; 4^;-;~(«'-*^')*; * * • * * *; 

■^ r 15(»*— y*). In such examples be careful to leave only integral 

forms under the radical sign, in the reduced expression. (8 and 4.) * * * *> 

VJ = V'i. (6.) • ♦ ♦. a»A -^) *=(«•-&•)*. («.) V^ and l/9 ; 

i. ?zl 

*♦*•; V(ii:^ and V5+y. (7.)***. (8) '^ ♦^ ; * * * * ; ^^^^^^ J 

o y 

«— y ' 2 



2(^+^H.^6); ^ llV2-4iT5; SJllli^O + 8 4^ + 2 V6 . 



2 



+« " y^+a>'y+aV+a?*y"+aj*y*+»V +* y* + ^ +* y + « 

+/^; (f'8+4^-.i^5)(8-2i^). (11 to 18.)*** 



idi_*aii^ 



COMBINATION OF BADICALS. 

(Pa«e 74, ;»17.) 

(l.)»** (2.)»*»; 5r5 V- (8.4,5.)***. (6.)^^; 

* 1», 10, •__ 
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lVl9T3^^ 8V^; 80; 12^3. (7.) 41; x+y; 346+58^30 

-44^5-36^6; 8 t'^O - 12 V^- - VlSO + 12. (8.)}VlO; 4t'9; 

VTi^; iV^. (9.) V+iV2; 3»Vi; Ji^6 + 4^; &i^; Tj' 
j,4g^/«— 1; V-a + VS + l^; 2^'. (10.)^^; 

^hii^x; -AVlT; 5-2 i^; 27(a-aj) VS=5 ; a*-8a5*+8a*6-6* 

• 6 / — r~ «/ — 8 — ^. • 

(ll.)9a?VV; i«*^; &y 5Vy ; 2y7ajl/aS"; i'T^T; tV3125a; 
iV^S; (12.)2+3i^; 2^8+8^5"; aVx-^Vax; ♦**. 



IMAGINARY QUANTITIES. 

(Page 78, ;?23.) 

(2.) 12( i^+1) i'^^ ; 19tf V^ ; (46' +8c) i^. (4.) ( 4^± Jj) ♦'^. 
(o.)lV^; 12( VT- 1) 4^^ ; llai^^; (aVT'-'eVd)V^. 

(6.)lV^. (7.)5^2/=T; ICi^i^^; li^^; ^V^. 

(Page 79, ;?;?5.) 
6-7VZ4, andoV^-l; 2a+( V^+ 4^ V^, and ( VT- 4^ V^. 



MULTIBLICATION ANI> INVOLUTION OF 

IMAQINABIJSS. 

(Page 80, J?;?tf.) 

(2.) -ajy ; -12 VTF ; -6 4^. (8.) 12 4^ V^. (4.) 89-2 4^=T} 
2. (5, 6.) ♦ ♦ * (7.) 288 4^ V^ ; 972 y^ V^- &) ^"w^- 



DIVISION OF IMAGINABIES. 

(Page 81, ;^;?7.) 



(3.) - 1 vTf im ; - 1/a i^-l. (6.) 



a«-d« 
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PART IL 



SIMPLE! EQUATIONS. 

(Page 87, 28.) 

86 h 



(l.)12; 24; 28i; 8A; 8; 4; 



8a-26' 






(SB.) O + ^T-. 0. — =:— . -&ZS-' 9a*+ab-ac+h<> ' 



m 






(8.) J; 4; 4; 41. 



c«-26c; 16; 5; 4(«-l); 8; 1; «; «; 8; 

Am* 



2aVb 






2.9; 2}f. 

2k« 

28p+^* 

(4.) 81 

81 

-; 4 
a 



2a ' 



16' 



(i»+l)* ' 
8a 



.|(^-i)'; 



9 

7 



APPUCATIONS OF SIMPLE EQUATIONS. 

(Page 90, 33.) 

mns 



fW 



Cs 



(1.) A*B 84, 5*8 42, (Tfl 14. (2.) ^'s^-^^f^, -^Stt^ 



l+»+f»»* 



(8.) 80, 18. 



(« 4-^ 



2 



{U.)817.m.l2«8.a21»;3JL_. ^, f^\ f^ig). 



(8.) 35. 
mns 



a-k-h 



p+2— f»— n* 

(18.) 19, 80; 
a^mb-hmc 



(16.) 



«•» 



mpa^pa + m6— na + wmj 



m+n — mp+p 
a+&+m« am— 6— WW 



(17.) 8; 



ru+ms+mn 
(1&) 90; 
5«-ac 



2m 



w+1 ' 
(20.) 8. (21.) 



f» + l 
na 



(19.) 78,77; 



a— 264-«' 
a—mb—me 



ma 



m, 50; 14f, 28t, 42J. 
(80.) 60. 



(28.) 1200. 



2m 

(24.) 20, 40, 60; 16i 
(27.) 50. (28.) 5712. 
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SIMPLE EQUATIONS WITH TWO VN KNOWN 

QUANTITIES. 

(Page 96, 4:2.) 
(1.) «=10, y=8. (2.) 19, 2.t (8.) 16, 85. (4.) 7, 3. (5.) 7, 17. 
(6.) 8. 8. (7.) 18,9. (8.) -8, 19. (9.) -8. 1. d*) S' ^• 

(14.) («+»)•, («-*)*. (15.) 10,6. (16.) 18, 18. (17-) J. J-. 

(18.) g, ^. (19.) i, i. (20.) 20. 5; 6,8; 7,10; ^-78=0: 

y«-a8y+180=0; y«-4y»+lV-2Qy*+9=0. 



APPLICATIONS. 
(Pagk 98, 42.) 

(1.) 18f, 81J. (2.) 3. (3.) 20, 8. (4.) 5000, 6000. (6.) J. (6.) 24 

pm 4- gn—qmn pmn — qn—pm 



(7.) 29, 32. (8.) 5000, 6. (9.) 



mn—m—n ' m/i— w— » 



(10.) ^±^, ^^, (11.) 48, 16. (12.) 24, 82. 



SIMPLE EQUATIONS WITH MORE THAN TWO 

UNKNOWN QUANTITIES. 

(Page 101, 43.) 

(2.) 4, 8, 2. (8.) 2, 3, 4. (4.) 24, 60, 120. (6.) 64. 72, 84. (6.) 8, 2, 1. 

(7)25,55,05. (SO g^ > 2a. ' 2a& ' ^^'^ ¥ ' 

-T' S- '^^-^l' I' ^- ai.)2a,26,2.. (12.)^-^!^-^, 

1 1 .-«. 2&C 2ae 2ab .^ .. .^ 

(d-a)(6-c)' (c-a) (c-6) ' ^**-^~&Ti' "S+i' "a+ft' U*.; i^, o, 

7, 4. (15.) 2, i, 3, -1, -2. (16.) 8, 4, 5, 1, 2. (17.) 6+<j-«. a4-c-6, 
a+&— c. 



t Tha valnes of the unknown quantities are given in the order ;r, y, Zy etc. 
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APPLICATlONa 
(Pagb 102.) 
(2.)«8.a)ceiita,10ceiit8. ($.) £3000 at «. etc. (4.)^, ^, ^, 

^ . (6.) 142857. (6.) 26, 9, 5. (7.) 140, 60, 4S, 80. (8.) 18A, Uh 
23/r, 80. 



<Pagb 106, SO.) 
(1)3; ^; ^; Y;x+y; j^; -; «-6. (2.)^; 2; 3-; g^; 
^ ^^ ^ ^ (8.) 5:11; l:a«+6«; 2(a-a;) :(«+«). (4.) 9:25; 



a;+y' 9* 5m* a-6' 

a«:6«; 27:125; a»:6»; 5:4; V3:V7; Vm:Vn; 3:4; V'* : ty. 
(5.) The former. (7.) 4:1. 



PJJOPOJBITO^r.— APPLICATIONS. 
(Page 111.) 

(8.) 13, 26, 39. (4.) 8,6. (5.)^ + |^, ^-^. («.) 130, 160, 20a 

(7.) 8:9. (8.) 252. (9.) 56, 84, 70. (10.) 20. . (11.) 150. (12.) 300. 
(14.) 8h. 49^^!., 8h. 823^m., 3h. 16-iVm. (15.) Every l-fi hoars, -ft hours, 
and l-tV ; or 11 times in 12h., 22 times, and 11 times. (16.) No ; since it takes 
the minute hand liV hours to gain a round, and fy to gain half a round. 

(17.) 8:45 A,M. (18.) 1st. -^^zi^, M-^' * w^^' w^^^' ' 

a-Hnt 8-{-a-¥n U 2s+a-^ mt 9— a— mi 2s—a—mt 

I— a+if2 2«— a+ir< 



Jf-TO • ir-m 



, etc. * * • 



ABITSTMETICAL mOGBESSION. 

(Page 117, 8S.) 

(1.) 83, 903. (2.) -39, -384. (3.) ?^ , ^^^gti) . (4.) 0, 5zi 



V 
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(5.) 193- 243.393. 343. .393. 443. (7.) -46, |. (8.) 100. (9.) ?^±?, 



OEOMETBICAL PROGRESSION. 

(Page 120, 90.) 
(1.) 46875, 58593. (2.) 6, 18, 54, 162, 486. (8.) 16384, 21845H. (4.) -^tf, 
-ih (6.) i S, f J, §1. (e.)¥; .3; t8; *}. (10.) — At[(-!)«-1J; 
!Sm; I; WW; S. 



(Page 124, 95.) 
(?.) «««. (12.) 18. (13.) «=i^«. 



HARMONIC PROPORTION ANI> PROGRESSION. 

(Page 126, iOO.) ♦ 
(6.) *, A, A. 



PURE QUADRATICS. 
(Page 128, -£0«.) 
(1.) ±4. (2.) ±5. (3.) ±V2a6-&». (4.) ±V6. (5.) ±f»V8, 
(6,) ± 6. (7.) ± |/^. (8.) ± V33. (9.) ± ^ Vs. (10.) ± 8 V^^ 

(11.) . t V3io. (12.) .J. (13.) ^^. (14.) . «J^\ 

APPLICATIONS. 

,- ± w 1^ ±nV7 

a.) 13,20. (2.)-*tal/3. (3^^^,===, ^^f^^^ ' 

18.12- , 40.51 + . (7.) 149,247.2 + miles from the surface of the earth (8.) 240. 
/9,\ _i?l!l_ from A. (10.) -^^^ from the louder beU. 

Vi±Vvi V3±i 
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AFFECTED QUADRATICS. 

(Page 133» 114:.) 

(1.) 8, -3. (2.) «, 2. (8.) «(2± Vfl). (4.) 8, -1. (5.) 2 ± l^^^iil 

(6.)1, -fl. (7.) 3,-1. (8.)7,i (».)^. -^ (ll.)3,-6S. 

(12.) 5, -»^f . (18.) "^ . (14.) I, A. (15.) llSli, 6. (18.) 2, -». 

(17.)^. |. (18.) i(-l ± Vl^). (19.) 4, i. (20.) ia(-3 ± t^^> 

(21.) ± t V3. (22.) 8. -f. (28.) ^^ . ^' (24.) 4, -5- 

(25.) 12, 4. (26.) 4, i (27.) 7.12-*-, -5.73+. (28.) Ja(l±3 V^. 

(29.) 1, A-. (80.) 6, 3. 



HIGHER EQUATIONS SOLVED AS QUADRATICS. 

(Page 136, 122.) 
(1.) ±3, ±3 V^. (2.) 2 ; the other four roots not required. (8.) ± m*. 
(4.) 37. (5.) 121. (6.) 64. (7.) 6-. (8-) ± 8. (9.) ± V^, ± V^. 

(10.) v'K-i * V5?i). (11-) 4, v^. (12-) }4^-* * ♦'JSm^O [ *• 

(18.) V^(7rVTO)*. a*-) 243, (-28)1 (15.) 1«. HW: 

(16.)j4(>*V6nH5i)(*. a7-)8.f. (18.)?^.J/rf. a9.)l. 
1, 1 ± 2 Vi«. (20.) «. -12. (21.) 8. -t, i(5 ± VmS). (22.) 4. «9. 

(28.)i(l±V6). (24.)|(l±V6). (25.) 8, i, 4(-8 * V55). (2«.)2,U. 

1(7*4^). (2')|t^:^- (28) «. -1. 2 * ♦'=55: (2».)«.-2. , 
4(3 ±4^316). (80.) 2, 3,1. (81.) 2. -I, i(l ± 4^=43). (82.) 1, -8. -8. 
(88.) 2, 2 ± ■/=!. (84.) 6, 4 ± VtI (85.) -2, -1, -5. (80.) 6. 20. 8. 
(87.) 6,4, 5. (88.) 1. 1, -2, -a. (39.) 4. 1, 8, 2. (40.) 3, -1. 1± V=«. 
(41.) 5, -4. 8. -2. (42.) 3, -3, i(-13 ± V^m). (48.) 4, 8, i(7± Voa). 
(44.) 9. 4. i(-3± V^). (45.) 4 1. -1. ± ^^ : -i. i(l ± V=3) ; 1, 
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815 



±>/ri, ^-^^j i(±V2±i^±V-2± Va). 



±1, ±y-l. yg 



^*^'^ 2 (l~a) y V 2(l-.a) / 

(49.)i± iV-3 ± VSC^). (60.) i(l ± VS). (61.) 2, -i. i(8 ± V505> 

(52.) 1, 1, -2, ~2. (68.) I (-1 ± V6). (64.) ± ^ \ -r^ + V^5^^ i » 
(56.) 0, J, J. -1, +2, -2. (57.) h i(-l± -^^^h *1. ±VK-11^V«53. 



SIMULTANEOUS QUJJDBATICS. 

(Page 142, l;^7.) 

(1.) «=3, -« ; y=-4, W. (2.) «=* Vf ; y=2ir VI, (8.) a?=2 ; 
y=2. (4.)aJ=±7, ±4; y=±4,±7. (6.) a:=±3, ±f V2; y=±2,±iV2. 
(6.) a?=±2, ±i VlO ; y=±i, ^fi^. (7.) a?=±3, t8; y=±5. 

(8.) x=±^VTl; y=±| ^14. (9.) a?=:±t V2i ; y=±| VTl. (10.) »=±1. 
±^^V^; y=±2, d-*V^. (ll.)ir=±2, ±JVT; y=:ds6, ±Y^. 
(12.)aJ=±10, ±H^»^'^=^; y=±3, tH^^^. (18.) a? = 4, 2, 

j(-13 ± V377) ; y = 2, 4, i(-13 T Vm). (14.) aj=4, -2, ; y=2, -4, 0. 
(16.)a? = 2,3; y = 3, 2. (16.) a? = ± 8 1^2 ; y=±4^. (17.) aj = 9, 4; 
y = 4, 9. • (18.) OJ = 11, i(l ± 4'^^=^l) ; y = 3, i(- 15 ± ^^=271). 

(19.) a? = 15, ; y=46, 0. (20.)«=±V2; y = 2T4^. (21.)aJ = 0,2; 

y = -2,0. (22.)a; = l,4; y = 4,l. (28.) a: = l, 3, 2 T 5i^^; y = 3. 
1, 2 ± 5 V^. (24.) 2? = 5, - 2, i(3 ± V^=^) ; y = 2, - 5, l(-3 ± V^^)- 
(26.)aj=±3, ±2; y=±2,±3. (26.) a? = ± 2, ± 1, T 2 i^^, ± V^ ; 

y=±l, ±2, ±V^, T21^=T. (27.)aj=:^i(V3-l); y = -;T; r^ 

/«« V 2aJc 2aJc 2a6c ,^^ ^ 

(28.) a? = — -T 7, y=-TTT » » = -ir; r- (29.)a?=±3, 

y=±2, «=±1. (80.)aj = ±2, y=±4, a=±6. (81.)flJ = l, y = 2 
2 = 3. (82.)aj=±V, tVVZT, ±5, t4V=T; y=±¥, iV^^, 
±4, ±5V^. (88.) aj = ± i t^, ±3, ±31/^3; y=z±h, ± 1, 

± t^^. (84.) a;=8,0;y=8,0. (86.) a?=2, 8 ; y=8, 2. . (86.) a;=10T4V^. 

lOTlViS; y = 10±4V6,10dbii^. (87.) a: = ± g V±15, ±^^^±33; 
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±aVTt; y=±y4^±3,0. (88.) « = 4, 9, - 3 T 4 V^^ ; y = 9, 4, 

-8±4V:ii6. (89.)«=A(i5±6y:ri),5,i; y = -a(25 ± 10 i^:::!), 3. f . 

(40.) «= } ; y=16. (41.) «=4. 1, ; y=8, 0. (42.) aj=2744, 8 ; y=r9604, 4. 

APPLICATIONS. 
(1.) 3. (2.) 18, $20. (8.) 10 and 3 days, 120 and 36 miles. (4.) 12, 3G. 

(6.) 14, 10. (0.) 6 miles an hour. (7.) 4 and 5. (8.) i f^^^T^^^ ^Y 
_ \ yw— 1 / 

i{^^^^^^)' (»•) i ^5. i(5 -f V5). (10.) 1, 3, 5, 7, (11.) 2, 

3, 4. 5, 6. (12.) 3, 6, 12. (18.) 2, 4, 8. (14.) 6, 10, 20, 40. (15.) 2, 4, 

8. (16.) 6, 8, 10, 12. (17.) 1, 2, 4, 8. (18.) 108, 144, 193, 2^6. (19.) 72, 

63, 56. (20.) 7, 3. (21.) 25. (22.) $960, $1120. (28.) 248. 
(24.) 6 and 7 per cent. (25.) 3 and 14. 



IITEQ UALITIES. 
(Page 150, 134.) 
(8.) if and V- (9*) ^7 number between 15 and 20. 



^•»i 



PART III. 



niFFEnENTIA TION. 
(Page 157, 156.) 
I.) VSbx^dx — 6ftwto + 4(to. (4 ) 2Axdx + ZBm^dx + 4Caj'»d^a-. 

(7 to 18.) ^y^^ (^; ^^^+lr.-' w«^^+*^'^ 

+6(te; (5aj*-12»»4-12aj«-2a5)dir; (aj-2»«H-l)<&. (18tol7.) 15(a«+a!»)*aj«(to; 

|(3aj-2)*cto ; 4(2-aj*)-^te(to ; ^ . (18 to 22.) - ^^^ . 

2(1+2;)* ^^^^f * 

(28.) When a; > 1, faster; also 



(!+«)»' (1+aj)*' (H-aj)«* (1+aj)*- 

faster when « <t and > — —- . When x = — — , they both change at the same 

3i^2 SV2 ^ 

«r, 1 

rate. When x < — — , if changes slower than a?. 
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INnETERMINATE COEJP*FICimrTS.'-J)^!^mjOTMBl!i'£ OF 

FUNCTIONS. 

(Page 161, 16J.) 
(8.) 1— i«*— iaj*— etc. ; a;— iB*4-aj»--aj*H-etc. ; TH-T«i»+-irr«H- -rr^ 
H-etc. ; lH-ia;H-ia;«+-,V»'H-,%a?*+etc. (4) 2+2aj-ac*— 5aj»— a?*— etc.; 

l+ar4-a.- + (te»+to«+etc; ^ _ ^ + ^ _ g<. + ^«._ eto 

(5.) 1-JflJ— 4««— /r«*— etc.; l+fa?— i««+^^-etc. 

DECOMPOSITION OF FRACTIONS. 

(Paos 164 -2^.) 

(2to6.) « ^ 3 16 4 7 



^ 3{x-2) 8(05+1) ' 3(a?-2) Sa? ' aj-4 aj~3 ' 2(«-4) 

2^^)* 2(aj-hl) iB+2"'" 2(a?+3) ' ^' - **'' (a:-l)=» («-!)« "*" a;- 1 ' 

(.c+3)^ (a?+8)« "^ a;H-3' aj» aj* "^ S "^ 4(l-aj) 2(l4-a;)« 4(1 4-a;)' 
111 1212 



4(a;-l) 4(a;4-l) 2(^*-|-l) ' 26(a;-2)« 125(aj-2) ^ 26(aj+3)« ^ 126(aj+8) * 

ggtolQ) ^ 2^-g . 2 3(a5+4) 1 1.1 2 8. 

ua to lo.j ^g^^ (aj*-hl)* ' a? ^ (a?*-2)«V^ ««-2 ^ «-l * aj« aj ^ aj+1 ' 

1 ( 1 _ __1_ a?-2 _ a;+2 ) 1 1 

Sla;— 1 a?4-l ^ a;«— aJ4-l aj*4-aj+lf * 4a*(aH-aj) "*" 4<i\a—x) 

1 11 18 2 10 



+ 



2a*(a*+x*)* (a-b)(x-a) (a-b){X'-b)* a;-3 aj-l a;-2' 



THE BINOMIAL FORMULA. 
(Page 167, 171.) 

(1 to 6.) a«-6a*6-f-15a*6«-20a«&*+16a*6*-6a6«+ft« ; «'-7aj6y4-21a;«y« 

- 85aj*y ' + 86aj'y ♦ - 21a!«y» + Taj^fS - y^ ; o^ - tio^* x + !?i^lJ a— « aj« 

n(?i-l)(7i-2) ^, , 7i(«-l)(n-2)(»-8) _, ^ ^ ^ . ^ . ., e . .. 
^^^^ j^^ -»•-««« +-^ ' ,. '^ -a-^aj*— etc; l+4fl?+6a5«H-4a?^ 

15 IS 

w(n— 1) . «(»--l)(n— 2) 
+«* ; l-5y+lQy«~l%»+6y*-y« ; l-»y+ -^-g— ^ y« - -^^ ^ ->' 

+ ^^~^)(!^-2)(^- j) y4+etc. (7 to 11.) »*♦♦*. (18, 14 to 17.) * * * * 
(18to20.)a*-ia-*a;«-4a-^.^-fra-^^a.«-etc,; ~^ t £4 + £ 
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4- ^2^ + etc ; a«+4a8c*+fla*c+4a«c*+<J«. (28.) -FJiT«~*2>», 



LOQABITHM8. 

(Page 179, 199.) 

(1.) 4. 8. * » *. (2.) -2, ♦ * • (8.) 4, ♦ ♦. (5.) To tlie 3291147th 

power, and the 1000000th root extracted. (6.) The 1000000th root of the 
8414e39th power. (7 to 9.) * * * *. (10.) ^108, .17677, • * (11.) 4.449419, 
1627084, 1.890210. (12.) 12.42, .00010031, 18.3625, 1.8358. (14.) | log x 

+iPog (l4-«)+log (1-a;)], V^og a+log a?- log 6-log y), i[log («-a)4-log («-&) 

1 
+log («-.<;)-log «], i[log aj+log (1 -«)]—! log y ; - {m log a+p \ogh—t log c), 

11' dx 

J log e— - log d4- - [log (w-+-a?)4-log (♦»—«)]— m log a+n log h, (16.) — ^ — 

—-,——, --* Q/i^^v (19.) .665712, 4.49134. 

fl/ iB a; »(1+^} 



SUCCESSIVE niFFEEENTIATION. 

(Page 182, ;^04.) 
(2.) 12««to*. (5.) * * ♦. (7.) 2[(a;-ft)+(aj-c)+(a?-a)](te«. 



DIFFERENTIAL COEFFICIENTS. 

(Page 185, ;^07.) 
(6.) 10a:*+12aj"»-10a;, 4aiJ»-h3ftc«-10, 120aj«+72a?, 240a;-f-72, 240; *»*• 



TATLOM'S FORMULA. 

(Page 188, 212.) 

(2.) * * *, flJ*+i«'"*y-4«" V H-A?«"*y' -rhaj-^y* +rfi?«~'y' -«tc. ; ar-« 
+2a?-»y+3ar-V+4flr-V+6ar-6y*-|-fti-V+etc. ; aj'"*-|ar*y-|-faj""V 

-tt«"^^y3H-Hiaj~^y*~Wf«"^^V" +etc. Page 189, (2.) 8aj«-2aj«+(16»*— 4r)A 
+ (30{c»--2)*» + 80aJ»A» + 15a?^< + U\ 
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INDETERMINATE EQUATIONS. 

(Page 192, 218.) 

(*•> ^^ \l = 42, 81, 20, 9. <^) ^"°"- 

y= 5, 14, 23, 82, 41, 50, 59, 68, 77,86,95,104,113,122,131,140,149. 



'" \'.z 



a;=215, 202. 189, 176, 163, 150, 187, 124, 111, 98, 86, 72, 69, 46, 33, 20, 7. 

(d\i^^^' ^' (A iy= ®- ^f^iy=^' ^' ^''''®*^- /^x ( y =3, 119, 286, etc. 
^^ \ fl;=17, 28. ^ 1 a?=20. ^^ ( «=56, 173, 290, etc. ^^' \ aj=3, 131, 259, etc. 

APPLICATIONS. 

(2.) Yes ; 15, 168, 9. (4.) No ; yes, in an infinite number of ways ; 4 S-shil- 
ling pieces and 192 guineas ; possible ; possible ; possible. (5.) 190. 



INDETERMINATE EQUATIONS BETWEEN THREE 

QUANTITIES. 

(Page 194, 219.) 

(2= 1, 2, 3, 4, 5, 6, 11, 12, 13, 14. 
(2.)^y=ll, 9, 7, 5, 3, 1, 8, 6, 4, 2. (8.) 69 sets of valuer 

(ajrrlO, 11, 12, 13, 14, 15, 1, 2, 3, 4. 

,^x_ . jy=2, 4,6,8,10.) g^2<y=l, 8,5,7,9.) -^q jy= 2,4,6, 8.) 
!».; 8-1 ^^^jg^ ^2^ g^ g^ 3 J la;=14, 11, 8, 5, 2. T U=10,7,4, 1.) 

_4 (y=l,8,5.) ^_5 iy=2, 4.) ^ (y=l, 3.) 

"^ 1aj=9,6,3.f ~ \x=n, 2.f ^ U=4, 1.) 



£ 



(Page 194, 220.) 
(1.) 2=7, y=2, aj=10. (2.) 2=15, 80, y=82, 40, aj=15, 60. (8.) None. 

APPLICATIONS. 

(1.) 8 of 1st, 6 of 2d, 2 of 8d, and in 9 other ways ; 23 and 2, 16 and 5, 9 and 
8, 2 and 11. (2.) (4, $2, |7 ; infinite variety of prices. (8.) 6, 8, 1, 16. 

(4.) Number of the 8d kind equals twice the number of the 1st kind, plus the 
number of the 2d kind ; 1 of 1st, 6 of 2d, 8 of 8d kind. (5.) 40, 60, 24. 
(0.) 56, 10, 85 is one result in integers. There are an infinite number of other 
ways. (7.) * * (a) 2 = 10, y = 1, x = 13. 
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LOCI OF EQUATIONS. 

A LABOB number of these ooiuitnictions are exhibited in the text, and to g^ve 
more would be to destroy the poaoifaiUtj of the student's deriving any benefit 
from the exercise. 



HIGHER £OI7:iiTJOiir&— TSANSFOBMATION. 

(Pagk 906, 228.) 

(2.) Multiply by y^, and then put y=^. FInaUy put x=z ■- , eta 
It is not deemed expedient to give farther explanations. 

(Paox 214, 249.) 

(2 to 84.) To give the roots of these equations would destroy the practical 
value of the examples. 

(Paob 216, 2S0.) 

(1.) «»-2aj«-ltt+12=0. (2.) ««-2aj»-6aj«+4aj-*-6=0. , (8.) ♦ • * 

(4.) aj»-a?«-7«+16=0. (5.) • ♦ ♦. (6.) S(te»-17»»-11aj+6=0. 

(7 to 10.) »♦•♦•• (11.) ««-iac»+88aj*-6(to»-78aj«+66«+89=0. 



EQUATIONS WITH INCOMMENSURABLE ROOTS. 

(Pagbs 216-247.) 

To give the answers to these examples would be to destroy their value to the 
student. 



CARDANS PROCESS. 
(Page 251, 281.) 

(2.) -1, 2,2. (8.) 9, -1 ± VS. (4.) V^ - ^2, and the roots of 
ar« + (v^-^)a. + (t1[-V^)V6 = 0, wHch are -iCf'J-f^) 

± |/-|^-}^-a (6.) {J-bi)\ |-t(aU4)±t(aV64) 4/^f \ 
(6.) 1,-2 ±31^^. (7.)**» (8.) 2, 2 ± i'^^T. (9.) 8, -4, -4. 

(10.) • • • (114 ♦ • *. (12.) ♦ ♦ ♦. (18.) One root is 2.327484- 

(14.)-^. 
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nESCABTES'S PBOCJES8. 

(Page 253, 283.) 

Ex. 4, -2, -1 + V^, and -1 - V^. 



BECUBBING EQUATIONS. 
(Page 255, 291.) 

(1.) 3±V3,J(l±V:i3). (2.) -l,J(9±V77),i(3±V5). (3.) 1, 3, 

, - /" / l+4«±V5 + 20a 

i, — 2, — jr. A(4.) — 1, ^w ± Vjw» — 1, in which w = ^HZI^ • 

(5.) -1, 1, I, -1,-1, i(l ± V^). (6.) 2, f ^m ± Vjm^ - 1, in which 

77» = J (- 6 ± V5). (7.) 2, i, 2, i, i (1 ± VIIS. (8.) |(3 ± V5), | (-7±3 n/6). 

(9.) i(V6^1± V-10-2V5), - J (VS + 1 T V- 10 + 2 V6). (10.) Jw 
± A/j.m« — 1, in which j»= 2(1 ± VS). 



BINOMIAL EQUATIONS. 

(Page 255, 292.) 
(1 to 5.) See answei to (45), page 138, and multiply them respectively by 
\^, \^^, ^, V^, tH. (7.) See as above. 



EXPONENTIAL EQUATIONS. 
(Page 256, 206.) 

(2 to 6.) 3.0957+ , 11.384+, 3J392+, 0, 0. (8.) 8.597+. (9.) 2.316+ 

(10.) 2.879+. (11.) 3.933+. (12.) 2.001+. (18.) ^ ^ 

21oga+logc log. (I6.)2i.8}. (17.) (ly^^ 

^ ' Moga ^ ' m log a+7i log & \ / •» v ' \&/ 

a 

log w\ . / log n\ ,^|.v 3(2+log 5) 



2(8+log5) (20.) 8.421. -1.481. (21.) J2»i^. (24.) $196.71 



8 log 2+8 log 3 



2 log 2+8 log 8 • . ' ' ' ' ' log (a+V) ' 

|198.»8, $200.17, $259.87, $365.83, $268.51, $180.61, $181.43, $13483 
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(25.) 7.18, 10J34. 16.28. 20.48 yean. (26.) 29.91 jemn. (27.) $1502.88L 

(28.) $1938.97. (M.) $1157.28. (82.) $4794.52, $3500. (S8.) $577.0& 

(85.) The fonner by $629.03. (86.) $500.91. (88.) 13.58 yean. (39.) $796.87. 

(40.) $8229.70. (41.) Gains $1756.60. ^ 



APPENDIX. 



SERIES. 
(Page 275, 311.) 
(2.) 12, 6, 0. (8.) 8. 38. (4.) -A- (50 1. («.) -14. 

(Page 276, 313.) 

(4.) -a.3, +aj«, +«. 6«S 6»». (5.) -27, +9, +8. 32805, 98415. 

(6.) +ac«,+2a?. 1093aJ^ 328U?*. (7.) -4, +4. 192,448. (8.) -2!8', -har*, 

+2a;. 87aj«, 178**. (9.) - | «. ^ «*. - -^ «*• d^.) -1. +4, -6. 4-4. 
56, 84, 120. (11.) +1, -3, +3. 26, 34, 43. 

(Page 277, 314.) 

(1.) 4516aJ^ (2.) 17««. (8.) -«». (4.) 2733. (5.) 29525. (6.) 1365. 

(7.) 20. ^^^\ (8.) fi(n+l). (9.) 6896*". (10.) +1, -5, 

+10, -10, +5. +1. -3, +3. +1, -3, +3. +3a?», -««, +2a?. (11.) »*. 

(12.) 8694. (18.) 26. 34. 43. 53, 64. 26ar« 34a;^ 43aP*, 53«», 64«». 196,336, 

540, 8:5, 1210, 1716. 

(Page 279, M5,) 
(2.) No. (8 to 6.) Yea. 

(Page 282, 316.) 

|_/p 1+0! 1+fl! /J V 8 — g — 6g* 

!!(?^>. aO.)STO256; n'-HO»«+y 50n«+a4n (u.) 1081650; 

6n« + 44n» + 99n« + 61« (12.) WmO; ^* + ^* + ^' - ^. 



